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Multiscale Modeling of Cancer

An Integrated Experimental and Mathematical Modeling Approach

Mathematical modeling, analysis, and simulation are set to play crucial roles in explain-
ing tumor behavior and the uncontrolled growth of cancer cells over multiple time and
spatial scales. This book, the first to integrate state-of-the-art numerical techniques with
experimental data, provides an in-depth assessment of tumor cell modeling at multi-
ple scales. The first part of the text presents a detailed biological background with an
examination of single-phase and multi-phase continuum tumor modeling, discrete cell
modeling, and hybrid continuum-discrete modeling. In the final two chapters, the authors
guide the reader through problem-based illustrations and case studies of brain and breast
cancer, to demonstrate the future potential of modeling in cancer research. This book
has wide interdisciplinary appeal and is a valuable resource for mathematical biologists,
biomedical engineers, and clinical cancer research communities wishing to understand
this emerging field.

Vittorio Cristini is Professor of Health Information Sciences and Biomedical Engineering
at the University of Texas, and of Systems Biology at the MD Anderson Cancer Center,
Houston. He is also Honorary Professor of Mathematics at the University of Dundee,
Scotland. Professor Cristini is a leading researcher in the fields of mathematical and
computational biology, complex fluids, materials science, and mathematical oncology.
He has published several chapters in books and over 60 journal articles. His research
has been supported by various institutions, including the US National Science Foun-
dation, the National Institutes of Health, the Cullen Trust for Health Care, and the US
Department of Defense.

John Lowengrub is Chancellor’s Professor of Mathematics, Materials Science, and
Biomedical and Chemical Engineering at the University of California, Irvine. He has
published over 80 journal articles along with several book chapters. Professor Lowen-
grub is a leading researcher in the fields of mathematical and computational biology,
mathematical oncology, complex fluids, and materials science. His research has been
supported by various institutions including the National Science Foundation, the National
Institutes of Health, and the State of California.

This past decade in the field of cancer research can be described as a decade of data
generation. The next step in the war on cancer is figuring out what to do with the data.
Cristini and Lowengrub have put together a remarkable treatise on ways to interpret
these data and start modeling cancer behavior. This book presents a multi-scale approach
toward understanding the behavior of cancer — such an important beginning to a critical
field.

Professor David B. Agus, M.D., University of Southern California Keck School of Medicine



Cristini and Lowengrub have leaped over an obstacle previously assumed to be insur-
mountable: how to model complex biological systems without precise measurements
of every event. Biologists are struggling to produce such measurements, which could
take centuries to accomplish. In an unprecedented tour-de-force through a number of
peer-reviewed publications synthesized in this book, Cristini and Lowengrub found a
way to reliably predict biological behavior, thereby circumventing the need for precise
measurements to generate predictive modeling. Their method assumes that the physical
laws of nature are obeyed by biology — what could be more simple? By making this
assumption, they have generated useful and predictive models of cancer progression that
apply to pathological diagnosis. Such predictive modeling will be a powerful tool for
diagnosis, prognosis, and treatment in the next decade.

Professor Elaine L. Bearer, MD., University of New Mexico Health Sciences Center.

This is a comprehensive and authoritative account . . . by leading experts in the field. The
work brings powerful new ideas and tools of mathematical and computational modeling
to the field of cancer research.

Professor J. Tinsley 0den, The University of Texas at Austin

This is a wonderful book covering most of the literature that has appeared in the last ten
years on cancer modeling. It covers both theoretical and experimental aspects, drawing a
strong link between them, and describes all phases of tumor growth, from the avascular
to the vascular phase through the angiogenic process. It presents both discrete and
continuous models, with the aim of linking them in line with the current thought that
important insights into the complexity of tumour growth can only be reached by closely
relating the phenomena occurring at the sub-cellular, cellular and tissue scale. Though
at present multiscale models can be considered still in their infancy, this book gives a lot
of ideas on how such models could be developed. For this reason, the book is of great
value for young researchers who want to devote their attention to this crucial aspect of
mathematical modelling in medicine in general.

Professor Luigi Preziosi, Politecnico di Torino, Italy

If you’ve ever wondered what mathematical and computational modeling can do for the
field of cancer research, this book is a key to finding compelling reasons to integrate
theory and experiment to unlock the mysteries of tumor growth and invasion. Multiscale
Modeling of Cancer: An Integrated Experimental and Mathematical Modeling Approach
tells the complex and dynamic story of tumorigenesis, vascular tumor growth, and inva-
sion from the latest mathematical perspective, in less than 300 pages. I’m recommending
this book as a must-read for all of my graduate students and postdocs!

Professor Trachette Jackson, University of Michigan
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Preface

In the past several decades there has been significant progress in understanding and
identifying the causes of cancer and in developing effective treatment strategies. Never-
theless, a cure remains frustratingly elusive. At its most essential level, cancer involves
the abnormal growth and spread of tissues within a body. Yet each cancer is unique,
based on the tissue in the body where it originates and the particular person who has
it. While molecular mechanisms and cell-scale dynamics governing tumor cell migra-
tion and proliferation are well studied from a biological perspective, cancer progression
actually involves events that occur at multiple time and spatial scales. What occurs at
the nano-scale of molecules and micro-scale of cells affects the behavior of tissue at
the centimeter-scale — and vice versa. In order to better understand these multiscale
linkages, mathematical modeling, analysis, and simulation have been employed to study
tumor behavior. The complex shapes and invasive behavior of tumors requires a non-
linear approach, meaning that effects at various physical scales within the tissue do not
necessarily influence each other additively. Hence, the combination of events may yield a
response greater or less than of each component, depending whether there is synchrony.
The application of such computational models in the clinical setting, however, is still in
its infancy.

In this book we outline recent advances in the field of mathematical modeling and the
simulation of cancer, particularly with respect to multiscale, nonlinear, computational
models that integrate theory and experiment. We present state-of-the-art numerical
methods as tools for analyzing the nonlinear behavior predicted by the models. The
book focuses on the challenging problem of developing models that connect intratumor
molecular and cellular properties with critical tumor behaviors such as invasiveness
and clinically observable properties such as morphology. In this context we discuss
the incorporation of experimental and clinical data into predictive mathematical and
computational models. The interactions between cellular proliferation and adhesion
and other phenotypic properties are reflected in both the surface characteristics of the
tumor—host interface and the invasive characteristics of the tumors. These cellular and
molecular properties are influenced by the cellular genetics and by microenvironmental
conditions such as oxygen deprivation (hypoxia). This close connection between tumor
morphology and the underlying cellular and molecular dynamics is of fundamental
importance, in that the cellular dynamics that give rise to various tumor morphologies
also control its ability to invade. This allows the observable properties of a tumor, such
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as its morphology, to be used both to understand the underlying cellular physiology and
to predict subsequent invasive behavior.

There are significant challenges in the multiscale and multidisciplinary modeling of
cancer. These include the development of realistic models, the achievement of numerical
solutions, and the incorporation of experimental and clinical data. This book offers three
novel features to address these needs. First, we present and critically evaluate state-
of-the-art mathematical models calibrated with experimental results. We demonstrate
how experiments are used to determine functional relationships between the phenotypic
variables and parameters of the models and the microenvironmental and molecular
agents that affect tumor progression and invasion. Second, we evaluate patient-specific
calibration protocols in a multiscale modeling framework spanning the cell-scale to
the tissue-scale. Third, we present the state-of-the-art numerical algorithms that are
indispensable tools for studying nonlinear predictions of the mathematical models. It is
our sincere hope that the presentation of the material in this publication will further the
goal of the eventual clinical application of multiscale modeling to cancer patients.

About the cover

Cover illustration: the computer simulation of a growing tumor and the corresponding
host vascular response are shown in images representing predicted morphologies at 20,
40, 80, and 110 days since inception. The inner necrotic region is shown in dark red,
surrounded by a layer of viable proliferating cells in blue. The blood-conducting vessels
are indicated as thicker red lines, while sprouting (non-conducting) vessels are shown
as thinner orange lines.
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Notation

Sets and set operations

] Empty set

xeAd x is contained in the set A

x¢ A x is not contained in the set 4

ANB The intersection of sets 4 and B

AUB The union of sets 4 and B

ACB Set A is a subset of set B

ACB Set A is a subset of set B or identical to B

A\ B Set A4 after subtraction of subset B, i.e., x € 4 such thatx ¢ B

A X B Cartesian product of sets 4 and B: {(a, b) such thata € 4 and b € B}
Ufil A; Union of sets 4; fori =0to N

Number systems and operations

Natural numbers (0, 1,2, ...)
Integers (... —2,—1,0,1,2,...)
Rational numbers

Real numbers

Summation of g; fori = 0to N
“for all”

i
&

<M EON Z

Vectors, matrices, and tensors

v Vector v

viw v is parallel to w

viw v is perpendicular to w

v Length of v

I Identity matrix

AT Transpose of a matrix (tensor) A

Al Inverse of a matrix (tensor) A
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Topology

[a, b] Closed interval of real numbers x satisfyinga < x < b

(a, b) Open interval of real numbers x satisfyinga < x < b

B, (x) Open ball of radius r centered at x, i.e., {v such that |v — x| < r}
02 Boundary of a domain Q

Differentiation and integration

Vf Gradient of
V.v Divergence of v
vif Laplacian (V - V) of f
af /ox; Partial derivative of f(x1, x,, - - - ) with respect to (w.r.t.) x;
Df /Dt
=af/ot+u-Vf Advective derivative of f(x, ¢) in a velocity stream u
8
S—f Variational derivative of a functional f w.r.t. a variable ¢
¢
fab f(x)dx Integral of fona <x < b
gﬁy f(x)dx Line integral of f over the curve y
Special functions
1,4(x) Characteristic function satisfying 1 4(x) = { é 1?1 ; ﬁ
(x), Positive part of x satisfying (x), = max (x, 0)
0 ifx <0
Heavisi tep functi tisfyi = ’
H(x) eaviside step function satisfying H(x) { | ifx >0
8(x) Dirac delta function
i) Kronecker delta function satisfying §;; = { (1) 12 ; j ’
[x] Nearest integer to a real number x
Probability and statistics
Pr(X) Probability of the event X
Pr(X|Y) Conditional probability of the event X given the event ¥
(x) Mean of the measurable quantity x
Ex[X] Expected value of the random variable X

Var [ X] Variance (standard deviation squared) of the random variable X
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Introduction

In this book we describe recent efforts to model tumor growth and invasion using an
interdisciplinary approach that integrates mathematical and computational models of
cancer with laboratory experiments and clinical data. The aim of these efforts has been
to provide insight into the root causes of solid tumor invasion and metastasis, to aid in the
understanding of experimental and clinical observations, and to help design new, targeted,
experiments and treatment strategies. The ultimate goal is for modeling and simulation
to aid in the development of individualized therapy protocols that minimize patient
suffering while maximizing treatment effectiveness. In order to achieve this objective,
mathematical and computational models are needed that quantify the links of three-
dimensional tumor-tissue architecture with the growth, invasion, and underlying micro-
scale cellular and environmental characteristics. This approach requires a multiscale
modeling framework that is capable of linking the molecular and cell scales directly to
the patient data.

There are many ways to evaluate the progression of these efforts. Here we follow the
major stages that progressively incorporate the complexity of the tumor environment:
(1) modeling of avascular tumors in vitro and in silico to assess stages of tumor growth;
(ii) interactions between a tumor and its in vivo microenvironment; (iii) modeling of
vascularized tumors in silico to assess angiogenesis and vascular growth; (iv) modeling
of vascularized tumors in vivo and in silico to assess tumor progression in the body. We
describe in detail biologically founded approaches that employ multiscale mathematical
models of tumor progression in two and three dimensions. This enables the study of
how molecular-scale phenomena regulating cell-proliferation, migration, and adhesion
forces, including those associated with the genetic evolution from lower- to higher-
grade tumors, may generate, in a predictable and quantifiable way, heterogeneous cell
activity and oxygen and nutrient demand across the tumor mass, thus determining its
morphology and degree of invasiveness.

Through the years numerous mathematical models have been developed to study the
progression of cancer (e.g., see the reviews by Adam [5], Chaplain [120], Bellomo
and Preziosi [61], Moreira and Deutsch [475], Bellomo et al. [59], Swanson et al.
[649], Araujo and McElwain [34], Mantzaris et al. [452], Friedman [236], Ribba et al.
[566], Quaranta et al. [553], Hatzikirou et al. [307], Nagy [490], Byrne et al. [96],
Fasano et al. [209], van Leeuwen ef al. [668], Roose et al. [573], Graziano and Preziosi
[291], Friedman et al. [237], Sanga et al. [584], Deisboeck et al. [169], Anderson
and Quaranta [29], Bellomo et al. [60], Cristini et al. [146], and Lowengrub et al.
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[425]). Most models fall into two broad categories based on how the tumor tissue is
represented: discrete cell-based models and continuum models. Although the contin-
uum and discrete approaches have each provided important insight into cancer-related
processes occurring at particular length and time scales, the complexity of cancer and
the interactions between the cell- and tissue-level scales may be elucidated further by
means of a multiscale (hybrid) approach that uses both continuum and discrete rep-
resentations of tumor cells and components of the tumor microenvironment. Thereby
biological phenomena from the molecular and cellular scales are coupled to the tumor
scale (e.g., the recent work by Kim et al. [382], Bearer et al. [57] and Lowengrub
et al. [425]). Such an approach can, for example, capture transitions from collec-
tive to individual behavior and combine the best features of continuum and discrete
models.

Continuum tumor models are based on reaction—diffusion equations describ-
ing the tumor cell density (e.g., [22, 532, 680]), the extracellular matrix (ECM),
matrix degrading enzymes (MDEs) (e.g., [82, 83, 123, 316]), and concentrations
of cell substrates such as glucose, oxygen, and growth factors and inhibitors (e.g.,
[73, 118,121,303, 315, 442, 495]). Classical work [292, 293] used ordinary differential
equations to model tumors as a homogeneous population, as well as partial differential
equation models confined to a spherical geometry. In the case of avascular tumors, growth
has been modeled as a function of cell substrate concentration, usually oxygen. More
recent work has incorporated cell movement through diffusion (e.g., [121, 607, 608]),
convection (e.g., [101, 157, 532, 679, 682]), and chemotaxis or haptotaxis (e.g.,
[453, 532, 607]). Cell proliferation, death, and pressure have also been considered (e.g.,
[21, 40, 59, 78-80, 92-95, 100, 101, 103, 104, 149, 164, 220, 222, 258, 262, 318, 335—
338, 352, 399, 413, 429, 532, 536, 574, 589, 632, 636, 657, 673, 681]). Linear and
weakly nonlinear analyses have been performed to assess the stability of spherical
tumors to asymmetric perturbations (e.g., [34, 95-97, 99, 100, 104, 121, 149,273, 416])
in order to characterize the degree of aggression. Various interactions with the microen-
vironment, such as nutrient- or stress-induced limitations to growth, have also been
studied (e.g., [18, 20, 22, 35, 37, 38, 352, 574]). The models may account for
observations of the stronger cell—cell interactions (cell-cell adhesion and commu-
nications), the high polarity, and the strong pulling forces exchanged by cells and
the ECM [127-129, 235]. Extracellular matrix reorganization by tumor cells [235]
has been incorporated, and various degrees of dependence of the cells on signals
from the matrix have been modeled. The models are typically single-species (e.g.,
single-phase tumors), treating the tumor or, more generally, biological tissues as
fluid (e.g., [80, 81, 97, 99, 100, 103, 119, 241, 293]), elastic or hyperelastic (e.g.,
[17, 20, 35, 248, 249, 257, 328, 352, 462, 604, 673]), poroelastic (e.g., [574]), vis-
coelastic (e.g., [46, 382]), or elasto-viscoplastic (e.g., [23]). More recently, multiphase
models (e.g. using mixture theory) have been developed to simulate multiple solid-cell
species and extra- or intracellular liquids (see below). Theoretical nonlinear analyses of
the various single-phase tumor models mentioned above have also been performed (e.g.,
[55, 86, 150-160, 176, 209, 236, 238-240, 242, 243, 490, 520, 608, 652, 653, 675, 701,
706, 707, 723, 724]).
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Building upon the formulation of classical models [100, 101, 293, 460], a break-
through nonlinear simulation of a continuum tumor model was provided by Cristini
et al. in 2003 [149], who studied solid tumor growth in the nonlinear regime using
boundary-integral simulations in two dimensions to explore complex morphologies.
This work demonstrated that non-necrotic tumor evolution could be described by a
reduced set of two parameters that characterize families of solutions. One parameter
describes the relative rate of mitosis to the relaxation mechanisms (cell mobility and
cell—cell adhesion). The other describes the balance between apoptosis (programmed
cell death) and mitosis. Both parameters also include the effect of vascularization. The
results revealed that tumor growth can be divided into three regimes, associated with
increasing degrees of vascularization: low (diffusion-dominated), moderate, and high.
Critical conditions exist for which the tumor evolves to nontrivial dormant states or
grows self-similarly (i.e., in a shape invariant way). Away from these critical conditions
evolution may be unstable, leading to invasive fingering into the external tissues and to
topological transitions such as tumor breakup and reconnection. This work identified for
the first time the concept of tumor “diffusional instability” in the low vascularization
regime as a mechanism for invasion. While previous work [97, 99, 100] had demon-
strated that steady-state avascular symmetric tumors could be unstable, the results of
Cristini et al. [149] showed that instability during growth can allow tumors to grow
indefinitely, bypassing the symmetric steady state. This idea has since been studied in
a variety of different configurations using a number of different models. Interestingly,
the shape of highly vascularized tumors was predicted to remain compact and without
invasive fingering, even while growing unboundedly. This suggests that the invasive
growth of highly vascularized tumors is associated with vascular anisotropy and other
inhomogeneties in the microenvironment (e.g. cell-substrate inhomogeneities, elastic
anisotropy). The self-similar behavior described above leads to the possibility of con-
trolling tumor shape control and of the release of tumor angiogenic factors by restricting
the tumor volume-to-surface-area ratio.

Expanding on the idea of “diffusional instability,” subsequent work [116, 145, 230,
436, 437, 620, 722] has developed the hypothesis that, through heterogeneous cell pro-
liferation and migration, microenvironmental substrate gradients, e.g., of cell nutrients
or the extracellular matrix, may drive tumor invasion through morphological instability
with separation of cell clusters from the tumor edge and infiltration into surrounding
normal tissue. Tumor morphology would be determined by the competition between
heterogeneous cell proliferation caused by spatial diffusion gradients, driving shape
instability, and invasive tumor morphologies, and stabilizing mechanical forces, e.g.,
cell—cell and cell-matrix adhesion. Following these ideas, the stability of avascular
tumor growth has also been investigated in discrete models [25, 273, 538].

To investigate further the stability of avascular tumors, parameter-based statistics
providing input to the mathematical model were obtained from in vitro glioblastoma
tumors [230]. Employing a linear stability analysis of the model from Cristini et al. [ 149],
these results predicted that tumor spheroid morphology would be marginally stable. In
agreement with this prediction, unbounded growth of the tumor mass and invasion of the
environment were observed in vitro. The mechanism of tumor invasion was characterized
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as recursive sub-spheroid component development (i.e., the formation of “buds”) at the
tumor viable rim and separation from the parent spheroid. Computer simulations of
the mathematical model closely resembled the morphologies and spatial arrangement
of tumor cells from the in vitro model. Simulations and in vitro experiments provided
further evidence [145] that morphological instability could be suppressed in vivo by
spatially homogeneous oxygen and nutrient supply because normoxic conditions act
both by decreasing gradients and increasing cell adhesion and, therefore, the mechanical
forces that maintain a well-defined tumor boundary. Taking into account the effect of
the microenvironment, it was also found that tumor morphological stability could be
enhanced by improving the nutrient supply [437].

Recently, multiphase (mixture) models have been developed that are capable of
describing detailed interactions between multiple solid cell species and extra- or intra-
cellular liquids (see Chapter 5 for references). Vascular tumor growth has been studied
in three dimensions [57, 229], and the simulation results compare well with clinical
tumor data. In particular, in [57] a biologically founded multiphase model was applied
to identify and quantify tumor biologic and molecular properties relating to clinical
and morphological phenotype, and to demonstrate that tumor growth and invasion are
predictable processes governed by biophysical laws and regulated by heterogeneity in
phenotypic, genotypic, and microenvironmental parameters. This heterogeneity drives
the migration and proliferation of more aggressive clones up the cell substrate gradients
within and beyond the central tumor mass, while often also inducing loss of cell adhe-
sion. The models predict that this process triggers a gross morphologic instability that
leads to tumor invasion via individual cells, cell chains, strands, or detached clusters
infiltrating into adjacent tissue and producing the typical morphologic patterns seen,
e.g., in the histopathology of brain cancers such as glioblastoma multiforme. The model
further predicts that the different morphologies of infiltration correspond to different
stages of tumor progression regulated by heterogeneity.

This mathematical and computer modeling provides evidence that tumor morphogen-
esis in vivo may be a function of marginally stable environmental conditions caused by
spatial variations in cell nutrients, oxygen, and growth factors. A properly working tumor
microvasculature could help maintain compact non-infiltrating tumor morphologies by
means of minimizing the oxygen and nutrient gradients. Controlling the environmental
conditions by decreasing spatial gradients may benefit treatment outcomes whereas cur-
rent treatments, and especially anti-angiogenic therapy, may trigger microenvironmental
heterogeneity (e.g., local hypoxia), thus causing invasive instability. Indeed, the mathe-
matical models show that the parameters that control the tumor mass shape also control
its ability to invade [149, 230]. Thus, tumor morphology may serve as a predictor of
invasiveness and treatment prognosis.

The theoretical models also provide an explanation for the highly variable outcome
of anti-angiogenic therapy in multiple clinical trials [145]. Anti-angiogenic therapy may
promote morphological instability, leading to invasive patterns even under conditions
in which the overall tumor mass shrinks. Thus, therapeutic strategies focused solely on
the reduction of vascular density may paradoxically increase invasive behavior. Anti-
angiogenic strategies may be more consistently successful when aimed at “normalizing”
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the vasculature [342] and when combined with therapies that increase cell adhesion
[528], so that morphological instability is suppressed and compact non-invasive tumor
morphologies are enforced. This could be done, for example, through anti-invasive ther-
apy [468, 476]. Further, by quantifying the link between the tumor boundary morphology
and the invasive phenotype, multiscale mathematical modeling provides a quantitative
tool for the study of tumor progression and diagnostic and prognostic applications. This
establishes a framework for monitoring system perturbation towards the development of
therapeutic strategies and obtaining correlations to clinical outcome for prognosis.

The outline of this book is as follows. In Part I, we focus on the theory and the numerics.
In Chapter 2, we review basic cancer biology as a background to the modeling. In
Chapter 3, we present continuum modeling and the incorporation of biologically relevant
parameter values into multiscale models of tumor growth and invasion. We describe a
basic model founded on classical work and then expand it to include vascularization. In
Chapter 4, we evaluate the theory of stability, including different regimes of growth and
linear analyses. We then consider in Chapter 5 multiphase modeling to simulate multiple
cell species and include the effects from tumor cell chemotaxis as well as tumor-induced
vascularization in three dimensions. Chapter 6 presents the modeling of discrete cells by
evaluating an agent-based cell model with applications to cancer. Chapter 7 explores the
modeling of tumor invasion by using a hybrid continuum—discrete multiscale framework.
Chapter 8 introduces the numerical schemes used to solve the model equations.

In Part II, we look at specific case studies. Chapter 9 describes the multidisciplinary
modeling of tumor growth and invasion through the incorporation of experimental and
clinical observations into the parameters of the tumor model. Chapter 10 considers
the application of agent-based modeling to breast cancer. The Conclusion following
Chapter 10 introduces patient-specific modeling with a prototype of the multiscale
modeling framework by calibrating the molecular or cell scale directly to patient data
and upscaling to calibrate the continuum scale.
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In this chapter, we present some of the key biological concepts necessary to motivate,
develop, and understand the tumor models introduced in this book. We introduce the
molecular and cellular biology of noncancerous tissue (Section 2.1) and then discuss
how this biology is altered during cancer progression (Section 2.2). The discussion may
be more detailed in some areas than is necessary for the models that we present; the
intention is to offer a sample of the rich world of molecular and cellular biology, helping
the reader to consider how these and other details may need to be incorporated in the
work of cancer modeling. For greater depth on any of the topics, refer to such excellent
texts as [12] for molecular and cellular biology and [384] for cancer cell biology.

Key molecular and cellular biology

We focus upon the molecular and cellular biology of epithelial cells, the stroma, and
the mesenchymal cells that create and maintain the stroma (Section 2.1.1). Specific and
often anisotropic adhesive forces help to maintain tissue architecture (Section 2.1.2).
Epithelial and stromal cells have the same basic subcellular structure (Section 2.1.3) and
share much in common. They progress through a cell cycle when preparing to divide,
can control their entry into and exit from the cycle, and can self-terminate (apoptose)
when they detect irreparable DNA errors or other damage (Section 2.1.4). Their behavior
is governed by a signaling network that integrates genetic and proteomic information
with extracellular signals received through membrane-bound receptors (Section 2.1.5).
Sometimes cells respond to signaling events by moving within the stroma or along the
basement membrane (Section 2.1.6). In pathologic conditions leading to hypoxia, cells
can respond through a variety of mechanisms or can succumb to necrosis; in some cases,
the necrotic cellular debris becomes calcified (Section 2.1.7).

Tissue microarchitecture and maintenance

The epithelium is composed of sheets of tightly adhered epithelial cells that cover organ
surfaces and often perform specialized functions. The epithelium is supported by the
stroma, a loose connective tissue. The main component of the stroma is the extracellular

! This introduction to cancer biology updates and expands the original exposition in [431].
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Figure 2.1 Typical tissue structure showing epithelium separated from the stroma by a basement
membrane.

matrix (ECM), a scaffolding of fibers (collagen, elastin, fibronectin, etc.) embedded in
a mixture of water and glycoproteins. The ECM is secreted and maintained by stromal
cells, specialized mesenchymal cells that can freely move within the stroma as they
maintain the tissue; fibroblasts are the primary stromal cells in loose connective tissue
(epithelial stroma). The stroma is interlaced by blood vessels, nerves, and lymphatic
vessels, and it may rest on an additional layer of muscle or bone, depending upon the
location. A thin, semi-permeable basement membrane (BM, a specialized type of ECM)
separates the epithelium from the stroma. See Figure 2.1.

This complex tissue structure is maintained by careful regulation of the cell population
and a specific balance of adhesive forces. These processes are often tied together through
cell signaling. For further information on tissue and organ structure, see [219] and [12]
and the references therein.

Population dynamics

Each cell type population must be regulated by balancing proliferation and apoptosis.
When a differentiated cell dies, a somatic stem cell may divide either symmetrically
into two new stem cells or asymmetrically into a stem cell and a progenitor cell. The
progenitor cell either further divides or terminally differentiates into a specific cell
type and then migrates or is pushed to the correct position and assumes its function.
This process is tightly regulated by intercellular communication via biochemical signals
(growth factors) and mechanics; stromal cells help to maintain this signaling environ-
ment [423, 493, 725]. Each cell’s response to the microenvironment is governed by
surface receptors that interact with an internal signaling network. We note that stem-cell
dynamics are not fully understood; see the excellent overviews in [71, 725].

Epithelial cell polarity and adhesion

Epithelium can be broadly classified as simple or stratified on the basis of its cell
arrangement. In simple epithelium, cells are arranged in a single layer along the basement
membrane. The cells are polarized, with a well-defined base adhering to the BM and an
apex exposed to the lumen (e.g., a cavity in an organ); the apical side of the cell is often
used to release secretory products. The epithelial cells adhere tightly to one another
along their nonapical, nonbasal, sides. See Figure 2.2, left. In stratified epithelium, a
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Figure 2.2 Simple (left) and stratified (right) cuboidal epithelium.

single cell layer adheres to the BM (as in simple epithelium), with additional layers
above. The cells in the upper layers adhere to the layers above and below them and
tend to be flattened. See Figure 2.2, right. Overall, the careful orchestration of cell-BM
and cell—cell adhesion helps determine the tissue geometry [301, 350, 685]. In fact,
heterogeneities in the balance of cell—cell and cell-BM adhesion can lead to epithelium
invagination [400], folding [672], and other nontrivial geometries [633]. The molecular
mechanisms of adhesion are further explored in Section 2.1.2. More information on
epithelial cell polarization can be found in standard biology texts, such as [12].

Interaction between cell adhesion and population dynamics

Cell adhesion and population dynamics are, in fact, linked to one another. Epithelial
cell cycle progression and proliferation are controlled in part by cell-cell adhesion:
when an epithelial cell is in (adhesive) contact with many neighbors, its cell cycle
and proliferation are suppressed. This helps to maintain the epithelial cell population
by reducing proliferation when the epithelium is fully populated, and by increasing
proliferation near gaps in the epithelium (e.g., due to apoptosis) [142, 301, 685]. Hence,
cell—cell contact-dependent proliferation helps to prevent overproliferation. This theme
is discussed further in Section 2.1.5.

Cell populations are also controlled by contact with the extracellular matrix and base-
ment membrane. Polarized epithelial cells often become apoptotic after losing adhesive
contact with the BM [245,276, 330, 640, 677]; this specialized type of apoptosis, termed
anoikis, helps prevent overproliferation of unattached cells into the lumen [162]. The
ECM also plays a major role in regulating stromal cells [276]. For example, ECM-bound
proteoglycans control the proliferation, differentiation, and apoptosis of bone marrow
stromal cells [68] and integrin ligands in the ECM regulate endometrial stromal cells
[598].

Cellular adhesion and cell sorting

Adhesion is essential to multicellular arrangement and motility: cell-cell, cell-ECM,
and cell-BM adhesion are responsible for maintaining the tissue arrangement, while
cell-BM and cell-ECM adhesion are essential for traction during motility.
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Adhesion

Cells can exhibit both homophilic and heterophilic adhesion. In Zomophilic adhesion,
adhesion receptor molecules on the cell surface bond to identical ligands (a recep-
tor’s “target” molecules) either on neighboring cells (in cell-cell adhesion) or in the
microenvironment (in cell-ECM or cell-BM adhesion). This is the mode of E-cadherin-
mediated cell-cell adhesion in epithelial cells, including carcinoma [52 1]. In heterophilic
adhesion, surface adhesion molecules of one type bond to unlike ligand molecules
in the extracellular matrix, on the basement membrane, or on neighboring cells.
Cell-ECM and cell-BM adhesion are heterophilic between integrin molecules on the
cell surface and ligands such as laminin and fibronectin in the microenvironment [90].
Heterophilic cell—cell adhesion is also observed, for example in T-cell lymphocytes via
immunoglobulin—integrin bonds [427, 630, 654].

Cell adhesion and cell sorting

While epithelial cell—cell adhesion is generally homophilic and mediated by E-cadherin,
other cadherins complicate the picture. For example, E-cadherin binds with the greatest
strength and specificity to E-cadherin, but it can also bind to N-cadherin [521] and certain
integrins [361]. Hence the mixture of adhesion molecules on the two cells’ surfaces (and
the specificity and kinetics of the bonds between the molecules) will determine the
strength of their adhesion. Adhesive differences between cell types can lead to self-
sorting behavior based upon adhesion gradients, which contributes to epithelial cell
organization in tissues [551]. Such cell sorting has been observed experimentally [41].

Subcellular structure

A cell is composed of a well-defined nucleus containing the cell’s DNA, surrounded by
cytosol (the liquid in the cell) and enveloped in a bilipid cell membrane. The cytoplasm
contains organelles that carry out the cell’s functions, such as the mitochondria (which
synthesize adenosine triphosphate (ATP) from glucose and oxygen to provide energy
to the cell) and endoplasmic reticulum (which provides ideal conditions for protein
synthesis, folding, and transport), all supported by a cytoskeleton of microtubules and
actin polymer fibers. See Figure 2.3. The bilipid membrane separates the cell from the
microenvironment. It is permeable to the passive diffusion of small molecular species
such as oxygen and glucose, actively pumps other molecular species (e.g., potassium
and sodium) to maintain the cell’s internal pH and chemical composition, and is imper-
meable to other, larger, molecules such as growth factors. Embedded in the membrane
are a variety of macromolecules that pump smaller molecules (e.g., potassium) against
gradients, exchange mechanical forces with the extracellular matrix, basement mem-
brane, and other cells, and transmit microenvironmental information to the cell interior.

Cell cycle, proliferation, and apoptosis

Cell division is regulated by a highly regimented series of stages known as the cell cycle.
In the first stage in the cell cycle, G1 (gap 1), the cell physically grows, proteins are
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Figure 2.3 A eukaryotic cell: a bilipid cell membrane contains the cytosol, nucleus, and
organelles, all supported by a cytoskeleton. Inset: Membrane-embedded receptors transmit
microenvironmental information to the cell interior.

G2/M checkpoint

heckpoint

synthesized, new organelles are constructed, and the cell prepares for DNA replication.
In the following S (synthesis) phase, the DNA is copied and, in the G2 (gap 2) phase,
final preparations are made within the cell nucleus for the division of the cell. In the
final M (mitosis) phase, the two copies of the DNA are separated and incorporated into
two nuclei (mifosis), and the cytoplasm and the organelles are divided into two daughter
cells (cytokinesis). See Figure 2.4.

The cell cycle contains numerous checkpoints that allow the cell to check for and
repair DNA damage, as well as to control or halt cycle progression. At the R (restriction)
checkpoint, late in the G1 phase, the cell either commits to division (and progresses to
the S phase) or exits the cell cycle (and enters the GO quiescent state) [70, 717]. Most
noncancerous somatic cells stay in this “resting” state because microenvironmental
signals maintaining homeostasis have been received prior to the R checkpoint; after the

Figure 2.4 The cell cycle.
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R checkpoint, cells are committed to division and are less responsive to environmental
signals to halt the cycle [606].

There are numerous checkpoints in the S and G2 phases to detect and repair DNA
damage (e.g., between G2 and M). See Figure 2.4. Cells that fail to repair DNA dam-
age at such checkpoints induce apoptosis [138]. In the process, “executioner” proteins
(Caspases) in the cytoplasm break down the organelles, degrade the cytoskeleton, and
fragment the DNA. The cell shrinks, and the degraded cell contents are released as
harmless (i.e., chemically inert) vesicles known as apoptotic bodies, which are ingested
(phagocytosed) by specialized immune cells as well as neighboring epithelial cells
[369, 389].

A cell’s speed of cell cycle progression is regulated by the production and balance of
internal chemical signals, principally cyclins and cyclin-dependent kinases (CDKs). Sur-
face receptors help control gene expression levels through complex signaling pathways.
In turn the gene expression pattern determines the production and balance of proteins
(including cyclins and CDKs). Hence, cell cycle progression is regulated by a complex
interaction between the cell’s internal biomachinery and its surrounding environment
[138].

Genetics, gene expression, and cell signaling

Oncogenes and tumor suppressor genes

The correct interpretation of growth and inhibitory signals is key to maintaining healthy
tissues. If the cell receives both growth-promoting and growth-inhibiting signals, its
behavior is determined by the balance of the signals and the resulting gene expression
pattern. Two types of genes are particularly relevant to regulating cell proliferation.
Oncogenes respond to or create growth signals and promote cell cycle progression.
Tumor suppressor genes (TSGs) respond to inhibitory signals, retard or halt the cell
cycle, ensure proper DNA repair, and may trigger apoptosis under certain circumstances.
Cancer initiation, or carcinogenesis, starts with the malfunction of one or more of these
types of genes [300].

Genetic mutations can cause overactivity in oncogenes and impair the function of
tumor suppressor genes. Sometimes, a single uncorrected point mutation is sufficient to
affect the function of an oncogene [449] or functionally neutralize a tumor suppressor
gene [323]. In other cases, cell division errors (e.g., during the M phase) can create a
mutant fusion oncogene, where the protein coding portion of an oncogene is mistakenly
fused with the triggering portion of another, frequently expressed, gene. As a result,
signals are “misrouted” to the oncogene, thus boosting its activity. See [394], which
describes the activation of the MYC oncogene by translocation with an immunoglobulin
gene.

Other errors during cell division may cause a daughter cell mistakenly to receive
extra copies of an oncogene (e.g., [109, 117, 216]) or too few copies of a TSG. Because
normal cells possess two copies of each TSG, both copies must be damaged for a total
loss of function of the gene. (See the Knudson two-hit model [386, 387], which led to
the first discovered TSG [244].) While the probability of independent mutations in both
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copies of the TSG is ordinarily small, a loss of heterozygosity (two damaged copies of
the TSG are passed to a daughter cell) can significantly accelerate the process [500].
Furthermore, the loss of just one TSG copy can significantly impair the TSG’s activity
and increase the probability of completion of a multistep carcinogenesis pathway [555].

Changes in gene expression

Gene expression is essential to maintaining proper cell function. Recent research has
examined the over- and underexpression of genes, rather than outright genetic damage,
as a potential contributor to unchecked cell proliferation. Viral infections (e.g., human
papillomavirus, which can induce cervical cancer [692]) and microenvironmental signals
(e.g., hypoxia; see the first example below and references therein) can also induce
changes in gene expression. Because gene expression patterns can be heritable, such
changes can potentially affect a cell’s malignant transformation (e.g., by disabling a
tumor suppressor gene) in the same way as a genetic mutation [354]. Lastly, we note
that the biochemistry of gene expression is very complicated and is beyond the scope of
this introduction; see [190, 354, 355, 423] for more on this topic.

Cell signaling networks

Gene expression is controlled by cell surface receptors after activation by various signal-
ing factors. Internal chemical species (e.g., oxygen) can also affect gene expression. The
cell integrates such information with its genetic and proteomic state using a complex
signaling network to determine its phenotype. Aberrant cell signaling is often implicated
in cancer, making it a key topic in molecular and cellular cancer biology. We illustrate
with a few examples.

Example: HIF-1« signaling

A cell’s response to hypoxia (low oxygen levels) is a key example of how internal protein
levels can affect gene expression without the need for additional receptor signaling. All
cells create HIF-1a (a hypoxia-inducible factor), which is ordinarily degraded in the
presence of oxygen [85, 246, 287, 599]. When a cell experiences hypoxia, HIF-1«
accumulates and activates downstream “target” genes. Among targets of importance to
cancer biology, HIF-1« upregulates motility and the secretion of angiogenic-promoting
factors and anaerobic glycolysis (an inefficient metabolism by which glucose reacts
with glucose rather than oxygen) downregulates cell-cell and cell-ECM adhesion and
reduces sensitivity to apoptotic signals [13, 303, 540, 713]. We discuss the significance
of this signaling pathway in cancer biology in Sections 2.1.7 and 2.2.2.

Example: EGF signaling

Epidermal growth factor (EGF) can bind to and subsequently activate EGF receptors
(EGFRs). When two activated EGFRs bind to one another (dimerize), they can transmit
signals leading to increased HIF-1« secretion, increased cell proliferation, increased cell
motility, or reduced sensitivity to apoptosis. See Figure 2.5 and the excellent reviews in
[132, 312, 502]. Malfunctions in this signaling process have been implicated in several
cancers. For example, a mutant form of EGFR (HER2) commonly found in breast cancer
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Figure 2.5 Simplified EGFR signaling: dimerized EGFR can transmit signals through a variety of
molecular pathways that trigger proliferation, motility, or increased resistance to apoptosis.

is constitutively (i.e., permanently) active and does not require EGF binding for signaling
activity; moreover, HER2 can bind to activated EGFR to provide a “shortcut” in the
EGEFR signaling cascade and thus increase EGFR signaling activity [132, 191]. In non-
small-cell lung carcinoma (NSCLC), downstream targets of EGFR are often mutated,
most notably a constitutively active form of K-ras that can function independently of
upstream EGFR signals. Indeed, NSCLCs with K-ras mutations are generally resistant
to therapies that target EGFR [192, 522]. Both these mutations effectively activate
downstream targets of EGFR independently of receptor activity; i.e., the EGFR pathway
switch is “stuck in the ON position,” leading to excessive proliferation and other cancer-
promoting activity.

Example: E-cadherin/B-catenin signaling

Some receptors have multiple simultaneous roles. E-cadherin mediates homophilic
epithelial cell-cell adhesion (Section 2.1.2): the intracellular domain of E-cadherin
binds to «-catenin (using S-catenin as an adapter protein) to couple mechanically an
adhered cell to its actin cytoskeleton [188, 385]. Ligated E-cadherin also binds to
B-catenin, which sequesters it at the cell membrane and prevents its downstream signal-
ing. Unsequestered B-catenin would otherwise promote cell cycle progression by trigger-
ing the transcription of Cyclin D1, c-myc, and Axin2. Hence, E-cadherin not only plays a
mechanical role in cell—cell interactions but also a signaling role, by inhibiting cell-cycle
progression when it physically adheres to epithelial cells [69, 313,428, 597]. This signal-
ing pathway plays a key role in maintaining normal epithelial tissue microarchitecture
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[142, 301, 685]; see Section 2.1.1. In many cancers (e.g., breast cancer [417]), the
E-cadherin/B-catenin signaling pathway can be disrupted, leading to increased down-
stream oncogenic activity (e.g., increased cell cycle progression owing to Cyclin D1
overexpression [4601]).

Cell motility

Motile cells demonstrate directed motion due to a complex interaction between cell
signaling, their cytoskeleton, and adhesion with the ECM or BM. We describe here the
key aspects of this process; more detail can be found in [143, 278, 403].

Gradients in microenvironmental signaling molecules (e.g., EGF) can be amplified
by the multiple steps in signaling networks, leading to pronounced internal signaling
gradients [377]. A key downstream effect of motility signaling is actin polymerization
(the formation of linked chains of actin monomer that extend the actin cytoskeleton) and
depolymerization (the spontaneous degradation of actin polymers). This process takes
place within a thin region just below the cell membrane [357, 403]. Wherever polymer-
ization exceeds depolymerization, there is net outward growth of the cell’s cytoskeleton,
which, in turn, deforms and extends the cell membrane. If net actin polymerization
continues in a consistent direction, the cell forms a pseudopod (i.e., a “false foot”) that
extends from its leading edge into the microenvironment. Net actin depolymerization at
the cell’s trailing edge, along with internal microtubule activity, leads to cell contraction
[143, 278, 403]. The signaling network creates and maintains this bias in actin poly-
merization. For example, dimerized EGFR can activate Src, which, in turn, can mediate
the formation of Arp2/3-N-WASP complexes that nucleate actin polymerization; micro-
environmental EGF gradients thus create internal polymerization gradients towards the
cell’s leading edge [143, 478, 593, 688, 689].

Cell motility requires a mechanical interaction between cell-membrane protru-
sions and the microenvironment. Individual cells may move through the stroma (in
three dimensions) in an amoeboid motion by squeezing between ECM fibers (e.g.,
T-lymphocyte migration [700]) or by extending a slender, finger-like, pseudopod (a
filopodium), which forms focal adhesions with the ECM to exert traction [403]. The lat-
ter, which occurs during cancer cell invasion of the stroma [234, 699], requires directed,
coordinated, degradation of the ECM to create space for motion, and this is accomplished
by the formation of tiny invadopodia on the filopodium surface that secrete proteases to
degrade the ECM [173, 365, 684]. In other cases, cells may move along a surface by
extending a sheet-like pseudopod (a lamellipodium) that focally adheres to the surface
for traction [403]. This has been observed in Paget’s disease of the breast (cancerous
epithelial cells chemotax along the breast duct basement membrane towards the nipple
[76]), in wound healing (keratinocytes crawl along the top of granular tissue [401]),
and in fibrosarcoma metastasis (cancer cells crawl along lymph vessel walls [709]).
Following membrane protrusion, nonamoeboid motility requires the release of integrin
bonds along the cell’s trailing edge and subsequent cell contraction, allowing net forward
motion [403]. Directed cell motility also requires active intracellular transport of actin
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monomer [686], integrins [278], and other cytoskeletal components between the cell’s
trailing and leading edges [403].

Hypoxia, necrosis, and calcification

In Section 2.1.5, we discussed some of the cellular adaptations to hypoxia. Sustained
hypoxia (as well as sustained hypoglycemia), such as that encountered in ischemic
tissue [251, 383, 580] and in larger tumors [112, 213], can lead to ATP depletion and
consequently cell death. This unplanned cell death is referred to as necrosis.

When a cell becomes necrotic, its surface ion pumps cease to function, resulting in
osmosis of water into the cell, cell swelling, and subsequent bursting [49]. This differs
from apoptosis, where the volume loss is orderly and the intracellular contents are
contained in apoptotic bodies [49]. In necrotic cells, the remaining solid-cell fraction is
generally not phagocytosed by the surrounding cells, as typically they themselves are also
necrotic. In some cancers (e.g., breast cancer [638], liver cancer [308], ovarian cancer
[628], and lymphoma [135, 334]) and other pathologic conditions (e.g., tuberculosis
[52] and abscesses [396, 698]), necrotic tissue can undergo calcification: the solid cell
components are replaced by calcium phosphate and/or calcium oxalate molecules that
bond together to form calcite crystals that grow into hard microcalcifications [444].

The biology of cancer

Most simply stated, cancer occurs when defective genes cause cells to malfunction and
interact with the body in an aberrant, hyperproliferative, manner (either by increased
cell proliferation or reduced cell apoptosis). We now examine how the molecular and
cellular biology previously introduced in Section 2.1 can break down, leading to cancer.
Our discussion primarily focuses upon carcinoma (cancers arising from epithelial cells)
rather than sarcoma (cancers arising from mesenchymal cells).

Carcinogenesis

Carcinogenesis is a multistage process, thought to begin with a genetic mutation or
epigenetic alteration that overexpresses an oncogene or underexpresses a tumor supressor
gene in one or a small number of cells. If the cell survives and the mutation escapes its
DNA repair mechanisms, the cell (or its descendants) may, over time, acquire further
mutations that enable it to ignore growth-inhibiting signals from its neighbors, bypass its
internal controls and checkpoints, and form a colony of hyperproliferative aberrant cells.
This accumulation of mutations may require years to progress but can be accelerated by
exposure to carcinogens and other harsh, DNA-damaging, environmental effects.
Differentiated cells can only divide a limited number of times before reaching senes-
cence: the point at which they permanently arrest in GO or apoptose. Thus, differentiated
cells alone cannot drive unlimited tumor growth without additional mutations to over-
come senescence. Recent studies suggest that cancer may arise from mutated somatic
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Figure 2.6 Left: initial avascular tumor. Right: substrate gradients lead to hypoxia and central
necrosis.

stem cells rather than differentiated cells [56, 423, 605]. In this scenario the tumor is a
mixed cell population, whose overgrowth is driven by a small subpopulation of cancer
stem cells rather than by differentiated cells that have overcome senesence. With or
without cancer stem cells, the result is the same at the multicell and tissue scales: a mass
of cells that fail to respond to ordinary physiologic limits to their proliferation (Figure
2.0, left).

Avascular solid-tumor growth

Once a tumor has established a foothold in its host tissue, it begins an early period of
growth as it becomes an in situ cancer. Epithelial cells are generally constrained by the
basement membrane.

The limiting role of oxygen and nutrient diffusion, hypoxia, and necrosis
In this early stage of cancer, the tumor has no vascular system of its own, and so it must
rely upon the host vasculature in the nearby stroma for crucial oxygen, nutrients, and
growth factors; we refer to these generically as “substrates.” Substrates diffuse from the
surrounding vascularized tissue, enter the tumor, and are uptaken by proliferating tumor
cells. This motion of substrates from external sources (the host vasculature) to internal
sinks (the metabolically active tumor cells) causes substrate gradients to form within
the tumor. Of particular importance is oxygen, which generally diffuses on the order of
100-200 um into tissue before dropping to levels insufficient for cellular metabolism
[112, 149,213,435, 437]. Interior tumor cells experience hypoxia and respond to their
harsher microenvironment in a variety of ways (Section 2.1.5). Deeper within the tumor,
oxygen and glucose levels drop to critcally low levels that cause the tumor cells to
necrose. These dynamics are manifested as an outer tumor viable rim of proliferating
cells, an interior band of hypoxic cells, and a central necrotic core. See Figure 2.6,
right.

This affects the tumor mechanically. Prior to the formation of a necrotic core, pro-
liferation throughout the tumor causes a net outward cell flux that expands the tumor
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Figure 2.7 Cell and fluid flux in early (left), later (middle), and long-time (right) tumor growth.

(Figure 2.7, left). Simultaneously, the proliferating tumor cells absorb fluid from the
interstitium to fuel their growth and eventual division, resulting in a net fluid flux into
the tumor. Once a necrotic core has formed, cell lysis reduces the tumor cell volume and
releases fluid that leaves the necrotic core and enters the proliferative rim interstitium.
The subsequent reduction in mechanical pressure in the necrotic core redirects some of
the viable rim cell flux towards the tumor interior (Figure 2.7, middle). As the tumor
grows, the volume of its necrotic core increases, thus accentuating its cell volume sink
effect. Once the tumor grows large enough, the cell flux resulting from proliferation
balances with the fluid flux stemming from necrosis, leading to zero outward cell flux.
This gives rise to a steady-state tumor spheroid (Figure 2.7, right).

Interaction with the microenvironment

As the nascent tumor grows in its host tissue, it interacts with the surrounding micro-
environment in a variety of ways. It mechanically displaces and compresses the sur-
rounding tissue, including the basement membrane (Figure 2.7, middle and right). The
tumor degrades and remodels the extracellular matrix (ECM), both biomechanically and
biochemically, by the secretion of enzymes such as matrix metalloproteinases (MMPs)
that degrade the ECM. The degraded ECM, in turn, can release ECM-associated growth
factors that fuel further tumor growth [644]. The degradation of the ECM by the MMPs
increases the ability of the tumor to push into the surrounding tissue, both by reduc-
ing the mechanical rigidity of the surrounding tissue and by creating extra space for the
growing tumor [325]. The combination of proliferation-induced pressure and proteolytic
degradation of the surrounding tissue results in tissue invasion, the invasion of sheets
or “fingers” of tumor cells into the surrounding tissue along the paths of least mechan-
ical resistance. Acidosis (a decreased microenvironmental pH resulting from anaerobic
glycolysis in hypoxic tumor cells) has also been hypothesized to play a role in tumor
invasion, by inducing apoptosis in the surrounding normal epithelium, by giving inva-
sive tumor cells a selective advantage over tumor cells that have not adapted to acidity,
and by contributing to ECM degradation (due to proteases released by apoptotic cells)
[208, 263267, 279-282, 526, 624—627].
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Figure 2.8 Left: angiogenic growth factors such as VEGF-A are secreted by hypoxic tumor cells,
leading to angiogenesis. Right: the fresh nutrient supply allows for renewed tumor expansion.

There is recent evidence that tumors induce changes in gene expression in the nearby
stroma, which helps to sustain tumor growth [326, 725]. For instance, carcinomas may
release signaling molecules (e.g., [IL-18) that stimulate fibroblasts to secrete hepatocyte
growth factor (HGF). The HGF, in turn, promotes tumor cell growth, decreases cell—cell
adhesion, and increases MMP secretion [457]. Tumors may also alter gene expression
in nearby noncancerous epithelial cells [333].

Vascular growth and metastasis

The next stage in cancer development can be viewed as a response to hypoxia. The
ultimate result is angiogenesis, where the tumor induces endothelial cells to form a
new vasculature that directly supplies the tumor with the nutrients enabling further
expansion. Some of the same mechanisms as those responsible for angiogenesis play a
role in metastasis, the spread of tumor cells to distant locations.

Angiogenesis

As discussed in Section 2.1.5, hypoxia-inducible factors (e.g., HIF-1la) accumulate in
hypoxic cells, which can trigger numerous downstream genetic targets. In particular,
hypoxic cells secrete tumor angiogenic growth factors (TAFs) such as vascular endothe-
lial growth factor (VEGF) [13, 362, 540, 713]. These TAFs diffuse outward from the
hypoxic regions of the tumor and eventually reach nearby blood vessels. See Figure 2.8,
left.

Blood vessels are composed of tightly connected squamous (flat and scalelike)
endothelial cells that are surrounded by a basement membrane and other supporting
cells, including smooth muscle cells and pericytes [424]. When the endothelial cells
detect the TAF gradient emanating from the tumor, they secrete MMPs that degrade
the basement membrane and extracellular matrix [46] (Figure 2.8, left). This allows the
endothelial cells to migrate away from the blood vessel and toward the TAF source in the
tumor. The leading endothelial cells are referred to as sprout-tips; immediately behind
the sprout-tips, other endothelial cells divide, migrate, align, and form tubes of polarized
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Figure 2.9 Invasive tumor growth into the stroma. The tumor grows to co-opt the neovasculature,
leading to collapse of some vessels and renewed hypoxia.

endothelial cells surrounding a vascular lumen [491]. The vessels then link with one
another to form a network of loops in a process called anastomosis (Figure 2.8, left). It
can take on the order of 10 to 21 days for new vessels to form and connect to the parent
vessels [46, 283, 486].

The end result is a neovasculature that provides the tumor with a direct supply
of oxygen and nutrients. The configuration of the neovasculature is determined by
the balance of pro- and anti-angiogenic growth factors, as well as by the mechanical
pressures from the growing tumor and flow stresses within the nascent blood vessels
[214, 285, 407, 554, 650]. The fresh nutrient supply allows a new stage of rapid tumor
growth into the surrounding tissue (Figure 2.9).

Angiogenesis is not unique to tumor growth but is also a key part of wound healing,
the menstrual cycle, and embryonic development [112, 213]. However, we note that
tumor angiogenesis is pathological in nature, and the resulting vasculature is inefficient
in a number of ways: the vessels are often “leaky” owing to the large gaps between
endothelial cells; the newly formed vessels are not as stiff and rigid as mature vessels
and may collapse when subjected to tissue stress (such as that created by rapidly growing
tumors); the basement membrane around the new vessels may not be fully formed; some
newly formed vessel walls may be composed of a mosaic of tumor and endothelial cells;
and the tumor neovascular network tends to be much more tortuous than regular vascular
networks [112, 217]. See Figure 2.9. This inefficiency may hinder drug delivery within
tumors [340, 620] and also lead to the development of new hypoxic regions within the
tumor and additional sessions of angiogenesis.

Tissue invasion and metastasis

A particularly damaging aspect of advanced cancer is metastasis, the spread of tumor
cells to form secondary tumors in distant locations. Metastasis occurs most commonly
in breast, prostate, and lung cancers [64], and it is estimated that over 90% of all deaths
from solid tumors result from metastasis [298]. In spite of the great clinical importance
of metastasis, it is poorly understood [360].
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Metastasis is a complex phenomenon involving several mechanisms that are closely
related to tissue invasion. Genetic instability, intrinsic limits (e.g., senescence), and
extrinsic selective pressures (e.g., limited nutrients, immune system attacks) lead to
competition within heterogeneous tumor cell populations and the eventual selection
for pro-metastatic genes [298]. Hypoxia creates a strong selective pressure, leading
to increasing internal HIF-1« levels in the tumor cells and the expression of genes
responsible for increased motility, glycolysis, reduced response to apoptotic pathways,
and increased production of MMPs [303]. These selective pressures also lead to increased
expression of the genes responsible for locomotion [541]. As aresult, tumor cells degrade
the BM and ECM and invade the stroma, either individually, as small clumps of cells
(emboli) or in cohort motion of sheets of cells linked by cell—cell adhesion [298, 487].
Eventually, invasive tumor cells can enter the vasculature or lymphatic system. See
Figure 2.9.

For sarcomas (which already reside in the stroma), this is accomplished by prote-
olytic degradation of the ECM and BM surrounding the stromal vessels, followed by
direct entry into the vessels. For carcinomas (which are separated from the stroma by
the BM), entry into the vasculature could also be indirect via the lymphatic system
[199]. The mesenchymally derived sarcoma cells move with built-in cellular machinery
in a contractile manner: by first degrading the ECM on their leading edge, adhering
to the ECM, and contracting, then by rebuilding the ECM on the trailing edge [669];
see Section 2.1.6. Epithelially derived carcinoma cells initially lack this locomotive
ability, but mutations and altered gene expression can restore these locomotive mecha-
nisms; the process is often referred to as the epithelial-mesenchymal transition (EMT)

[541, 669].

Once the metastatic tumor cells have reached the vasculature, they circulate in the
blood. Initially, survival of the circulating tumor cells is inhibited by the immune system,
which kills most of the individual cells; emboli consisting of five to 10 cells are more
likely to escape attack by the immune system [199]. Note that the complex role of
the immune system is poorly understood; it may both promote and inhibit metastasis.
Circulating tumor cells that do survive can eventually lodge in the capillary bed of distant
organs; the most frequent destinations include the liver, lungs, and bones [64].

However, without further tumor-host interaction, the destination microenvironment
will not support the newly arrived metastatic tumor cells. Different types of tumor cells
tend to metastasize to specific tissues. This “seed and soil” idea, that only specific tissues
are suitable to each tumor cell line, was first formulated by Stephen Paget in 1889 when
studying breast cancer metastases [171, 484, 516]. The reasons for this are only now
being elucidated, in an emerging area of cancer research. The theory is that tumors
release cytokines, VEGF, and other chemical signals into the circulatory system that
recruit progenitor and endothelial cells from the bone marrow and vasculature to assist
in creating a pre-metastatic niche, a modified microenvironment in a distant host tissue
that is suitable for tumor metastasis [298]. In the process, the chemical signals alter gene
expression in the endothelial cells in capillary walls at the destination tissue; these cells
then express additional adhesion molecules and secrete MMPs to degrade the basement
membrane surrounding the capillaries [199, 314, 360]. The newly expressed adhesion
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molecules on the inner surface of the capillary bed improve the ability of the metastatic
tumor cells to arrest at the destination, and the degraded BM assists in the extravasation
of the tumor cells from capillaries into the destination tissue.

Once the metastatic tumor cells successfully invade the destination tissue, they secrete
growth factors that induce additional changes in the new location. This growth is similar
to the mechanisms of tissue invasion that were introduced earlier but with additional
elements. Tumor-induced changes in the stromal cells cause them to degrade and remodel
the matrix, even as the tumor cells are also secreting MMPs to degrade the matrix.
Growth-promoting molecules that were previously sequestered in the ECM fuel further
tumor growth [199]. With ample room to grow and a favorable microenvironment, these
tumor cells can develop into secondary tumors. Because the metastatic tumor cells have
been selected for their invasive phenotype, they are capable of expressing pro-angiogenic
growth factors to initiate angiogenesis and enter vascularized growth. It is likely that
the tissue specificity of this process is due to the combination and balance of cytokines
and chemicals secreted by the tumors, which, in turn, depends upon the genetic makeup
of the tumors [623]. It is thought that only a small fraction of the cells in the primary
tumor have the ability to recruit the proper progenitor and endothelial cells to build a
pre-metastatic niche [298].

The scientific understanding of metastasis is advancing rapidly, and the reader is
encouraged to read the reviews [199, 298, 360, 518]. The reviews on bone metastases
[64, 419] provide well-written concrete examples of the process, and they give an
excellent overview of the latest developments in metastasis research.

Concluding remarks

In this chapter, we have presented a simplified overview of the major topics in biology
that relate to cancer. Cancer modelers may wish to keep these topics in mind, as they study
and extend the models presented in this book, and to explore the excellent references
cited in this chapter and elsewhere to learn more about these biological themes in greater
depth. In the following chapters of Part I we present state-of-the-art continuum, discrete,
and hybrid models that incorporate a broad spectrum of the tumor progression and
behavior presented in this chapter.
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Continuum tumor modeling:
single phase

With H. B. Frieboes

Introduction

We present a sharp-interface continuum model of tumor growth, in which the tumor is
treated as a single-phase, or piecewise single-phase, biomaterial with sharp boundaries
delineating the various tumor components (viable, quiescent, and necrotic cells). We
present the model in order of increasing complexity, starting with avascular and vascular
versions that incorporate varying degrees of microenvironmental heterogeneity and
ending with a model that accounts for the nonlinear coupling between tumor growth and
tumor-induced angiogenesis. In this chapter we focus on the presentation of the model.
Analysis and numerical simulations are presented in Chapter 4.

Background

In larger-scale systems, continuum methods provide a good modeling strategy. The
reader should refer to the Introduction (Chapter 1) for references and reviews on the
continuum modeling of cancer. The approach draws upon principles from continuum
mechanics to describe variables as continuous fields described by means of partial
differential and integro-differential equations, and it allows for the development of
fast numerical solvers. These models treat a tumor as a collection of tissue, for which
densities or volume fractions of cells are described. Individual cells and other discrete
elements are not tracked. The model parameters may describe volume fractions of
various cell species as well as concentrations of cell substrates such as glucose, oxygen,
and growth factors. On the one hand, the parameters at this macro-scale are somewhat
easier to obtain, analyze, and control compared with those required for discrete models,
which typically involve cellular and subcellular measurements (see Chapter 6). On the
other hand, although continuum models are appropriate at the tissue scale, where gross
tumor behavior can be quantified, they cannot represent individual cells and discrete
events (e.g., epithelial-to-mesenchymal phenotypic transitions that lead to individual
cell migration). This may be important when one is studying the effect of genetic,
cellular, and microenvironment characteristics on overall tumor behavior.

A basic tumor growth model represents tumor cells proliferating in such a way that
they form a small sphere-like structure without direct access to the vasculature. During
this avascular growth, the tumor cells receive oxygen, nutrients, and growth factors via
diffusion from the surrounding host tissue. This phase can be investigated by in vitro



3.1 Introduction 25

experiments, in which cancer cells are cultured in a three-dimensional geometry as
tumor spheroids [378, 393, 479, 481, 647, 648, 676]. This can be done because certain
cancer cell lines will self-organize by cell-cell adhesion into multicellular, roughly
spheroidal, colonies. The outer cells tend to proliferate while the cells in the interior
necrose (i.e., die) owing to insufficient oxygen and nutrients [648]. For example, the
typical distance that an oxygen molecule diffuses before being uptaken by a cell lies
in the range 100-200 pum. This limits the size to which a tumor spheroid can grow (to
1-2 mm in diameter) in experiments. A layer of quiescent (hypoxic) cells separates
the necrotic core from the proliferating rim. Because of the three-dimensionality, the
growth of multicellular spheroids is thought to be similar to that of in vivo avascular
tumors. There is a significant amount of experimental data in the literature on the internal
structure of multicellular spheroids and the spatiotemporal distribution of cell substrates
(see the references above). Thus, the tumor spheroid is a good experimental system with
which to test tumor predictions by mathematical models.

Greenspan [292, 293] developed one of the earliest continuum models, in which tumor
growth is a function of the diffusion of cell substrates, as observed in previous studies
(e.g., [88, 655]). McElwain and Morris [460] accounted for apoptosis and Adam [5]
discussed the immune response. Byrne and Chaplain [97, 99, 101] studied the growth and
stability of radially symmetric tumors without and with necrosis, as well as the effects of
cell substrates and inhibitors. Chaplain [ 1 19] presented mathematical models of spherical
tumor growth through the stages of avascular growth, angiogenesis, and vascularization,
as well as pattern formation in cancer [120]. Friedman and Reitich [241, 242] and Cui
and Friedman [156] studied non-necrotic vascularized radially symmetric and spatially
patterned tumors modeled through a free-boundary problem, in which tumor growth
was dependent on the level of diffusing cell substrates. See also [150, 152, 154, 238,
297, 652, 653, 701] for later extensions to a variety of different tumor models.

On the basis of these and other classical continuum tumor models (see Chapter 1),
Cristini et al. [ 149] performed computer simulations of tumor growth beyond the limited
capabilities of mathematical linear analyses and spherical geometries, thus enabling the
nonlinear modeling of complex tumor morphologies. Using a new formulation of these
classical models, they showed that tumor evolution could be described by a reduced set
of two dimensionless parameters (related to mitosis rate, apoptosis rate, cell mobility,
and cell adhesion), independently of the number of spatial dimensions. These parame-
ters regulate the morphology and growth (invasiveness) of avascular and vascularized
tumors. Critical conditions were predicted that separate compact, noninvasive, mass
growth from unstable, fingering, infiltrative progression [149], thus suggesting that the
mechanisms that control tumor morphology also control the tumor’s ability to invade.
This morphological instability provides a mechanism for invasion without angiogenesis
and may allow the tumor to overcome diffusional limitations to growth by creating excess
surface area that exposes more interior cells to oxygen and nutrient. Indeed, numerical
simulations show that the tumor grows without bound by repeated sub-spheroid growth
(budding), fingering and folding to create a complex shape. That is, morpho-
logical instability driven by microenvironmental gradients of nutrient and oxygen
selects for locally higher cell proliferation. Tumors may thus escape diffusion-limited
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constraints without recourse to angiogenesis, as has been observed experimentally (e.g.,
[167,230]). Recently, Li et al. [416] extended this work to arbitrary geometries in three
dimensions.

Avascular tumor growth

Model without necrosis

We take Q2 to be a computational tissue domain that contains two non-intersecting
subdomains, the tumor Q1(¢) and the external host tissue Qp(#), ¥ to be the boundary
between the tumor tissue and the host tissue, n to be the unit outward normal vector to
¥, and x to be the position in space. We let n denote the concentration of a vital cell
substrate (e.g., oxygen or glucose). Since the diffusion rate of oxygen or glucose is much
faster (on the order of seconds across the cell space) than the rate of cell proliferation
(typically one cell per day), we may regard the cell substrates to be in a steady state
for a given tumor morphology (e.g., [97, 149, 241, 293]). This can be represented
as:

0=DrV’n+T in Qr, (3.1)
0= DyVn in Qp, (3.2)

where Dt and Dy are the diffusion constants in the tumor tissue and the host tissue, and
I" is the rate at which cell substrates are added to Q27 and is given by:

I' = —Ag(n — ng) — An, 3.3)

where the first term describes the source of substrates from the vasculature (Ag is the
blood-tissue transfer rate and np is the substrate concentration in the blood), and the
second term describes the uptake of substrates by tumor cells.

Following [97, 149, 241, 292] and other works, we assume that the cell density is
constant in the proliferating tumor domain. Therefore, mass changes correspond to
volume changes, and mass and volume changes are equivalent. Note that apoptosis is
modeled as a source of volume loss of the solid tumor component due to lysing; the
lysing is assumed to occur instantaneously. Defining u to be the cell velocity, the local
rate of volume change V - u is given by

V-ou=2, in Qr, (3.4)
where A, is the cell-proliferation rate and is given by
Ap =bn — ka, (3.5)

where A4 is the rate of apoptosis and b is a measure of mitosis.
To determine the cell velocity, we use Darcy’s law as the constitutive assumption (e.g.,
[97, 149, 241, 293]):

u=—uVP + x,Vn in Qr, 3.6)



3.2 Avascular tumor growth 27

where P is the oncotic (solid) pressure, w is a mobility that reflects the combined effects
of cell-cell and cell-matrix adhesion, and y, is the coefficient of chemotaxis from
regions of low to high cell substrates; chemotaxis is directed cell migration up gradients
of soluble substances such as oxygen and nutrients. In contrast, haptotaxis describes
directed cell migration along gradients of insoluble substances, e.g., up gradients of
extracellular matrix molecules such as fibronectin.

On the tumor interface X, the boundary conditions are as follows:

[n1]=0, [n-DVan]=0 on X, (3.7)
P =yk on X; 3.8)

here [-] denotes the jump in the value of a quantity from the inside to the outside of the
interface, n is the vector normal to the interface, and D = Drlg, + Dulg,. Here 15 is
the characteristic function on the set S, satisfying 15 = 1 for x € S and 0 otherwise. The
pressure boundary condition (3.8) reflects the influence of cell-cell adhesion through
the parameter y, and « is the local total curvature. Physically, Eq. (3.8) means that we
approximate the surrounding tissue as infinitely biomechanically compliant, i.e. P = 0
outside the tumor. The more general case is discussed in Section 3.2.2 in the context of
growth in inhomogeneous microenvironments.

We impose the following condition for cell substrates at the outer (far-field) boundary
082:

(n)aq = n™. 3.9)

For simplicity, we assume that »*° is constant.
The normal velocity V' = n - (u)x of the tumor boundary is

V=—un-(VP)s + x,n - (Vn)s. (3.10)

Following [97, 149, 241, 292] and others, we assume that A, Ag, ng, b are uniform.
We denote Ay = bn®™ as the characteristic mitosis rate, Ax = uy L53 as the intrinsic
relaxation time scale, and B = (ngAp/n*)(Ag + A) as a measure of the extent of vas-
cularization. Introducing the nondimensional length scale Lp = D}/ 2()»3 +A)~Y2 and
time scale )»El, we define a modified concentration I" and pressure p by

n:noo[l—(l—B)(l—f‘)], (3.11)
_Y (5 6T XX
P_LD< + G+ (x G)F+AG2d), (3.12)
where
=14 =Bo (3.13)
wy

is the nondimensionalized coefficient for chemotaxis due to cell substrates in a
d-dimensional tumor (d = 2, 3), and X is the nondimensional position in space. The
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parameters G and 4 measure the relative strengths of adhesion (cell-cell and cell—
matrix) and apoptosis, respectively:

AM
G="M1-B), (3.14)
AR
Aa/Av — B
g ta/mu—B (3.15)
1-B

A large G value corresponds to low cell adhesion or aggressive proliferation. Dropping
the bar notation, we obtain nondimensional equations for I and p:

0=V r—-r in Qr, (3.16)
0= DVl in Qu, (3.17)
0=V in Qr, (3.18)

where D = Dy/Dr (i.e., the diffusion constant outside the tumor is D times larger than
that inside it).
The boundary conditions are given by

[1=0, [@n-DVI]=0 on X, (3.19)
p=K+(G—X)(r)>:—G—AG(";E on %, (3.20)
r=1 on 0%, (3.21)
where D = 1g, + Dlg,,.
Finally, the tumor surface evolves at the normal velocity
n-(X)s
V=-n-(Vp)ys +Gn-(VIl)s — AG R (3.22)

It should be noted that the models proposed in [149, 416] may be recovered as
limiting cases of vanishing chemotaxis due to cell substrates and of a large healthy-tissue
diffusion constant, i.e., as x — 0 and D — oo, the governing equations (3.16)—(3.18)
and boundary conditions (3.19)—(3.21) reduce to

VII-T =0 in Qr, (Mg=1I, (3.23)

Vip =0 in Qr, (pg=«-— AG(xz.dX), (3.24)

the velocity at the tumor interface being given by Eq. (3.22).

To investigate the effect of nonlinearity, efficient numerical algorithms have been
developed [149, 416] to solve Egs. (3.16)—(3.22). The partial differential equations
(3.23), (3.24) for the whole domain are reformulated into boundary integral equations
that hold only on the tumor—host interface, using potential theory.

In Chapter 4 we present numerical simulations to analyze the nonlinear behavior of the
system. We characterize the regimes of growth described by the model (3.23), (3.24) and
present a linear analysis of the stability of (nonspherical) shape perturbations, including
the necessary conditions for morphological stability.
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Growth in heterogeneous tissue

Microenvironmental inhomogeneities play a significant role in the growth of a tumor
[201, 315, 528, 586]. For example, hypoxic microenvironments induce both tumor and
endothelial cells to upregulate the expression of HIF-1 genes, leading to the secretion of
factors that promote angiogenesis and decreased cell—cell and cell-matrix adhesion [206,
362, 540]. In addition, hypoxic microenvironments affect the metabolism of tumor cells,
leading to activation of the glycolytic pathway and acidosis in the microenvironment
[264, 266, 268]. The presence of different tumor and host tissues and variations in
the extracellular matrix may also influence tumor progression, through biological and
physical interactions [705]. In addition, a more inhomogeneous microenvironment may
induce tumor clonal diversity [366].

Gradients of oxygen in the presence of hypoxia are a key contributor to heterogeneity
in the tumor microenvironment. These gradients may arise from inadequate vasculariza-
tion exacerbated by disordered tumor-induced angiogenesis (see Section 3.3) and may
lead to necrosis in the tumor interior. The basic model in Section 3.2 was extended by
Byrne and Chaplain [99] to include necrosis. See the review papers listed in Chapter 1
for studies of the effects of necrosis on tumor growth. For example, Garner et al. [262]
incorporated necrosis into a model of spherical tumor growth and used the conser-
vation of energy to obtain scaling laws for the growth of the tumor and the necrotic
core. In [435, 437, 438] a further extension was introduced to study the effects of
oxygen variation in the tumor microenvironment. In this model, an avascular tumor
is modeled as occupying volume Qr(¢) with boundary 0€2, denoted by X, viable
region Qy, and necrotic region Qy where tumor cells die owing to low cell-substrate
levels. The viable region is divided into a proliferating region Qp, where the sub-
strate levels are high enough to permit cell proliferation, and a quiescent or hypoxic
region g where substrate levels are insufficient to sustain proliferation. The growing
tumor also interacts with the surrounding microenvironment in the host tissue; this
region is denoted by Qy. In addition, Eq. (3.2) governing the distribution of oxygen
(or any other vital cell substrate) is generalized to allow for nonconstant diffusivity,
variable uptake, and natural decay. Using the same nondimensional scaling as before,
this gives

0=V -(DVn) — A"(x, n)n + Agyy (1 — n) B(x)1y, (3.25)

where A" is the uptake or decay rate of substrate ». It is assumed that oxygen is uptaken
at different rates in the different domains of the tumor and of the host tissue region
Qy. For example, the oxygen uptake may be different in domains where the cells
are proliferating Qp or quiescent q. In addition, oxygen may be degraded in the
necrotic domain Q2N owing to the presence of oxidizing agents [439]. These domains
may actually be defined in terms of the oxygen concentration, as in Eq. (3.26) below.
In Eq. (3.25), Apyy is the cell substrate delivery rate from the pre-existing vasculature,
B(x) is the pre-existing vascular density and 1y is the characteristic function of the
host domain y. Normalized by the cell-substrate uptake in the proliferating tumor
region, the uptake and decay functions and the definitions of the domains are taken to be
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as follows:
0 if xe QH,
1 if xeQp={x|1>n>np},
AT = . 2
(x, m) X if xeQq={x|n,>n>ny}, (3.26)
)\.nN if xeQy= {x| nny > n},

where n;, and ny are the cell-substrate thresholds for proliferation and necrosis, respec-
tively. This function reflects the fact that substrates are uptaken much faster in the
tumor than in the host tissue (hence the relative uptake in Qy is taken as zero) and
the fact that when cells necrose they release their cellular contents, which are oxygen
reactive [251, 383], and so this effect on the cell substrate concentration can be modeled
through the decay rate Ay;. Note that with this choice of uptake and decay function, the
cell-substrate equation is nonlinear.

Cells and ECMs in the host tissue 2y and in the viable tumor region Qv are affected by
a variety of forces, each of which contributes to the cellular velocity field u. Proliferating
tumor cells in 2y generate an internal (oncotic) mechanical pressure (a hydrostatic
stress) that also exerts a force on the surrounding noncancerous tissue in Qy. Tumor,
noncancerous cells, and ECM can respond to pressure variations by overcoming cell—
cell and cell-ECM adhesion and moving within the ECM scaffolding that provides the
structure for the host tissue.

Using Darcy’s law as a constitutive relation for the cell velocity in the host and tumor
domains, and a domain-dependent net cell-proliferation rate A, the mechanical pressure
is given by

0 if XEQH,
n—A if x e Qp,
V- uVP) =X =140 o XGQZ (3.27)

-GN if xe Q.

Note that the cellular mobility © also measures the permeability of tissue to tumor
cells. See [22] and [103] for further motivation of this approach from the perspective
of mixture modeling. In the host domain, the nondimensional net proliferation rate is
assumed negligible since tumor cells proliferate more rapidly or die at a lower rate than
host cells. In the proliferating domain, the proliferation rate is assumed to be linear
in the oxygen concentration and apoptosis is assumed to result in volume loss as in
Section 3.2.1. The parameter Gy is the nondimensional rate of volume loss due to
necrosis [435, 722]. Following [149] and others, cell—cell adhesion forces are modeled
in the tumor by generalizing the condition (3.8) by introducing a Laplace—Young jump
condition:

[Pl=G ', xeZX, (3.28)

where k is the total curvature. It is also supposed that the pressure jump across the necrotic
interface is zero, reflecting the low cell—cell adhesion in the perinecrotic region and the
increased cellular mobility observed in hypoxic cells [82, 108, 317, 539, 540, 570]. The
cell velocity is also assumed to be continuous across the tumor—host interface and across
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the boundary of the necrotic tumor domain. Cellular proliferation and apoptosis are in
balance in the far field, i.e.,

P=Ps, x€d(QUQy). (3.29)

Effect of stress

The mathematical modeling of residual stress development in growing tumors was
recently reviewed by Araujo and McElwain [34], Roose et al. [573], Tracqui [661], and
Lowengrub et al. [425]. The study of Shannon and Rubinsky in 1992 [604] showed
that residual stresses are induced by any spatial variation in the growth process in a
linear-elastic description of a growing tissue with spherical geometry, such as a tumor
spheroid in vitro. This framework was extended by Jones ef al. [352] by accommodating
the continuous nature of the growth process instead of using a fixed growth-strain
distribution. The dimensionless model equations from Jones et al. are:

0=Vn—n, (3.30)
V-u=n-—4, (3.31)
V.o =0, (3.32)

l(Vu +vu') = l(V -w)l + 1<D(3o —Tr(o))+3(w-0 —0 - w)) (3.33)
2 3 2\ Dt ' ’

where the first equation describes cell substrate diffusion and uptake, the second
describes the rate of volume growth, and the third describes mechanical equilibrium;
here o (x, f) is the stress tensor. The last equation is a differentiated version (using the
material derivative) of the stress—strain relation, with w = —%(Vu — Vu?) and identity
tensor I. As before, n(x, t) is the cell substrate concentration and u(x, ) is the cell
velocity; the tumor—host interface ¥ is advected with velocity u. Traction-free bound-
ary conditions are applied at the tumor—host interface, although a normal stress on the
boundary could also be applied to mimic the effect of a gel containing the tumor.

This model does not accurately capture stress relaxation. In fact, the model predicts
a linear increase over time of the compressive circumferential stresses in the peripheral
region of a cell-substrate-regulated tumor spheroid at equilibrium. Araujo and McElwain
[35] addressed this issue by incorporating anisotropy as a stress relaxation mechanism.
This enables the stress to evolve to a steady-state distribution. In the model, the tumors
grow preferentially in the direction of least stress (which is consistent with experimen-
tal observations [310]). Only if the radial and circumferential stresses are equal will
the proliferation be uniform in all directions. In further work, Araujo and McElwain
investigated the induced stresses for different distributions of growth strain in spherical
geometries, considering the crucial role of spatial nonuniformity during the growth pro-
cess in inducing residual stresses [39]; they found that a distribution of growth strains
that decreases monotonically with radius induces stresses that become progressively
less compressive with radius, with the circumferential component always less compres-
sive than the radial component. This model also provides insight into the collapse of



32

Continuum tumor modeling: single phase

vasculature during growth [36] and highlights the role of anisotropic growth in relieving
growth-induced stresses.

Another approach was used by Roose ef al. [574] to correct the quantitative estimate
of the solid stress inside tumor spheroids. These authors considered a linear poroelastic
model where a pressure is introduced and the stress—strain relation is not inverted, as it
is in the models described above. The tissue stress—strain relation is:

2
G,‘j = 2G6,‘j + ()\, — 3G> G,‘jS,‘j _p(Sjj — )\778,']‘, (334)

1 (du;  Ou;

€ =5 (Bx; + 3xj> , (3.35)
where o;; is the effective stress in the tissue, G is the shear modulus of the tissue, A is
the drained bulk modulus of the tissue, ¢;; is the strain tensor of the tumor tissue, §;; is
the Kronecker delta, p is the fluid pressure in the tissue, 7 is the volume of new tissue
created per unit volume of original tissue (given by dn/dt = Sc, where Sc is the rate of
production of solid-phase tumor tissue), and the u; are the displacement components.
The stress that builds up is proportional to the bulk modulus and the volume of material
created per unit volume if there is no displacement of the tissue. In Sarntinoranont et al.
[589], the poroelastic continuum model was extended to account for the effects of leaky
vessels and of the lack of lymphatics.

As Ambrosi and Preziosi [23] have pointed out, the strain is not frame invariant [450]
and hence the Jaumann derivative (the material derivative for tensors) is inappropriate.
Ambrosi and Preziosi instead demonstrate that the use of accretive forces (e.g., [19,
62, 261, 328, 329, 390]) is required to derive the equations for growth in a consistent
manner. In this approach, the deformation is decomposed multiplicatively to account
for the contributions of pure growth, cell reorganization, and elastic deformation (see
Chapter 5). In essence, the models reviewed here reduce to the one presented by Ambrosi
and Preziosi in the limit of small deformations and when convection terms are dropped.
As described in [23], Ambrosi and Preziosi developed a mixture model that accounts
for both stress relaxation and cell adhesion, and they demonstrated how tumor growth
may lead to cell reorganization to relieve stress. Previously published models, such as
fluid-like or linearly elastic models, may be obtained as limiting cases of this more
general model. Further details are provided in Chapter 5.

In another approach to address stress relaxation, MacArthur and Please [429] devel-
oped a viscoelastic model of residual stresses in a tumor spheroid, more closely rep-
resenting the conditions in living tissues (e.g., [249]). In the model, necrotic regions
developed based on adverse mechanical stress instead of cell-substrate limitations.

Nonlinear elastic models were employed by Chaplain and Sleeman [125] to classify
solid tumors and by Chen et al. [130] to investigate the influence of growth-induced
stress in the medium surrounding a tumor spheroid on the growth of the tumor. The
growth rate and equilibrium size of the tumor were found to decrease as the stiffness
of the surrounding medium increased, in consistency with experiments (e.g. [310]).
Ambrosi and Mollica [20, 21] also employed a nonlinear approach to analyze the role
of mechanical stress on the growth of a tumor spheroid. In [20] Ambrosi and Mollica
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considered a mechanical description where volumetric growth and mechanical responses
were divided into two separate contributions. One was growth measured as an increase
in the mass of the particles of the body instead of an increase in their number. The
description included the diffusion of cell substrates through the growing material. The
model was applied to describe homogeneous growth inside a rigid cylinder, modeling
ductal carcinoma, and to the growth of a tumor spheroid with nonhomogeneous diffusion
of cell substrates, which generates residual stresses because the nonuniform distribution
of substrates leads to inhomogeneous growth. In a later work [ 18], Ambrosi and Guana
provided a qualitative analysis of the stress-modulated growth of a continuum body as
predicted by equations that satisfy an a priori dissipation principle. Accretive forces
[177] were reinterpreted as a homeostatic value of the Eshelby stress, coinciding with
the classical biomechanical concept of homeostatic stress in the case of infinitesimal
strain.

The models reviewed above were all spherically symmetric and hence can be reduced
to one-dimensional problems. Ben Amar and Gorielly [62] performed a general stability
analysis of nonlinear elastic models under asymmetric perturbations in higher dimen-
sions. The crucial role of residual stress was established by showing that a spherical
shell without any external loading could become spontaneously unstable under large
anisotropic growth.

Recently, Lloyd ef al. [422] developed a finite-element-based method to simulate the
elastic tissue response during three-dimensional tumor growth. Although deformations
are induced by a prescribed strain determined from cell proliferation, the accumulation
of stress is neglected and it is assumed that residual stress dissipates completely, which
would be consistent with an elasto-plastic growth law.

Several other models of stress effects in tumors have been developed in the context
of multiphase mixture models (Chapter 5).

Vascularized tumor growth

Background

To transition from the avascular to the vascular phase of growth, a tumor must induce
new blood vessels to sprout from the existing vascular network and grow towards the
tumor, eventually penetrating it. This process, known as tumor-induced angiogenesis,
is a critical milestone in the development of invasive and malignant cancer [300]. The
process is thought to start when a small avascular tumor exceeds a critical size greater
than can be sustained by the normal tissue vasculature [112]. Accordingly, tumor cells
become hypoxic and secrete diffusible chemical signals, collectively called angiogenic
factors, such as the vascular endothelial cell growth factor (VEGF). These molecules
diffuse into the host microenvironment and bind to specific cell membrane receptors on
the (vascular) endothelial cells that line existing blood vessels. This process activates the
endothelial cells, which respond by degrading the basement membrane surrounding the
existing vessel to form new vessel sprouts. The endothelial cells then proliferate as they



34 Continuum tumor modeling: single phase

-

Figure 3.1 Schematic (not to scale) of a necrotic tumor in transition from avascular to vascular
growth. The disjoint regions Qy, Qv, and Qy represent the host tissue, the viable tumor tissue,
and the necrotic core domains, respectively. The tumor region is Qt = Qv U Qn, X is the
far-field boundary, X is the tumor interface, and Xy is the necrotic rim. Capillaries are defined
on Xc. The cell substrate concentration n(x), the tumor angiogenic factor concentration c(x),
and the endothelial cell density e(x) along the horizontal broken line are plotted (nn denotes the
substrate threshold for cell viability). With kind permission from Springer Science and Business
Media: Bull. Math. Biol., Zheng et al., vol. 67, p. 215, (©) 2005 Springer.

form new vessels in the direction of the tumor. Migration is mediated by the chemotactic
response to VEGF and other tumor-angiogenic factors, by proteolytic enzymes that
degrade the ECM, providing space for the cells to move, and by a haptotactic response
to variable cell-matrix adhesion. As the endothelial cells proliferate through the ECM,
they form tubular structures that fuse (anastomose) to form loops. Eventually blood flows
through the neovascular network, providing the tumor and host microenvironments, with
an additional, although inefficient, supply of cell substrates. This process is illustrated
in Figure 3.1. See also Section 2.2.4.

Tumor growth and angiogenesis are coupled, in that hypoxic tumor cells release a
net balance of tumor angiogenic factors that attract the endothelial cells and incite the
neovascular network to approach the tumor. This creates additional sources of cell sub-
strates in the microenvironment. The tumor responds by upregulating cell proliferation
in the regions where cell substrates are increased. The additional substrates affect the
hypoxic tumor regions, which in turn downregulate the net release of tumor angiogenic
factors, and this affects the formation of the neovascular network.

In addition to heterogeneous blood flow, a neovascular network contends with pres-
sure variation introduced by increased tumor cell proliferation and migration. Normally,
the network responds by remodeling itself. Compared with the vessel networks formed
during normal biological processes such as embryonic development and wound healing;
however, tumor-induced neovascular networks may become leaky and inefficient, pro-
ducing immature and tortuous vessels [305] that lead to increased flow resistance and
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ultimately to the heterogeneous supply of oxygen and nutrients in the tumor microenvi-
ronment [247].

Modeling of angiogenesis

Mathematical models of tumor-induced angiogenesis date from the work of Balding and
McElwain [47]. Continuum, fully discrete, and hybrid mathematical models have been
developed (see the recent reviews [14, 124, 353,409, 411, 452, 523, 533, 543, 544]). In
most models, the coupling between tumor growth and angiogenesis is simplified in that
one of the two processes is taken to be static while the other is dynamic. There are a few
models in which the two processes are coupled dynamically.

In models that focus on the angiogenic response, two approaches have been taken.
One approach focuses on blood vessel densities rather than vessel morphology. Contin-
uum conservation laws are introduced to describe the dynamics of the vessel densities
and angiogenic factors. See for example Byrne and Chaplain [98], Orme and Chap-
lain [505], Sansone ef al. [587], Levine et al. [410, 412, 414], Hogea et al. [318], and
Peterson et al. [531]. Recently, Addison-Smith ef al. [7] developed a simple mathe-
matical model of the siting of capillary sprouts on an existing blood vessel during the
initiation of tumor-induced angiogenesis. These models do not provide morphologi-
cal or blood-flow information about the vasculature. In the context of vasculogenesis
in vitro, biomechanical models have been developed that account for cell-ECM inter-
actions and chemotactic response and are capable of describing the morphology of
the vasculature. In these models, the network morphology emerges, roughly speaking,
from a homogeneous distribution through a type of phase transition. See for example
[16, 144,256, 322, 451, 485, 496, 600, 660].

The other approach represents vessels as line segments, continuous curves, or inter-
connected lattice patterns, with a static tumor. The mechanisms modeled include vessel
sprout branching and anastomosis; vascular endothelial cell activation, proliferation,
and migration via chemotaxis up gradients of tumor angiogenic factors (e.g., VEGF);
haptotaxis up gradients of ECM-bound chemokines (e.g., fibronectin); and proteol-
ysis of the ECM. See, for example, Stokes and Lauffenberger [637], Anderson and
Chaplain [26], Tong and Yuan [658], Plank and Sleeman [534, 535], Sun et al. [642, 643],
Kevrekidis et al. [371], Bauer et al. [53], Milde et al. [470], and Capasso and Morale
[110]. Blood flow and network remodeling have also been simulated (e.g., Pries ef al.
[550], McDougall et al. [458, 459], Stephanou et al., [634, 635], Wu et al. [702], Zhao
et al. [721], Sun and Munn [64 1], and Pries and Secomb [549]). In addition, models of
tumor growth in static network topologies have been formulated (e.g., Alarcon et al. [9],
Betteridge et al. [67]).

The first model in which tumor growth was fully coupled with tumor-induced angio-
genesis for an arbitrary network topology was presented in Zheng et al. [722]. The
vasculature was modeled in two dimensions using the continuum-—discrete model of
Anderson and Chaplain [26] coupled with a version of the nonlinear (continuum) tumor
growth model of Cristini ef al. [149]. This approach is discussed in further detail below.
Later, in the context of discrete cell-based systems, models of angiogenesis and vascular
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tumor growth were also implemented; see for example Gevertz and Torquato [275],
Bartha and Rieger [51], Bauer ef al. [53], and Wcislo and Dzwinel [683]. The effects
of the blood flow through the neovascular network on tumor growth were also recently
considered in Alarcon et al. [10], Bartha and Rieger [51], Lee et al. [404], Welter
et al. [690], and Owen et al. [511] using cellular automaton models for tumor growth
combined with network models for the vasculature. The effects of an arterio-venous
network were considered in Welter et al. [691]. Very recently, Macklin et al. [439]
extended the model of Zheng ef al. and incorporated a version of the dynamic model of
tumor-induced angiogenesis developed by McDougall et al. [458] to include explicitly
blood flow and vessel remodeling. In other recent work, Lloyd et al. [421] simulated the
vascular growth of a three-dimensional tumor by coupling models for angiogenesis, for
flow through the developing neovascular network, and for network remodeling with an
elastic tumor growth model which they had developed earlier (Lloyd et al. [422]). In
three dimensions, vascular tumor growth has been studied, using a mixture model and
a lattice-free description of tumor-induced angiogenesis, by Frieboes et al. [229] and
Bearer et al. [57].

Basic model

A basic angiogenesis model can be constructed [722] on the basis of that of Anderson
and Chaplain [26], with some additions taken from Chaplain and Stuart [126], Paweletz
and Knierim [527], and Paku [517]. The model of Anderson and Chaplain uses a hybrid
continuum—discrete approach that has the ability to follow the motion of individual
endothelial cells at the capillary tips and control important processes such as migration,
proliferation, branching, and anastomosis using a discrete random-walk algorithm. The
ECM and cell substrates such as tumor angiogenic factors were described using contin-
uum fields. The objective was to replicate angiogenesis as observed in the experimental
“rabbit-eye model” [283], where a tumor is implanted in the cornea, thus inducing
angiogenesis that can be readily observed (since the cornea is normally avascular).
The following field variables were introduced [26]:

¢ the concentration of the tumor angiogenic factor (e.g. the vascular endothelial growth
factor, VEGF), ¢

¢ the endothelial cell density (ECD), e

¢ the density of the ECM (e.g. of the matrix macromolecule fibronectin), f

Once a tumor cell senses that the cell substrate level has dropped below the minimum
for viability, the cell releases diffusible tumor angiogenic factors. This release may be
described through a reaction—diffusion equation with a point or line boundary condition
at the necrotic—viable tumor-cell interface. The tumor angiogenic factor molecules are
much smaller than cells and diffuse quickly through the extracellular spaces. As a
result, a quasi-steady reaction—diffusion equation can be assumed for the nondimensional
concentration ¢ of the angiogenic factors:

0=V-(D:Vc) - Xcg:ecayc - Xl:indingCISPmUt-tiPS + )‘;rod’ (3:36)
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where D, is the diffusion coefficient, 1rout-tips 1S the characteristic function of the sprout
tips, X;ecay and X,:mdmg denote the nondimensional natural decay and binding rates of the
angiogenic factors, and A;,4 is the production rate of TAF by the tissue (see Eq. (3.42)
below). In the far field at the boundary of the computational domain, zero Neumann
boundary conditions, dc/dn = 0, may be taken.

A primary component of the extracellular matrix is fibronectin, a long, nondiffusible,
binding molecule. Endothelial cells produce, degrade, and attach to these molecules dur-
ing their migration toward the tumor. The concentration of fibronectin, f(x, ¢), satisfies

[26]

U~ e —nufe—mla,f, (3.37)
where 7, is the rate of production of fibronectin by endothelial cells and ny and 1y are
the rates of degradation of fibronectin by endothelial cells and proteolytic enzymes in
the necrotic region, respectively [722] (1, is the characteristic function of the necrotic
region).

While endothelial cells are comparable in size to host cells and tumor cells, it may be
assumed [722] that there are not enough endothelial cells to modify the cell velocity u.
The ratio of endothelial to tissue cells is on the order of 1/50 or 1/100 [89].

At the continuum level, the density of endothelial cells obeys a reaction—diffusion—
convection equation. The problem is convection-dominated, with a primary source of
convection driven by the chemotaxis and haptotaxis of endothelial cells in response to
gradients of tumor angiogenic factors and ECM (fibronectin), respectively. In addition,
the endothelial cells may be affected by the cell velocity. At the continuum level, the
density e(x, ¢) of endothelial cells, which is related to the probability of finding the tip
of a capillary at location x and time ¢, obeys a convection—reaction—diffusion equation
in Qy and Qv:

de Xc
— =D, V?’e—V- \% \%
at ¢ Kl+ac et x f+X“u)e}

— ppe + ppe(l — e)(c — c)1 — pnlgye, (3.38)

where D, is the EC diffusion constant, x. and x s are chemotaxis and haptotaxis coef-
ficients, respectively, and y, and « are dimensionless constants. The parameter yx,
measures the degree to which the capillaries are influenced by the cell velocity, ¢* is
the concentration of angiogenic factors above which proliferation occurs, and pp, pp,
and py are the rates of natural degradation, proliferation, and death of endothelial cells,
respectively.

In the original work of Anderson and Chaplain [26], the model for the motion of
capillary sprout-tips comprised continuum and discrete components. Equations (3.36)—
(3.38) constitute the continuum component. The discrete component was derived from
Eq. (3.38) under the assumption that the growth of the capillary is determined by the
biased random migration (random walk) of a single endothelial cell at the sprout-tip.
In particular, it was assumed that there is a trail of endothelial cells that follow the
sprout-tip. In later work, McDougall et a/. [458] omitted the continuum equation (3.38)



38

3.34

Continuum tumor modeling: single phase

and simply used the discrete approach. In the discrete algorithm, probabilities are gen-
erated from a finite difference approximation that describes the tendency of the tip
endothelial cell to migrate and proliferate on a Cartesian lattice. In addition, capil-
lary branching and anastomosis are incorporated. The entire capillary vessel may be
convected by the external cell velocity using the kinematic condition [722]

% = ucu, (3.39)
where x is the position on the capillary and puc is the capillary mobility [722].
As the vessel network becomes more established in time, the capillaries mature
into larger vessels and become more rigid; this can be accounted for by decreasing
H“c-

The flow in the neovascular network and its effects on network remodeling have been
explicitly simulated using network models by Pries et al. [546, 547]. Following this
work, McDougall et al. [459] extended the basic angiogenesis model by incorporating
blood flow and treating the network as a series of straight rigid cylindrical capillaries that
join adjacent nodes. The blood flow was modeled by considering the elemental flow-rate
in each segment using Poiseuille’s law, which describes the flow-rate as a function of
the capillary lumen, fluid viscosity, capillary length, and pressure drop. Stephanou et al.
[634] extended this model to three dimensions and found that the highly interconnected
nature of irregular vasculature produced by tumor-induced angiogenesis could cause
low rates of blood flow to the tumor, with the potential for blood-borne drugs to bypass
the entire mass, depending on the tumor shape. They also examined the effect of vessel
pruning on the flow through the vascular network (e.g., this may occur during anti-
angiogenic therapy). In order to investigate how adaptive remodeling affects the oxygen
and drug supply to tumors, these authors later included vascular adaptation effects [635]
(due to shear and circumferential stresses generated by the flowing blood [547, 548]).
This model was further updated by McDougall ef al. [458] to incorporate dynamic
vessel-radius adaptation, thus coupling vessel growth with blood flow in contrast with
earlier flow models where the effects of blood flow were evaluated after the generation of
a hollow network (e.g., as in Stephanou et al. [635] and Alarcon et al. [9]). The nonlinear
coupling of the vessel growth and adaptation with the flow has a nontrivial effect on the
vascular morphology and development.

Coupling of tumor growth with angiogenesis

The transfer of cell substrates from the vascular system to the host and tumor tissues
needs to be modeled in order to couple the tumor growth and the angiogenesis process.
In Zheng et al. [722] and Macklin et al. [439], the tumor growth model presented in
Section 3.2 was coupled with the angiogenesis described above. Equation (3.25) was
updated by a source term that accounts for cell substrates released by the neovascular
network:

0=V -(DVn) — M(x, n)n + Al (1 — n)B(x)1 5 + A" (3.40)
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Following Macklin ef al. [439], the source term was defined as:
— A — \*
)\'1}:'160 = )\neaneo (Xa Z‘) <H - hmin) [1 - C(Pvessel’ P)] (l - n) s (341)
D

where A is the transfer rate from the neovascular vessels. The function By, (X, £) =
1,co is the characteristic or indicator function of the neovasculature. Further, P is the
oncotic (solid or mechanical or hydrostatic) pressure and Pyegse) and / are the dimensional
pressure and the hematocrit in the neovascular network, respectively. The constant Hp
reflects the normal value of hematocrit in the blood (generally about 0.45), while /i, is
the minimum hematocrit needed to extravasate oxygen. The hematocrit may be modeled
via the blood flow in the vascular network and is determined from the angiogenesis
model [458]. This provides one aspect of the coupling between the tumor growth model
and the angiogenesis model. A second type of coupling between the two models occurs
through the cutoff function C (Pyessel, P), such that a large oncotic pressure P relative
to the vessel pressure Pyesse] may prevent the extravasation and transfer of oxygen from
the vessels into the tissue.

The oxygen source term in Eq. (3.41) is designed in such a way that, for a sufficiently
large transfer rate Xzeo, the oxygen concentration n ~ 1 at the spatial locations of the
neovessels. Note that oxygen flux conditions across the neovasculature could be imposed
instead, see for example Alarcon et al. [10].

Another form of coupling between the growing tumor and the developing vascular
network occurs through the angiogenic factors released in the tumor microenvironment.
In Zheng et al. [722] and Macklin et al. [439], hypoxic or quiescent tumor cells are
assumed to secrete tumor angiogenic factors, which diffuse into the surrounding tissue
and attract endothelial cells. These cells respond by binding with the factors, proliferat-
ing, and chemotaxing up the gradient of these factors. Following Macklin et al. [439],
the production rate of angiogenic factors AJ, 4 in Eq. (3.36), which describes the source
of factors due to secretion by hypoxic cells in the perinecrotic region, can be defined as

Arod = hproa (1 = ) 1y (3.42)

where 7;0(1 is the nondimensional production rate of TAF and 1q 0 is the characteristic

function of the region of quiescent (including hypoxic) cells (defined in the tissue domain
Q Q ).

The reader may refer to Chapter 4 for modeling results of the coupling of tumor
growth and angiogenesis.

Conclusion

The tumor model described so far treats the tumor mass as a single component material
that locally expands and contracts in response to variable rates of cell adhesion, mitosis,
and apoptosis, which are modulated by their access to cell substrates delivered from the
culture medium (in vitro) or from the vasculature (in vivo). In fact, tumors consist of
multiple “phases” that include a variety of different cell genotypes and phenotypes, as
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well as extracellular matrix (ECM) and water. Being able to describe the dynamics of
multiple cell species is crucial because the tumor microenvironment and impaired cell
genetic mechanisms can lead to multiple cell genotypes and phenotypes that select for
cell survival under abnormal conditions [289], with profound consequences for overall
tumor growth, invasion, and response to treatment. Furthermore, the microenvironment
of invasive tumors may be characterized by nonsharp boundaries between the tumor
and host tissues and between multiple species within the tumor [392, 398, 418]. Thus,
a multiphase approach represents a more general, and natural modeling framework
for studying solid tumor growth and able to provide a more detailed account of the
biophysical process than single-phase models. This is an important direction for future
research, which we will explore in Chapter 5. In Chapter 4, however, we will first look
at the theory of stability for the basic single-phase model.
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Analysis and calibration of
single-phase continuum
tumor models

With X. Li

In this chapter we present analyses and calibrations of some single-phase tumor models
discussed in Chapter 3. We begin with spherically symmetric solutions, to identify
fundamental regimes of growth, and then present a linear stability analysis to characterize
the growth of perturbations [149, 416]. After that we calibrate the continuum model
with data from tumor spheroid experiments [230] and consider the effect of nonlinearity
using numerical simulations. The linear stability analyses are further extended to take
into account chemotaxis and necrosis [416]. We also present simulation results for
tumors growing into heterogeneous tissue [438] and the coupling of their growth with
angiogenesis [439].

Regimes of growth

The study of spherically symmetric tumor growth provides insight into the regimes of
growth described by the basic tumor growth model in Chapter 3 (e.g., [97, 149, 416]).
In this case, the PDEs reduce to ODE:s in the radial polar coordinate », 0 <r» < R, R
being the tumor radius. Equations (3.23), (3.24) have the nonsingular solutions for a
d-dimensional tumor

Io(r)

) d=2,
NI @.1)
T (sinh(R)) ~! sinh(r) '
) d - 31
R r
where [y(R) is the modified Bessel function of the first kind of zeroth order, and
d—1 AGR?
)= ——— ; 4.2
Pl = = (4.2)

G and A are the adhesion and apoptosis parameters, respectively (Egs. (3.14), (3.15)).
Note that p(r, t) = p(R, t), i.e., p is uniform across the tumor volume.
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Figure 4.1 Rescaled rate of growth '/ G as a function of the rescaled tumor radius R for radially
symmetric tumor growth, for d = 3; plots are shown for various values of the apoptosis
parameter A.

The evolution equation for the tumor radius R is given by

L(R) )

dR R I(R)’ ’

dt at L2(R) _ “3)
Lia(R)

where I;(x) is the £th-order modified Bessel function of the first kind. We have also used
the fact that 1/tanh(R) — 1/R = I32(R)/I1,2(R).

In both two and three dimensions, growth is unbounded (R — o0) if and only if
AG < 0. Figure 4.1 shows the rescaled growth velocity for d = 3. Note that for d = 2
the results are qualitatively similar to those shown.

For a given value of 4, evolution from the initial condition R(0) = R, occurs along the
corresponding curve. Three regimes can be identified using the apoptosis parameter A
and the vascular parameter B (see the text before Eq. (3.11)); this behavior is qualitatively
unaffected by the number of spatial dimensions d.

1. Low vascularization: G > 0 and 4 > 0 (i.e., B < Ap/Am, Where A, is the rate of
apoptosis and Ap is the blood-tissue transfer rate (see Section 3.2.1)). Note that
the special case of avascular growth (B = 0) belongs to this regime. The evolution
is monotonic and always leads to a stationary state R, which corresponds to the
intersection of a curve in Figure 4.1 with the dotted line ¥ = 0. This behavior is in
agreement with experimental observations of the in vitro diffusional growth [293] of
avascular spheroids to a dormant steady state [479, 647]. In experiments, however,
tumors always develop a necrotic core that further stabilizes their growth [99].
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2. Moderate vascularization: G >0 and 4 <0 (i.e.,, | > B > Ax/Aym). Unbounded
growth occurs from any initial radius Ry > 0. The growth tends to exponential for
A < 0, with velocity V' — —AGR/d as R — oo, and to linear for 4 = 0 with
velocity V' — G as R — oo.

3. High vascularization: G <0 (i.e., B > 1). For 4 > 0, growth (i.e., V' > 0) may
occur, depending on the initial radius, and is always unbounded; for 4 < 0 (for
which cell apoptosis is dominant, so that A5 /Ay > B), evolution is always to the
only stationary solution, Ry, = 0. This stationary solution may also be achieved for
A > 0.

In Figure 4.2, top, the evolution of tumor radii as a function of time is shown for
A = 0.5, G = 20 in the low-vascularization regime. All the initial data converge to
the steady-state radius, indicating that the evolution is stable with respect to radially
symmetric perturbations [241]. Figure 4.2, bottom, shows the evolution of the cell
substrate concentration inside the expanding tumor for d = 3 and initial radius R = 3.

The stationary radius R, is independent of G, and is the solution for V' =0 in
Eq. (4.3). Figure 4.3 shows the relation between A and the stationary radius Rn.

Note that the stationary radius has the following limiting behaviors for d = 2 and 3:

Roo — dA™!, 4—0,

Roo — d'2(d +2)'2(1 — A, 4—1, (44)

where R, vanishes in the second case. Note that the limit 4 — 1 corresponds to
A A — )\M-
The pressure Pc at the center of the tumor (» = 0) is obtained from Eq. (3.12):

1
Pc d—1 AGR e T
- - -G (4.5)
v/Lp R+G  2d R B
sinh(R)’ -

which has the asymptotic behavior Pc(y/Lp)~' — —AGR?/(2d) as R — oo, indicat-
ing that if a tumors grows unboundedly (4G < 0) the pressure at the center also does
(unless 4 = 0). This is a direct consequence of the absence of a necrotic core in this
model. In reality, the increasing pressure may itself contribute to necrosis [494, 536]. It
is known [119] that tumor cells continuously replace the loss of cell volume in the tumor
because of necrosis, thus maintaining a finite pressure.

Linear analysis

We now derive equations that describe how a small perturbation from radial symmetry
evolves in time. Consider a perturbation of the radially symmetric tumor interface X:

{ cos(£0), d=2,
ry = R(t) + 8(t) (4.6)
Yﬁ,m(ev §0)» d = 35
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Figure 4.2 Top: evolution of the tumor radius leads to a stationary state for 4 = 0.5, G = 20. For
d = 2 (broken lines) the initial radii are 0.1, 2, and 6. For d = 3 (solid lines) the initial radii are
0.1, 3, and 8. Bottom: evolution of the cell substrate concentration inside the expanding tumor
with initial radius 3 and d = 3; profiles are plotted for 0.1 time increments.

where ry is the radius of the perturbed tumor—host interface, § is the dimensionless per-
turbation size, and Y, ,, is a spherical harmonic, where £ and 6 are the polar wavenumber
and angle and m and ¢ are the azimuthal wavenumber and angle, respectively. By solving
the system of Egs. (3.23), (3.24) in the presence of a perturbed interface and matching
the linear terms, a linear evolution equation is obtained for the shape factor §/R in terms
of Bessel functions (see Section 4.1). For d = 2 we have

(5)“ d(/R)  —t(t>—1) N CAG

£+2 L (R L(R)
R dr B3 2 ¢ G( +

R L(R) ) Iy(R)’
(4.7a)
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Figure 4.3 The apoptosis parameter 4 as a function of the stationary radius R, obtained when
V = 0in Eq. (4.3); d = 2 (broken lines) and d = 3 (solid line).

and for d = 3 we have

S\ 'd(/R)  —t(t+2)(—1)  LAG
<R) dr R3 T3

(4.7b)

£+3 1 R)\ Lp(R
—i—G—G( +3 e+3/2( )) 32(R)

R Iev12(R)) 1ijp(R)

Note that §/ R is the appropriate way to measure the perturbation since the underlying
radius of the symmetric tumor is time dependent. Also observe that the linear term
in the evolution of the perturbation depends on £ but is independent of the azimuthal
wavenumber m and that there is a critical mode £, such that perturbations grow for
£ < £, and decay for £ > ¢.. The critical mode depends on the parameters 4, G and on
the evolving radius R. This extends prior linear analyses [97, 101, 293], in which only
the special case in which the unperturbed configuration is stationary (i.e. R is constant
in time) was considered.

The condition (d/dt) (§/R) = 0 defines the boundary between the regimes of stable
(8/R — 0) and unstable evolution (]§/R| — 00). Let us take G to be constant and take
A = AL, G, R) such that (d/dt) (§/R) = 0. This gives ford = 2

2 _
AL G Ry= =D (7-(1 +2/0) 21@+1(R)) LR 2

GR? R ¢ LR ) (R € (4.82)

and, ford = 3,

A, G, R) =

3¢ -1t +2) (3(1 +3/¢) 3[e+3/2(R)) Lip(R) 3
GR3 R Clp(R)) hip(R) £

(4.8b)
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Figure 4.4 Top: the apoptosis parameter 4 as a function of the unperturbed radius R from
condition (4.8b); G and ¢ label the groups of curves. Broken lines, d = 2; solid lines, d = 3;
dotted lines, asymptotic behaviors from condition (4.9). The two broken-and-dotted curves for
d = 2, 3 correspond to stationary radii. Bottom: the corresponding growth velocities G~V for
{=4.

Note as £ — oo that A(¢, G, R) has the following limiting behavior:

2002 — 1
A(@, G, R)—> (73), d:27
3(@G N 1)(¢ +2) 49)
A, G, R)—» 7 g =3,
GR3

In Figure 4.4, top, the apoptosis parameter A(¢, G, R) is shown for d = 2 (broken
lines) and d = 3 (solid lines). The corresponding growth velocity V', obtained from
(4.3) with 4 = A(¢, G, R), is plotted in Figure 4.4, bottom. The 4-curves separate the
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parameter space into regions of stable and unstable growth for a given mode £. The
stable regions are 4 < A(¢, G, R), i.e., below the curve, for G > 0and 4 > A(¢, G, R)
for G < 0. The unstable regions are 4 > A(¢, G, R) for G > 0and 4 < A(¢, G, R) for
G <.

The linear analysis reveals that with constant parameters 4 and G the evolution may
be either stable or unstable. Moreover, unstable growth is possible only in the low-
vascularization regime (see [149]). In particular, in the low-vascularization regime and
in the high-vascularization regime with 4 < 0, either bounded growth or shrinkage may
occur. In these regimes the perturbation may either grow or decay and thus complicated
tumor morphologies can develop, as will be shown later. In the moderate-vascularization
regime and in the high-vascularization regime for 4 > 0, unbounded growth may occur
and is always stable. The limiting behaviors as R — ocoare 4 ~ d/({R) ford = 2 and 3
and are independent of G. For G > 0 and 4 < 0 (the moderate-vascularization regime),
growth is always stable for both d = 2 and 3 since 4 < A(¢, G, R) (A(¢, G, R) > 0);
for G < 0 and 4 > O (the high-vascularization regime), the stability condition is in this
case 4 > A(¢, G, R). Note that growth occurs for 4 values above the curves describing
the stationary radii, and thus growth is always stable for both d = 2 and 3 since the
curves describing the stationary radii are always above the curves of A(¢, G, R). In
these regimes the behaviors of the shape factor §/R as R — oo (for both d = 2 and 3)
are

R \R, 4=o. (4.10)

8 { Rt A#0,
Note that in this case V' — G for both d = 2 and d = 3. Figure 4.5 shows the prediction
from linear analysis of the evolution of a perturbation during unbounded tumor growth
(R — 00).

Linear stationary states

In the low-vascularization regime, the existence of nonsymmetric steady-state tumor
shapes is predicted by linear theory. This is seen as follows. The stationary radius
Ry = Roo(A) is the solution of Eq. (4.3) for V' = 0 and is a function of 0 < 4 < 1.
There exists a non-negative critical G¢(R, A), given by

2006 — 1) d=2
R4+ Reolini(Reo)/ Te(R)] o
Ge(Roo, A) = 360 — 1)(€ +2)
L d=3,
R, {3 — 43+ Rocle3p2(Reo)/ Iew12(R0)]
@.11)

such that for G = G,(Ry, A) the perturbation remains stationary. It can be shown
that, for both d =2 and 3, G,(Rw, 4) > 0 (Figure 4.6) and a perturbed stationary
shape always exists. The perturbation §/ R, grows unbounded for G > G;(R,, 4) and
decays to zero for G < Gy(Rwo, A). At large radii Ry, G¢(Rx, A) — 0; thus in this
limit perturbations of stationary states always grow unboundedly owing to the reduced
cell—cell adhesion.
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Figure 4.5 The rescaled growth ratio as a function of the rescaled radius R/ R, during unbounded
growth in the moderate-vascularization regime for d = 2 (broken lines) and d = 3 (solid lines);
G =1, ¢ =4, and 4 labels the groups of curves. The initial radius Ry = 10. The asymptotic
behaviors (dotted lines) are from Eq. (4.10). For 4 = —oo the broken and solid curves are
indistinguishable from each other.
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Figure 4.6 The parameter G, from the condition (4.11) for shape invariance with R.,(A4) vs.
A0 < 4 < 1), ford =2 (broken line) and d = 3 (solid line). Here £ = 4.

Linear self-similar evolution
Here we study the self-similar evolution of the tumor (i.e., evolution where the overall
scale changes but the shape does not), using linear analysis, and explore the possibility
of controlling the shape during evolution to take advantage of the self-similar conditions
and thus prevent the formation of shape instabilities.

Note that when (d/dt) (8/R) = 0 the tumor shape does not change in time and the
evolution is linearly self-similar. Equation (4.8b) shows that self-similar evolution is
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possible, for both d =2 and 3, if G is kept constant and A is varied as a function
of the unperturbed radius R. In particular, Figure 4.4, top, indicates that in the low-
vascularization regime self-similar evolution towards a stationary state is not possible
for G constant (the stationary states R, correspond to the intersection of the curves in
Figure 4.4, top, with the curves describing stationary radii). Instead, one obtains self-
similarly growing and shrinking tumors. For instance, the growth velocity V is less than
zero for initial radius Ry < R, and thus self-similar shrinkage of the tumor to zero
occurs. However, for Ry > R, V is greater than zero and thus self-similar growth away
from the stationary radius occurs. In the high-vascularization regime, during self-similar
evolution, V is less than zero. Thus self-similar shrinkage of a tumor from an arbitrary
initial condition to a point occurs, and self-similar unbounded growth is not possible.
Similarly, self-similar unbounded growth does not occur in the moderate-vascularization
regime. Therefore, self-similar growth is possible only in the low-vascularization
regime.

These considerations show that if one is able to control the apoptosis parameter in
a subtle way, using Eq. (4.8b) to devise appropriate therapeutic treatments, it may be
possible to prevent a tumor from becoming unstable and invasive. This has important
implications for the angiogenic response of the host — a smaller surface area to volume
ratio means a lower flux of angiogenic factors — as well as for the resectability of the
tumor since a compact shape is easier to remove surgically.

Diffusional instability

The linear stability analysis shows that, during growth, perturbations can increase only
in the low-vascularization regime. In the moderate- and high-vascularization regimes,
perturbations always decay during growth. For example, taking A4 to be a non-negative
constant, observe from Figure 4.4 that the evolution will cross the A(¢, G, R) curves
and hence become unstable only for G > 0. Instability arises because growth is limited
by the diffusion of cell substrates (i.e. diffusional instability). This is analogous to
the Mullins—Sekerka diffusional instability that occurs in crystal growth [483]. In the
high-vascularization regime, shrinkage may be unstable.

The biological significance of this diffusional instability [149] is that the instability
allows the tumor to increase its surface area relative to its volume, thereby allowing
the cells in the tumor bulk greater access to cell substrates. This in turn allows the
tumor to overcome the diffusional limitations on growth and to grow to larger sizes than
would be possible if it were spherical. Thus, diffusional instability provides an additional
pathway for tumor invasion that does not require an additional cell substrate source such
as would be provided from a newly developing vasculature through angiogenesis. This
is discussed further in the next section and in Chapter 9.

Nonlinear results

To investigate the effect of nonlinearity, efficient numerical algorithms have been devel-
oped [149, 416] to solve Egs. (3.23), (3.24). These partial differential equations over the
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whole domain are reformulated into boundary integral equations that hold only on
the tumor—host interface, using potential theory. The boundary integral equations are
then discretized and solved iteratively using a generalized minimal residual (GMRES)
algorithm [578] and a discretized version of the Dirichlet—-Neumann map is used to deter-
mine the normal velocity of the tumor interface. In addition, to gain enhanced accuracy
in three dimensions a spatial rescaling scheme is used to scale out the overall growth
of the evolving tumor in such a way that the volume of the tumor remains unchanged.
It is important to note that, particularly in three dimensions, it is nontrivial to maintain
stability and accuracy, because of singularities in the kernels, the high-order effects of
cell—cell adhesion, and the strong nonlinear, nonlocal, character of the free-boundary
system.

Nonlinear stationary states

Friedman and Reitich [242, 243] proved that there exist nonsymmetric steady tumor
shapes that are solutions of the fully nonlinear equations. Their proof was not con-
structive, however. In [149], the numerical scheme described above was used to
obtain approximations of these solutions in two dimensions. In the nonlinear case,
nonsymmetric steady tumor shapes may be found by taking G = G) < G,, where
GM — G, = O(8?). Thus, nonlinearity is destabilizing for stationary shapes.

Nonlinear self-similar evolution

We now investigate the effect of nonlinearity on the self-similar evolution for d = 2
predicted by the linear analysis. As discussed above, self-similar evolution requires a
time-dependent apoptosis parameter 4 = A(¢, G, R), as plotted in Figure 4.4, top. The
radius R used in the nonlinear simulation is determined from the area of an equivalent
circle: R = \/area/r.

An example of nonlinear self-similar evolution in the low-vascularization regime
with £ =4 and G =1 is shown in Figure 4.7. In the simulation, the initial radius
and perturbation are Ry = 7 and §, = 0.3. Since the velocity V' > 0, from Figure 4.4,
bottom, the tumor grows and correspondingly A decreases. The solid curves in Figure
4.7 correspond to the nonlinear solution, at time # = 0 and at a later time, and the
broken curves correspond to the linear solution. The two are virtually indistinguishable,
revealing that self-similar evolution is robust to nonlinearity for small perturbations.

In Figure 4.8 the linear (broken-line) and nonlinear (solid-line) solutions are compared
in the low-vascularization regime, for{ = 5,G = 1,4 = A(¢, G, R),and Ry = 4. Since
V' < 0, the tumors are shrinking and A is increasing. In the left-hand frame 6y = 0.2
and in the right-hand frame §y = 0.4. The results reveal that large perturbations are
nonlinearly unstable and grow, leading to tumor fragmentation. This can have significant
implications for therapy. For example, one can imagine an experiment in which a tumor
is made to shrink by therapy in such a way that as a result 4 is increased by increasing
the apoptosis rate As. This example shows that a rapid decrease in size can result in
shape instability leading to tumor breakup and the formation of microscopic tumor
fragments that can enter the blood stream through leaky blood vessels, thus leading to
metastases.
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Figure 4.7 Self-similar nonlinear growth for Ry = 7 and 8y = 0.3 at times # = 0 and ¢ = 20. The
solid curves correspond to the nonlinear solution and the broken curves to the linear solution.
The solid and dashed curves are virtually indistinguishable, revealing that the self-similar
evolution is robust to nonlinearity for small perturbations. The evolution is in the
low-vascularization regime with d = 2, G = 1, £ = 4, and the time-dependent 4 = A(¢, G, R)
given in Eq. (4.8a). With kind permission of Springer Science and Business Media: J. Math.
Biol., Cristini et al. vol. 46, p. 214, (©) 2003 Springer.

4+

L L

-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

Figure 4.8 Analysis of the basic tumor model. Left: self-similar shrinkage for Ry = 4 and

8o = 0.2 (¢ = 0 to 0.96 shown). Right: Unstable shrinkage for Ry = 4 and §) = 0.4 (¢ = 0 to
0.99). The solid curves correspond to the nonlinear solution and the broken curves to the linear
solution (note that most solid and broken lines overlap). In both cases d =2, G = 1, £ = 5, and
the evolution is in the low-vascularization regime; 4 = A(¢, G, R) is given in Eq. (4.82). With
kind permission of Springer Science and Business Media: J. Math. Biol., Cristini et al., vol. 46,
p. 215, (© 2003 Springer.
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Nonlinear evolution in the high-vascularization regime

In the high-vascularization regime, both the shrinkage and growth of tumors may occur.
Shrinkage may be stable, self-similar, or unstable. In contrast, unbounded growth is
always stable for both d =2 and 3. In the nonlinear regime, self-similar shrinkage
and unstable shrinkage are qualitatively very similar to that presented in Figure 4.8.
Examples of stable shrinkage and unbounded stable growth can be found in [149]. In
fact, all the nonlinear simulations of growth in the high-vascularization regime lead to
stable evolution, in agreement with the linear analysis, i.e., well-vascularized tumors tend
to grow in compact, nearly spherical, shapes showing little or no signs of invasiveness.
This prediction suggests that tumors could maintain stable morphology under more
normal microenvironmental conditions, as has been observed in experiments [58, 392,
398, 493, 576, 629].

In some cases, it has been observed experimentally that highly vascularized cancers
evolve invasively by extending branches into regions of the external tissue where the
mechanical resistance is lowest (e.g. [119]). These results suggest that the formation of
invasive tumors is due to anisotropies rather than to vascularization alone. Anisotropies
(e.g., in the distribution of the resistance of the external tissue to tumor growth or in the
distribution of blood vessels) are neglected in the model here but will be included in the
next section. This consequence, which had not been recognized before, is supported by
recent experiments [499] of in vivo angiogenesis and tumor growth.

Nonlinear unstable growth

In Figure 4.9 the evolution of a two-dimensional tumor surface from a nonlinear boundary
integral simulation (solid lines) is compared with the result of the linear analysis (dotted
lines), using 4 = 0.5, G = 20 [149]. According to the linear theory (Eq. (4.3)), the
tumor grows. The radially symmetric equilibrium radius Ry & 3.32. The £ = 2 mode
is linearly stable initially but becomes unstable at R ~ 2.29. The linear and nonlinear
results in Figure 4.9 are indistinguishable up to # = 1 and gradually deviate thereafter.
A shape instability develops and forms a neck. At # ~ 1.9 the linear solution collapses,
suggesting a pinch-off. However, the nonlinear solution is stabilized by the cell-to-cell
adhesive forces (due to surface tension) that resist the development of high negative
curvatures in the neck. This is not captured by the linear analysis. Instead of pinching
off, as is predicted by a linear evolution, the nonlinear tumor continues to grow and
develops large bulbs that eventually reconnect, thus trapping healthy tissue (the shaded
regions in the last frame in Figure 4.9) within the tumor. The frame at# = 2.531 describes
the onset of reconnection of the bulbs. It is expected that reconnection is affected by the
diffusion of cell substrates outside the tumor, which is not included in the model used
here but will be considered in the next section.

An analogous evolution is observed in three dimensions. See Figure 4.10, where
two three-dimensional views of the morphology are shown. The tumor appears not to
change volume in the simulation, because of the spatial rescaling. At early times the
perturbation decreases and the tumor becomes sphere-like. As the tumor continues to
grow, the perturbation starts to increase around time ¢ & 0.4. The tumor begins to take on
a flattened ellipse-like shape. Around time ¢ ~ 2.2 the perturbation growth accelerates



4.4

4.4 Model calibration from experimental data 53

t=0 t=1
8
y O
-8
t=1.92 t=2.531
8
y
-8
-8 8 -8 8

X X

Figure 4.9 Evolution in the low-vascularization regime, ford = 2, 4 = 0.5, and G = 20, of the
initial tumor surface shown. Dotted lines, the solution from linear analysis; solid lines, the
solution from a nonlinear calculation with time step Atz = 10~ and a number of marker points
N = 1024, reset, after time t = 2.51, to At = 10~* and N = 2048. With kind permission of
Springer Science and Business Media: J. Math. Biol., Cristini et al. vol. 46, p. 202, (© 2003
Springer.

dramatically, and dimples form around time ¢ ~ 2.42. The dimples deepen, and the
tumor surface buckles inwards. The mesh adapts accordingly.

Here the diffusional instability leads to repeated sub-spheroid development in the
nonlinear regime. This provides an even larger source of cell substrates to interior cells
than is predicted by linear theory. Furthermore, growth by the successive formation of
sub-spheroids or budding is observed in experiments [230].

Model calibration from experimental data

The parameters G and A4 in the basic tumor growth model, which measure the strength
of cell adhesion and apoptosis, can be estimated by comparison with experimental tumor
spheroid results. This work was performed by Frieboes et al. [230] using ACBT (grade
IV human glioma multiforme) tumor spheroids, with experiments performed in vitro;
the results were analyzed using the mathematical model. Cell adhesion and proliferation
rates were modulated by varying the concentrations of glucose and of fetal bovine
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Figure 4.10 Evolution of the basic tumor surface in the low-vascularization regime, with 4 = 0.5,
G = 20, and the initial tumor surface as defined in [149]: (a) z = 0,8 = 0.0137, S = 3.0;

(b)t =2.21,5=0.12,5 =4.732;(c) t =2.42,5 = 0.2, S = 4.745; (d) t = 2.668, 5 = 0.496,
S = 4.781. Reprinted from Disc. Cont. Dyn. Syst. — Series B, Li et al., vol. 7, p. 599, (©) 2007,
with permission from the American Institute of Mathematical Sciences.

serum (FBS), respectively. As expected, the rates of proliferation increased with the
serum concentration. Cases with 1% FBS had the slowest tumor mass growth, whereas
10% FBS cases had the fastest growth. Serum may also decrease cell adhesion while
increasing proliferation. Furthermore, cell mobility (adhesion) was found to increase
(decrease) with glucose concentration, in agreement with previous observations that
higher levels of glucose reduce oxygenation [481] and that hypoxia can increase tumor
cell motility by increasing the production of autocrine motility factor and by upregulation
of hepatocyte growth factor (HGF) [108, 539, 710, 711]. Thus, an important effect of
higher glucose was to decrease cell adhesion forces and thereby contribute to tumor
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morphologic instability. In the model, this corresponds to larger values of the parameter
G. The most stable, compact, morphologies were observed with low or medium levels
of both glucose and FBS; in these morphologies tumors shed the fewest cells and
attained the smallest overall sizes. In contrast, the combination of high glucose and any
serum concentration exhibited very unstable morphologies because the cells were very
motile. Similarly, the combination of any glucose and 10% FBS developed unstable
morphologies apparently because cells proliferated faster than the time needed for them
to connect into a stable structure.

By estimating the size of the viable rim of cells on the tumor periphery, the diffusion
length Lp ~ 100 um is obtained. By fitting Eq. (4.3) to the spheroid growth curves at
small times (when the growth is nearly exponential), the proliferation rate Ay is esti-
mated to be &~ 1 day~'. The calibrated model is consistent with other measurements. For
instance, Eq. (3.2) gives an oxygen-penetration length scale Loy = (Doxy/Aoxyuptake) />
By measuring the distance between the necrotic core and the basement mem-
brane, this length can be estimated to be 100-140 pum. Using previously published
values, oxyuptake = 9-41 x 1072571 [115] and Doy = 1.45 x 1075 cm? s7! [497], gives
Loy = 124 pum, in agreement with these results. Similar calculations were consistent for
calculating the glucose penetration length and uptake rate [267, 295, 358], confirming
that hypoxia is the limiting condition for tumor cell viability.

An analytical relation between A and R can be established for a steady-state solution
by taking V' = 0 in Eq. (4.3). The corresponding steady-state relation 4 = A,(R) can
be used to estimate the value of 4 in the experiment by taking R to be the average exper-
imental tumor radius, nondimensionalized by Lp, of morphologically stable spheroids
(for low or medium levels of both glucose and FBS). The parameter 4 was thus esti-
mated as 0.26 < 4 < 0.38. This is an overestimate in the proliferating rim, however,
because the mathematical model as described assumes that cell death occurs uniformly
throughout the spheroid. In fact, cell death is spatially heterogeneous, the largest val-
ues occurring in the interior hypoxic region where cells are starved of oxygen and
nutrients.

Frieboes et al. showed that the parameter G can be estimated by comparing the pressure
in the proliferating rim with the pressure at the tumor boundary. In the proliferating
rim at steady state the dimensional pressure is from Darcy’s law approximately P ~
L3 m/p where p is the mobility, while at the tumor boundary P ~ t/(LpR), where
R is the nondimensional (stable) tumor spheroid radius; this follows from Eq. (3.8).
Equating the two and using the definition of G with B = 0, again with R as the average
experimental tumor radius, nondimensionalized by Lp, the estimate 0.6 < G < 0.9 is
obtained for stable tumor spheroids. Spheroids with values of G above this range will
be morphologically unstable owing to weak adhesive forces. Interestingly, as Frieboes
et al. pointed out, this approach provides an indirect method for estimating G without
directly measuring cell-cell adhesion.

Given 4 and G, Frieboes ef al. used the linear stability analysis to predict the morpho-
logical stability of the tumor spheroids. In Figure 4.11 [230] a phase diagram is presented
in which the marginal stability curves A(¢, G, R) from Eq. (4.8a) are plotted for £ = 4
and G = 0.9 and 0.6. The parameter £ = 4 was chosen because unstable morphologies
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Figure 4.11 Evaluation of tumor stability. The diagram shows the apoptosis parameter 4 vs. the
spheroid radius R (rescaled by the diffusion length L). The curves for the given values of G were
obtained from [230]. The experimental conditions for morphologically stable spheroids (shaded
area) are enclosed by these curves and by the horizontal lines delimiting the range of values of 4,
all estimated by fitting the mathematical model to the in vitro data. The curve labeled “stationary
radius” was obtained by setting dR /dt = 0 in Eq. (4.3) in [230]. Three representative stationary
spheroid radii are reported on this curve as sampled in vitro. Since the curve crosses and
continues beyond the shaded region, most glioma spheroids under these in vitro conditions are
marginally stable. Reprinted from Frieboes et al. [230], with permission from the American
Association for Cancer Research.

in vitro seemed to exhibit mostly tumor surface perturbations characterized by low wave
numbers (e.g., 3 or 4) at the onset of instability. The stationary relation A4s(R) is also
shown. The horizontal lines indicate the experimentally estimated values 4 = 0.26 and
A = 0.38, obtained as described above. The experimental range of the parameters A
and G is indicated by the shaded region. In the presence of cell-substrate gradients, the
morphology can be unstable when the cell adhesion is weak (which occurs for large G),
whereas for small G the tumor morphology is stabilized by cell adhesion [149]. The
larger a tumor grows, the weaker the stabilizing effect of cell adhesion. Each 4(¢, G, R)
curve describes a tumor with specific cell characteristics and divides the parameter space
into a stable region (on the left) and an unstable region (on the right). The lower the
cell adhesion, the more shifted to the left is the G curve, thus reducing the range of
tumor sizes that will be morphologically stable. As a tumor grows, this corresponds to
moving from left to right and thus may lead to the eventual crossing of the G curve
corresponding to that tumor’s degree of morphological stability.

InFigure 4.11, the solid symbols denote experimental spheroids. The spheroid denoted
by the solid square is very stable, being on the left of all the curves that are compatible
with stable morphologies; the spheroid denoted by the solid diamond is very unstable;
and the spheroid denoted by the solid circle is marginally stable (i.e., it may develop
morphologic instability, depending on the value of G). In their experiments, Frieboes
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et al. were able to observe both stable and unstable spheroids, consistently with the
theory, by varying the parameter G. This was done by using different glucose and FBS
concentrations, since these cell substrates affect the parameter G by modulating the cell
adhesion and proliferation as described above. This work shows that by training the
model to estimate G from stable spheroid data, it can predict both stable and unstable
spheroid morphologies.

4.5 Tumor growth with chemotaxis

In this section, the analysis is extended to take into account chemotaxis, using Egs.
(3.23), (3.24). The cell substrates are assumed to diffuse from the surface of a sphere of
radius Ry, where Ry > R, the tumor radius, and the cell substrate concentration at Ry
is assumed to be 1. The evolution equation for the tumor radius R is given by

dR R G, d=2,
— =V =—AG=+G 4.12
dt d { Cy, d=3, (4.12)
Where
C — DL/ I
* 7 D+ Rllog (Ro/R)I11/ Iy’
DL,/ 1
e 32/ 112

~ D+ R[(Ro — R)/Ro)ll32/ Ty’

and the Bessel functions /1, /o, 132, 11> are functions of R. Note that the radial velocity in
Eq. (4.12) is independent of the chemotaxis coefficient x, which is defined in Eq. (3.13).
The equation for the shape perturbation 6/R is given for d = 2 by

SN\TdG/R) -1y L A6 (€ +2D)G —tx .
dt R 2 DR 2

R
(14 D)G — £y {10 1-D (z IHI)]
(1 + D)+ Rlp /1 ’
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and for d = 3 by

S\ 'd@/R) e +2)(E—1) ,AG  (43D)G —tx
R dt R3 3 DR :
[(1 4+ D)t + DG — £x
(1+ D)+ D+ Rlpyspp/les1)2

I 1—-D [ ¢ 1
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Ly D R Iiiip




58

Analysis and calibration of single-phase continuum tumor models

Figure 4.12 Rescaled rate of growth '/ G as a function of the unperturbed tumor radius R, for
Ry = 13 and various values of 4; D = 1 (solid lines), D = 5 (broken- and -dotted lines),
D = 1000 (broken lines); d = 3.

Again, at the level of the linear theory, perturbations consisting of different spheri-
cal harmonics are superpositions of the above solutions. Also, observe that the shape
perturbation depends on ¢ but not on m.

Figure 4.12 shows the rescaled rate of growth /G as a function of the unperturbed
tumor radius R for d = 3. For a given apoptosis parameter 4 and diffusion constant
D, evolution from the initial condition R(0) occurs along the corresponding curve. In
Figure 4.13 the stability region is characterized by keeping G constant and varying A4 as
a function of the unperturbed radius R in such a way that d(6/R)/dt = 0. We have for
d=2

202 —1) _142DJt—x/G 14+D—x/G
A, G Ry= 2D 1 H2DE=)/G ., 1EDZXC
GR3 DR (14 D)t + Ry /1,
Iy 1=D (€ I
I £t 4.14
X{LJF D <R+I( (4.142)
and ford = 3
304+2)E—1) _1+3DJ/0—x/G
Gy XEEDLE=D) 13D/ x/G
GR DR
I+D+D/t—x/G
(1+ D)+ D+ Rlpyspn/letr)2 ’
L, 1-D [t I
x [”2+ (+ m/z)}’ (4.14b)
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Figure 4.13 Apoptosis parameter A4, as a function of the unperturbed radius R, from condition
(4.14a) for various values of x; £ =4, G =1, Ry = 13;d = 3, D = 1 (solid lines), D = 5
(broken- and -dotted lines). The broken curve at top right corresponds to condition (4.8b).

where 4(¢, G, R) is the critical value dividing the plot into regions of stable growth and
regions of unstable growth for a given mode £. In Figure 4.13, A(¢, G, R) is plotted as
a function of R, for various values of x, £ =4, G = 1, D = 1 (solid lines), D = 1000
(broken- and -dotted lines), d = 3. The figure reveals that taxis destabilizes the tumor
evolution.

Tumor growth with necrosis

The model is now updated to take into account the necrosis that may form in tumor
regions depleted of oxygen and nutrients. Necrosis is a source of tumor volume loss in
which cell mass is converted into water.

Tumors are assumed to consist of viable and necrotic cells, i.e., Qr = Qv U Qn,
where Qv denotes the viable tumor and Qy denotes the necrotic core. This necrotic
core of the tumor contains tumor cells that are not viable owing to a lack of available
cell substrates; it may be modeled as a region where the substrate level drops below ny,
where ny represents the minimum cell substrate level for viability. For simplicity the
parameter B denoting the extent of vascularization (see Section 3.2) is assumed to be 0,
i.e., the growth is taken to be avascular.

The cell substrate concentration z obeys the following:

—An in  Qy,

0 in Q. (.15)

0= DTVZI’I +{

Note that it is assumed that there is no transfer of substrates in the necrotic core.
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The cell substrate concentration is fixed at the tumor interface X and is continuous at
the interface Xy between the necrotic core Qy and viable tumor Qv:

n=n%® on X, (4.16)
n=ny, [n-Vn]=0 on Xy, 4.17)

where it is assumed that the diffusion coefficient in the necrotic core is the same as that
in the viable tumor. The local rate of volume change is given by

A in QV
V.ou= P ' 4.1
u { _)\N in QN s ( 8)

where A, is given by Eq. (3.5) and Ay is the rate of volume loss in the necrotic core,
modeling cell necrosis and disintegration therein. The velocity u obeys Darcy’s law,

u=—uvPp. (4.19)

The normal component of velocity is assumed to be continuous across the necrotic rim
Yy and the pressure is assumed to extend continuously into the necrotic core:

[n-u]=0, [P]=0 on Xy. (4.20)
The normal velocity of the tumor interface X is given by
V=—un-(VP)x. (4.21)

The nondimensional equations are

VI = {g 12 gz (4.22)
-4 in QV

Vip=G . ’ 423

P { —AN m QN’ ( )

where AN = An/Am is the nondimensional rate of volume loss due to necrosis, N =
nN/n® is the nondimensional cell substrate limit for cell viability, p = LpP/y is
the modified pressure, and I', 4, G are the same as in Chapter 3 (with B = 0). The
nondimensionalized normal velocity of the tumor boundary can now be written as

V=-n-(Vp)s. (4.24)
On ¥ and Xy, I' and p satisfy the following conditions:

=1, p=« on X, (4.25)
'=N, [n-V[]=0 [n-uVp]=0 on Xy. (4.26)
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The evolution equation for the tumor radius R is (for d = 3)
dR AG A — A R
Z=rv=-"2R+G NON
dt 3 3 R?
LGN sinh(R — Ry) 1 1
R tanh(R — Ry) R
sinh(R — Ry)  cosh(R — Ry)
GNR — . 4.27
onmy (T i @27)
The necrotic core radius Ry satisfies
R = N (sinh(R — RN) + Ry cosh(R — Ry)). (4.28)
The equation for the shape perturbation §/R is given by, for d = 3,
8§\ ' d(5/R)
R dt
L+2)t—-1 4 A — Ax R C+3  Iysp
=>4+ £=3)—+1-(—+
N {sinh(R — Ry) 1 1
R tanh(R — Ry) R
sinh(R — Ry)  cosh(R — Ry)
R - } 4.29
TRy ( . i (4.29)

Note that if Ry = 0 then Eq. (4.27) reduces to Eq. (4.3) (with B = 0), and Eq. (4.29)
reduces to Eq. (4.7b).

In Figure 4.14 the stability region is characterized for constant G: 4 is given as a
function of the unperturbed radius R such that d(§/R)/dt = 0, thus the critical value of

A, which divides the plot into regions of stable growth and regions of unstable growth
for a given mode ¢, is given by

sinh(R — Ry) 1 1
N[ R (tanh(R —Ry) R)

inh(R — h(R —
R (sm (RR Rn)  cos (1;2 RN)>:|>.

1
A, G, R) =
( ) L4 (L —3)Ry/R3
30 +2)(¢ — 1) R} €+3  ILsp
———— 4+ ANl -3 -3 3(7 7>
X( GR® + 4x( )R3 * R +[z+1/2

(4.30)

In this figure ¢ =4, G =1, Ay = 0.1, d = 3, and N takes the values shown. The figure
reveals that necrosis destabilizes the tumor evolution.
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Figure 4.14 The apoptosis parameter A4 as a function of the unperturbed radius R from the
condition (4.30), for various values of N; £ =4, G = 1, Ay = 0.1, d = 3. The broken curve
corresponds to condition (4.8b).

Tumor growth in heterogeneous microenvironments

The approach described in Section 3.2.2 can be used to simulate tumor growth in a
complex tissue. In Figure 4.15, tumor growth in a heterogeneous domain that mimics
brain tissue is shown [438]. In the white region at the right-hand side of each frame, the
pre-existing blood vessel density B = 0, the cell substrate diffusivity D = 0.0001, and
the cell mobility v = 0.0001; this models a rigid material such as the skull. In the black
regions B = 0, D = 1, and u = 10, which models the cerebrospinal fluid. The light-gray
and dark-gray regions model the white and gray brain matter; in the light-gray regions
B =1,D =1, and u = 1.5 and in the dark-gray regions B =1, D =1, and u = 0.5.
The tumor is indicated by a thin white boundary in the center right of the frames. The
proliferating, hypoxic, and necrotic regions in the tumor are shown in white, gray, and
black, respectively.

The simulations are from time ¢ = 0 to r = 60, i.e., approximately 45-90 days. The
tumor initially grows rapidly until the cell substrate level drops below np = 0.30, at
which time a large portion of the tumor becomes hypoxic and proliferation is down-
graded. The tumor continues to grow at a slower rate until the interior of the tumor
becomes necrotic (¢ = 10.0). This causes nonuniform volume loss within the tumor and
contributes to morphological instability. Because the biomechanical responsiveness is
continuous across the tumor boundary and the microenvironment has a moderate cell-
substrate gradient, this simulation lies between the invasive, fingering, growth regime
and the fragmenting growth regime (as described in [438]).
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Figure 4.15 Tumor growth in heterogeneous tissue. The simulation runs from time ¢ = 0.0 days
(top left) to + = 60.0 days (bottom) in 10-day increments. The white band at the right of each
frame models a rigid material such as the skull; the black regions represent an incompressible
fluid (e.g., the cerebrospinal fluid); the light-gray and dark-gray regions represent tissues of
differing biomechanical properties (e.g., white and gray brain matter). Tumor tissue is shown
growing at center right, with viable outer layer (white), hypoxic middle layer (gray), and necrotic
core (black). With kind permission from Springer Science plus Business Media: J. Sci. Compat.,
Macklin and Lowengrub, vol. 35, pp. 293-4, (© 2008 Springer.
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As the tumor grows out of the biomechanically permissive tissue (light gray; © = 1.5)
and into the biomechanically resistant tissue (dark gray; u = 0.5), its rate of invasion
slows (# = 20.0). This results in preferential growth into the permissive (light-gray)
material, a trend which can be clearly seen from ¢ = 30.0 onward. When the tumor
grows through the resistant tissue (dark gray) and reaches the fluid (black) (r = 40.0), it
experiences a sudden drop in biomechanical resistance to growth. As a result, the tumor
grows rapidly and preferentially in the 1/2 mm fluid structures that separate the tissue
(see the last three frames). Such growth patterns are not observed in simulations of
homogeneous tissues [438]. Other observed differences are due to the treatment of the
hypoxic (quiescent) tumor cells. Regions that had previously been classified as necrotic
(in [430, 435-437]) are now treated as quiescent. Tumor volume loss is thus reduced,
and this may result in tumors with large hypoxic regions and small viable rims. Had the
hypoxic regions been treated as necrotic, the invasive fingers would have been thinner
and the tumor could have fragmented. Therefore, a separate treatment of the hypoxic
regions can have a significant impact when simulating the details of invasive tumor
morphologies.

Vascular tumor growth

The effect of solid or mechanical pressure-induced vascular response on tumor-induced
angiogenesis and vascular growth is shown in Figure 4.16, which is taken from Macklin
et al. [439]. With the parameter values used here, a solid pressure-induced vascular
constriction occurs when the pressure P = 0.8. Angiogenesis is initiated from an avas-
cular tumor configuration at ¢ = 45 days (not shown), when 10 sprout tips are released
from the parent vessel. At early times, the newly developing vessels migrate, prolifer-
ate, branch, and anastomose. It takes some time for flow to start, with significant flow
developing only after about 10 days (in 55 days of total growth time). The blood flow in
the neovasculature starts near the parent capillary and eventually reaches the tumor.

The solid pressure generated by tumor-cell proliferation prevents the delivery of
oxygen internally to the tumor, and thus the delivery of oxygen is heterogeneous
and significant oxygen gradients persist in the tumor interior. There is no functional
microvasculature internal to the tumor. While the tumor responds by growing towards
the oxygen-delivering neovasculature, the solid pressure constricts the neovasculature
in the direction of growth (where the pressure is highest) and correspondingly inhibits
the transfer of oxygen from those vessels. This situation slows the growth of the
tumor.

The neovasculature in other areas of the host microenvironment thus provides a
stronger source of oxygen. This triggers tumor-cell proliferation and growth in regions
where previously proliferation had decreased. The heterogeneity of oxygen delivery and
the associated oxygen gradients cause heterogeneous tumor cell proliferation. Prolifera-
tion is confined to regions close to the tumor—host interface. This results in morpholog-
ical instability leading to the formation of invasive tumor clusters and complex tumor
morphologies, which is consistent with the theory and the predictions presented earlier
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Figure 4.16 Tumor-induced angiogenesis and vascular tumor growth. The vessels respond to the
mechanical pressure generated by the growing tumor. Accordingly, strong oxygen gradients are
present that result in strongly heterogeneous tumor cell proliferation and shape instability. The
tumor regions (outer, proliferating; middle, hypoxic or quiescent; inner, necrotic) and the
oxygen, mechanical pressure, and ECM are shown. The times shown are ¢ = 48 (three days after
angiogenesis is initiated), 52.5, 82.5, and 150 days. Adapted from Macklin ez al. [439].

[149, 416] that substrate inhomogeneities in the tumor microenvironment may cause
morphological instability in growing tumors.

Conclusion

The analyses and nonlinear simulations presented in this chapter revealed that the two
dimensionless parameters 4 and G uniquely subdivide tumor growth into three regimes,
associated with increasing degrees of vascularization: low (diffusion dominated, e.g., in
vitro), moderate, and high, which correspond to the regimes observed in in vivo exper-
iments. This demonstrates, using nonlinear simulations, that critical conditions exist
for which tumors evolve to nontrivial dormant states or grow self-similarly in the low-
vascularization regime. The region of self-similar growth separates stable tumors, which
grow while maintaining a compact shape, from unstable tumors, for which vasculariza-
tion is favored and growth leads to invasive fingering into the healthy tissues. Nonlinear
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unstable growth may thus lead to topological transitions such as tumor breakup and
reconnection, with the encapsulation of healthy tissue.

The results presented here correspond with the reality that tumor growth is limited by
the supply of cell substrates provided by diffusion from blood vessels. Inhomogeneities
in substrate availability, and in the biomechanical properties of the host tissue, can
result in instability. These instabilities may enable the tumor to overcome the diffusional
limitations on growth and to expand to larger sizes than would be possible if it had
retained a more compact shape. Thus, diffusional instability may provide a physical
mechanism to drive tumor invasion further.

In Chapter 9 we will evaluate the complex, nonlinear, coupling of tumor morphology
and dynamics to molecular properties (e.g. phenotype) and phenomena in the environ-
ment (e.g. hypoxia).
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Continuum tumor modeling:
multiphase’

With H. B. Frieboes and F. Jin

Background

In this chapter we develop and analyze multiphase mixture models of solid tumor
growth and include their coupling via angiogenesis to the tumor-induced vasculature.
Mixture models incorporate more detailed biophysical processes than can be accounted
for in single-phase models, and they provide a more general framework for modeling
solid tumor growth. Phenotypic and genetic heterogeneity (e.g., mutations) in the cell
population can be represented, and this is a critical improvement towards realistically
simulating mutation-driven heterogeneity.

A multiphase approach describes a tumor as a saturated medium, comprising at least
one solid phase and one liquid phase. The approach can be generalized to incorporate any
number of additional phases describing multiple cell species and extracellular matrix
components. At a given physical location, the mass or volume fractions describe the
relative amounts of different cell clones, necrotic tissue and host tissue. The governing
equations consist of mass and momentum balance for each phase, mass and momentum
exchange between phases, and appropriate constitutive laws to close these equations.
The mixture-model approach eliminates the need to enforce complicated boundary con-
ditions across the tumor—host interface (and other species—species interfaces) that would
have to be satisfied if the interfaces were assumed to be sharp. Also, this methodology
does not require the interface to be tracked as is the case for a sharp interface.

Recently, multiphase mixture models have been developed to account for hetero-
geneities in cell type and in the mechanical response of the cellular and liquid tumor
phases (e.g., [22, 37, 38, 80, 81, 103, 105, 122, 147, 220, 221, 228, 574, 575, 659, 661,
697]). In early work, Please et al. [536, 537] applied multiphase modeling to tumor
growth by capturing both tumor cells and extracellular fluid as separate continuum
phases. Ward and King [679, 680] and Breward et al. [80] modeled avascular cancer
growth through a two-phase description comprising tumor and dead tissue (extracellular
space), and incorporated a model of cell-cell adhesion. Ambrosi and Preziosi [22] devel-
oped a mixture model treating the tumor as a deformable porous material. Breward et al.
[81] extended avascular modeling to include vascular tumor growth, thus incorporating
a third phase to describe the spatial and temporal distribution of blood vessels. Byrne

! Sections 5.1-5.9 are partly based on a paper published in Nonlinearity, Lowengrub et al. [425], © 2010
Institute of Physics.
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and Preziosi [ 105] extended the two-phase model of Ambrosi and Preziosi to investigate
the effect of stress-dependent cell proliferation and external loads on spherical tumor
growth and the equilibrium size attained. Roose et al. [574] studied the stress generated
by solid tumor growth using a poroelastic model. Araujo and McElwain [37, 38] pro-
posed an alternative multiphase model of tumor growth in an effort to capture residual
stresses more accurately using an energetically derived thermodynamically consistent
mixture model; this included a liquid phase and a solid phase representing the tumor
cells and extracellular matrix. Isotropic and anisotropic growth models were considered,
highlighting the need to incorporate stress relaxation in order to predict a stable evolution
of stresses over a period of growth and equilibration to a steady avascular state. Preziosi
and Tosin [545] performed two-dimensional simulations of a mixture model to study
the development of tumor cords and the formation of fibrosis. Ambrosi and Preziosi
[23] studied the elasto-viscoplastic response of the tumor and microenvironment during
growth. Galle et al. [255] used a multiphase mixture model to study the effect of contact
inhibition on the growth of cell colonies and compared the results with an agent-based
discrete model of cell growth. Ambrosi and Preziosi [23] developed a mixture model that
accounts for both stress relaxation and cell adhesion, and they demonstrated how tumor
growth may lead to cell reorganization to relieve stress. The ECM is modeled as an elastic
compressible material, and growth and rearrangement processes are represented using a
multiplicative decomposition of the deformation gradient according to these processes.
This corresponds to an evolving natural configuration. Previously published models, such
as fluid-like or linearly elastic models, may be obtained as limiting cases of this more gen-
eral model. Further references on multiphase modeling can be found in the recent reviews
by Araujo and McElwain [34], Hatzikirou et al. [307], Quaranta et al. [553], Byrne ef al.
[96], Graziano and Preziosi [291], Astanin and Preziosi [42], and Roose ef al. [573].
Owing to the complexity of multiphase models, most analyses and numerical sim-
ulations are one-dimensional or radially symmetric. Very recently, thermodynamically
consistent mixture models in three dimensions have been developed for all phases of solid
tumor growth, including neovascularization (Frieboes et al. [229], Cristini ef al. [147],
and Wise et al. [697]). Using a general approach based on energy variation, the nonlinear
effects of cell-to-cell adhesion and taxis-inducing chemical and molecular species have
been incorporated. This model enables a detailed description of tumor progression and
the dependence of cell-cell and cell-matrix adhesion on cell phenotype and genotype
as well as on the local microenvironmental conditions (e.g., oxygen levels). The system
energy accounts for all the processes that are modeled. Adhesion is introduced through
an interaction energy that leads to well-posed fourth-order equations. Sharp interfaces
are replaced by narrow transition layers that arise owing to differential adhesive forces
between the cell species. A related nonlocal continuum model of adhesion was recently
developed by Armstrong et al. [40] and used later in the context of tumor growth
by Gerisch and Chaplain [271]. The resulting diffuse-interface mixture equations are
well-posed, unlike in some previous mixture models, and constitute a coupled system
of equations. The system includes fourth-order nonlinear advection—reaction—diffusion
equations of the Cahn—Hilliard type [107] for the cell-species volume fractions,
coupled with reaction—diffusion equations for the substrate components. To account for
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angiogenesis, this mixture model has very recently been nonlinearly coupled to
a composite continuum—discrete lattice-free model of tumor-induced angiogenesis
originally developed by Plank and Sleeman [534, 535]. To solve the equations
numerically, very efficient adaptive finite-difference nonlinear multigrid methods have
been developed (see Chapter 8 and also [147, 695—-697]. The model was employed to
study the three-dimensional vascularized growth of malignant brain tumors, by Bearer
et al. [57] and Frieboes et al. [229] (see also Sanga et al. [584]), as well as drug response
(Frieboes et al. [227]).

General conservation equations

The primary dependent variables inan (N + 1)-species model can be specified as follows
[697]:

* the volume fractions of the water, tumor, and host cell species ¢y, . .., @n;
* the densities of the components oy, . .., oy;

* the stresses oy, ..., oy,

* the component velocities ug, . .., uy.

It may be assumed that there are no voids (i.e., the mixture is saturated) and thus
Z,N: o i = 1. For simplicity, it may be assumed that the densities are constant and equal
to p, i.e., independent of temperature, pressure, and component type. We also assume
that the system is isothermal. Without loss of generality, i = 0 can be identified as the
water component. The volume fractions of the components are assumed to be continuous
in a domain €2, which contains both the tumor and host tissues.

The volume fractions obey the mass conservation (advection—reaction—diffusion)
equations

30,
I ( ;;l +V. (“i%’)) =-V.-J; + 8, (5.1

where the J; are fluxes that account for the mechanical interactions and diffusional fluxes
among the cell species. The source terms S; represent intercomponent mass exchange
as well as gains due to cell proliferation and losses due to cell death and lysing.

The volume-averaged velocity of the mixture is defined as u = Z,N: o ®iu;. Summing
Eq. (5.1), the mass of the mixture is conserved only if >

N N
=) Ss=o0. (5.2)
i=0 i=0

These conditions are posed as consistency constraints for the fluxes and sources. In the
absence of inertial and external forces, the balance of linear momentum is

OZV'O'i+7Ti, (53)

N . . . .
2 The sum Zi:o J; can be taken to be constant. Without loss of generality, this constant is chosen as zero.
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where the 77; are interaction forces among the species. Assuming that the mixture stress
o= vazo o; satisfies V - 0 = 0, this gives the constraint Zz{V:o m; = 0.

Let u; be the internal energy of the ith component and let the volume-averaged
internal energy of the mixture be u = Z;A; o @iut;. Then, in its simplest form, the balance
of energy equation is given by (e.g., [37, 147])

Diui
Dt

PY; =0 : VV[ + PiQiri + IBia (54)

where the colon denotes a tensor product, D'/Dt is the advective derivative with respect
to the velocity u;, r; is the heat added to each phase to keep the mixture isothermal, and
the B; are energy interaction terms that satisfy

N
Z (Bi + Siu; — i -u;) =0. (5.5)
i=0

Constitutive relations for the fluxes J;, the interaction forces 7;, and the interaction
energies §; may be posed consistently with the second law of thermodynamics. Briefly,
the idea is as follows. Let n; denote the entropy of each component. Then, the volume-
averaged entropy of the mixture is n = vazo @;n;. Defining the temperature to be 6
(which is assumed to be constant), the second law of thermodynamics can be posed in
terms of the Clausius—Duhem inequality [663],

3
p<a;7+u-Vn)+V-j—'09rzO, (5.6)

where J is an entropy flux and r = ZINZO o;7;; the r; are the volume-averaged rates of
heat supply needed to keep each component isothermal. The entropy and internal energy
u; may be used to define the Helmholtz free energy of each component v; = u; — 6n;
and the free energy per unit volume W; = pg; ;. The next step is to rewrite the energy
equation (5.4) in terms of the Helmholtz free energy and to posit the dependence of the
free energy upon independent variables for each phase [141].

A solid-liquid biphasic model

For binary mixtures of one solid (i = 1) and one liquid (i = 0) component, Araujo

and McElwain [37] assumed that ¥; = v;(F;, G|, u; —ug). In this approach, F,

is the deformation gradient in the solid phase, and G; = VF|. If one assumes further

that the volume fractions of the solid and liquid phases are constant, i.e., J; = 0, and that

the liquid phase is inviscid then Araujo and McElwain showed that the stresses become
IV

T
oo = —gopl, or=—-oipl+oFi | — | ., (5.7
JoF,

where p is a pressure that is introduced to maintain ¢y + ¢; = 1, I is the identity tensor,
and 0y, /0F, = Vi - F| is the directional derivative. Assuming that displacements are
small and that the solid component is incompressible, Araujo and McElwain derived the
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mixture system for conservation of mass:

Dl
p1oV -up =8y, 2 D(fl =0, V- (¢1u; + goug) = 0. (5.8)

To account for growth, Araujo and McElwain [37] proposed a conservation equation
for the strain involving the Jaumann derivative and utilized an anisotropic growth tensor.
Related approaches were taken earlier by Jones et al. [352] in a single-phase model and
Roose et al. [574] in the context of a poroelastic mixture model. However, as Ambrosi
and Preziosi [23] pointed out, the strain is not frame invariant [450] and thus the Jaumann
derivative is inappropriate. Ambrosi and Preziosi instead demonstrated that the use of
accretive forces (e.g., [19, 62, 261, 328, 329, 390]) is required to derive the equations
for growth in a consistent manner. In this approach the deformation is decomposed
multiplicatively to account for the contributions of pure growth, cell reorganization, and
elastic deformation, writing

F, = F,F,G, (5.9)

where F, describes the deformation in the natural state (without growth), F,, describes
the cell reorganization after growth, and G; describes the deformation due to growth.
Assuming that the tumor is incompressible, responds elastically (i.e., Fp = 0, where
the overdot denotes the time derivative), and that the growth is isotropic (i.e., G; = gI),
Ambrosi and Preziosi rewrote the stress as 01 = — p;I + o7, where p) is a Lagrange mul-
tiplier pressure introduced to maintain incompressibility, and o = ¢; (B, — % Tr(B,) 1),
where B, = FnFI{ . Taking the time derivative in the limit of small deformations and in
the absence of cell rearrangement this gives [23]

S
5l =2¢ <D1 - 311) , (5.10)

where D| = (Vu1 + VulT) (--+)/2. Ambrosi and Preziosi also considered a viscoplastic
law in which there is a stress threshold above which cell reorganization occurs. This
yields, in the same limit as above,

-/ 01T Sl
oy + | 1 - ; = 2np01 (Dl - I) , (5.11)

/(o)) n 3
where 1, is a characteristic time for stress relaxation to the yield value, 7 is a yield
stress, and £ is a frame invariant measure of the stress that is used to determine the yield

threshold (e.g., f(T) = +/T : T where as before the colon denotes a tensor product). For
the more general case, we refer the reader to Ambrosi and Preziosi [23].

Liquid-liquid mixture model |

An alternative approach was taken by Cristini et al. [147]. In their work, the solid
fraction was treated as a viscous fluid, cell-cell and cell-matrix adhesive interactions
were incorporated, and thermodynamically and mechanically consistent equations were
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derived. In addition, taxis-inducing chemical and molecular species were included.
Accordingly, the Helmholtz free energy was taken to be

L N 2
- €
Vi = \Iji(‘pOa-~~»§0N)+‘piZXilcl+Z%|V(pj|2» (5.12)
=1 =0
where cy, ..., ¢y are the concentrations of the chemical and molecular species, the x;;

are taxis coefficients, and the ¢;; measure the strength of the component interactions (see
Wise et al. [697]). The dependence of W; upon the volume fractions and the gradients
of the volume fractions arises naturally through the expansion of a nonlocal interaction
potential between the phases (e.g., see [107, 697]) that represents adhesive interactions
between the species. The resulting system is:

¢
ot

N
i 1
V)= (S -VI), Y Vo) =0, (1)
i=0
for the conservation of mass. In Eq. (5.13) the adhesion fluxes may be given for i # 0
as [147] J; = —MVpu;, which is a generalized Fick’s law, where y; is the chemical
potential,

L N
i = Fi(go. ...on) + > _(xir — xoder — Y _ (€3;A¢: — €3y Agy) , (5.14)
=1 =0
and
N ~ ~
F— (3‘1’/ _ M) ,
d¢;  d¢o

j=0

The flux in the liquid is Jy = — Z,N= 1 Ji. In the liquid (assumed to be inviscid), the
momentum balance equation is the multicomponent Darcy’s law:

N
@Vp = aiu; —u), (5.15)
i=0
where the o; are drag coefficients. For the solid components, the general viscous law is
obtained (fori > 0):

ai(u; —ug) = —;V(p+ w) + V- [L; (Vu; + Vu])], (5.16)
where
L (Vu; + Vu/) = 4 (Vu; + V) + (V- u) L,

and A; and v; are viscosities.

In the case of two-component mixtures, a local approximation of this model may be
achieved by taking uy = —(¢;/@o)u; and p to be constant, setting the viscosity to zero,
and discarding Eq. (5.15) to get u; = —M¢; Vu;; see [147]. Viscosity can be easily
included, and this yields a nonlocal equation analogous to the mixture model derived
in Byrne and Preziosi [105] in one dimension; the inviscid model is similar to that
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considered earlier by De Angelis and Preziosi. Interestingly, the local approximation
can be shown to converge to a classical single-phase sharp interface model of the type
considered in previous sections as the component interactions €;; = € tend to zero (see
Cristini et al. [147]). A discussion of the model without the above approximation may
also be found in [147].

For multicomponent mixtures consisting of more than two components, one may take
yet another approximation by supposing that the velocities of the solid components are
given by u; = M;¢; Vu; and that the velocity of the liquid is ug = (—1/¢y) ZINZI oiu;.
This is analogous to the closure laws described in De Angelis and Preziosi and in
Ambrosi and Preziosi [22].

Liquid—liquid mixture model Il

Another approach to modeling multicomponent tumors was recently developed by Wise
et al. [697] and Frieboes et al. [229]. The mass balance equations are the same as
Eq. (5.13), and the constitutive laws for the mechanical fluxes J; and a generalized
Darcy’s law for the cell velocities w; are derived using an energy variation argument
utilizing the mixture energy

N
E = Z/‘I’f dx, (5.17)
i=0

where the energy density is given by Eq. (5.12). As derived in [697], thermodynamically
consistent fluxes may be taken to be the generalized Fick’s law,

1<i<N-1, (5.18)

_ SF oF
==V (- ),

d¢; don

andJy = — ZlN;ll J:: M; > 0isthe mobility and the § £ /§¢; are variational derivatives
of the total energy E given by

S (2

j=0

A ) +ZX,,c,, 1<i<N. (5.19)

3o dg;

The velocities of the components may be also determined in a thermodynamically
and mechanically consistent way. Assuming that the solid and liquid volume fractions
remain constant, i.e., ZlNzl o; = gs and g9 = 1 — @s with ¢g constant in space and time,
the resulting generalized Darcy laws for the velocities of the components are given by

Uy = —];()V ( +q> , (5.20)
%o

N
- SE - SE 1 SE
uj=—k<Vp— E 8¢'V¢[>—kjv <‘—~ ¢i'+{j>, J=z1
X J i=

(5.21)
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where ¢ is the water pressure, p is the solid pressure, and ko, k, k ; are positive definite
motility matrices. The constitutive laws (5.18), (5.20), and (5.21) guarantee that in the
absence of mass sources the energy in Eq. (5.17) is nonincreasing in time as the fields
evolve.

In related work, Armstrong et al. [40], and later Gerisch and Chaplain [271], consid-
ered a nonlocal model of adhesion in which & ;7 = 0, p = 0, and the variational derivatives
in the velocity u; are replaced (in two dimensions) by

1 R 2
Al)x. 1) = /O r /0 n(0) - O()g(e(z, x + rn(0))) dodr, (5.22)

where n is the normal vector to a ball of radius R centered at x, which is termed
the sensing region; R is the sensing radius. The functions O and g determine the
strengths of the interactions among the different cell types (and the extracellular matrix)
and ¢ = (¢1, ... @y) is the vector of volume fractions. As the sensing radius R tends
to zero, the nonlocal model converges to a local reaction—diffusion—taxis system of
partial differential equations [40, 271]. This adhesion velocity may actually be derived
using energy variation arguments starting with a fully nonlocal version of the energy £
such as

1
E= 52; / / Jij (X, V)i (X)@;(y) dxdy. (5.23)

where J;; is an appropriately defined interaction kernel. See the appendix of [697] for a
description of the procedure.

In other related work, Khain and Sander [372] developed a model of cell—cell adhesion
for a single cell species similar to that described in the liquid—liquid model I. In particular,
Khain and Sander used a generalized Cahn—Hilliard [107] (GCH) equation to study
tumor invasion. Below a critical level of adhesion, the tumor invades as a propagating
front. Above the critical level, a second peak is found to appear in the tumor fraction
(i.e., density) curve behind the leading front. The results of the GCH model compare
well with a stochastic discrete-cell model recently developed by Khain et al. [373].

Note that only hydrostatic stresses in the tumor and host tissues are simulated in the
approach by Wise et al. [697] and Frieboes et al. [229]. This is highly simplified. An
important research direction is the incorporation of more realistic models of soft-tissue
mechanics. These include elastic, poroelastic, and viscoelastic models, e.g., [20, 35, 62,
248, 328, 352, 426, 574]. These effects may be included in the model by incorporating
the relevant energy in the system energy and following the mixture model development
by Araujo and McElwain [37, 38].

A special case of the generalized Darcy’s law liquid-liquid mixture model
The model given in Egs. (5.18)—(5.21) may be simplified [697] by assuming (i) that tumor

cells prefer to adhere to one another rather than to the host (as observed experimentally
[40,41]), and (ii) that no distinction is made between the adhesive properties of different
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cell species (e.g., between viable and dead cells). Accordingly, in Eq. (5.12) we may
take W, (@, . .., on) = @; f(¢1), where g1 = ZlN;ll @; 1s the solid fraction of the tumor
tissue and gy = @y is the volume fraction of the host tissue (¢1 + ¢ = @s). Further,
taking €;; = 0 for7, j < N and eyy = &, the total adhesion energy (5.17) becomes

22
E= /Q (f(goT) + ZWTF) dx. (5.24)

This form of the energy arises also in the classic theory of phase transitions (e.g., [107]).
For example, f may be written as the difference of two convex functions,

f(or) = felor/@s) — felor/Ps), (5.25)

where one may take

fio=4Ea ((0=1)'+1)  ad  f@)=iEa(p-1) (526

and where o) and o, describe the strength of adhesion (attraction) of tumor cells to
the host tissue and to each other, respectively, and E is an overall energy scale. Setting
o) = «y yields a double-well energy f with minima at ¢t = @s and ¢ = 0 and gives rise
to a well-delineated phase separation of the tumor (¢ &~ @s) and host tissues (¢ ~ 0).
Since ¢r is continuous, it is necessary that 0 < ¢r/@s < 1 in the interfacial region
dividing the tumor and host domains. However, the states ¢t > @s or ¢ < 0 are not
physical, and the interaction energy tends to prevent their formation by increasing the
energy of these states. Note that taking an interaction energy with logarithmic terms
would explicitly prevent the formation of these states [198]. By varying the ratio o1 /o,
the relative tendency of the tumor cells to aggregate can be modified. For example,
increasing the ratio results in an increasingly diffuse tumor mass.

The thickness of the diffuse interface between the tumor and host tissue depends on
the relative sizes of 8, £, and o /. Specifically, for fixed E the smaller the constant &,
the less diffuse the interfacial region. If £ ~ 1/¢ then it can be shown that this system
converges as € — 0 to a classical sharp-interface single-phase tumor model [697]. If the
tumor contains different species that have different adhesion properties then the energy
(5.24) can be modified to account for the different cell—cell interactions, following the
more general approach described earlier (see also [381]).

Fluxes and velocities

From the flux constitutive equation (5.18) and the adhesion energy equation (5.24), the
adhesion fluxes may be determined. Recalling that the densities of the components are
matched and taking the mobilities M; = M¢;, where M is a positive constant, the fluxes
are obtained [697] as

SE

Ji=—-Mp;V—, (5.27)
dor
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wherei=1,..., N—landJy =Jy = — ZlNz_ll J;, where the energy is taken not to
depend explicitly on ¢y. The variational derivative is given by

SE , _

— = f(¢r) — & V’or. (5.28)

Ser
Setting k; = 0 for i > 0, which is consistent with assuming that the cells are tightly
packed and that they move together with the mass-averaged velocity, the component
velocities become [697]

Uy = uwy = —lngq, (529)
- SE

= —k (Vp — V(pT) , (5.30)
Sor

assuming that the energy does not depend explicitly on ¢y or gy. In Eq. (5.30), the
term dependent on §E /8¢t represents the excess force due to adhesion and arises
from cell—cell interactions. The quantities ¢, p are the water pressure and the solid
(oncotic) pressure, respectively. The coefficients ky and k are motilities that reflect the
responses of the water and cells, respectively, to pressure gradients. These coefficients
may depend on the volume fractions and other variables since the individual components
may respond to the pressure and adhesive forces differently, but mixed components tend
to move together. The cell motilities contain the combined effects of cell—cell and cell-
matrix adhesion. The constitutive choices (5.27), (5.30), and (5.29) guarantee that, in
the absence of mass sources (S; = 0), the adhesion energy is nonincreasing as the fields
evolve while the total tumor mass is conserved.

Mass-exchange terms

As a first approximation, viable tumor cells may be assumed to necrose when the local
cell substrate (e.g. oxygen, nutrient) concentration n falls below the cell viability limit
fin,; which may be different for different cell types. Cells may be assumed to consist
entirely of water; in terms of volume fraction, this is a reasonable first approximation.
Cell mitosis may be assumed to be proportional to the amount of oxygen and nutrients
present and, as mitosis occurs, an appropriate amount of water is converted into cell
mass. Conversely, the lysing of cells represents a mass sink as cellular membranes are
degraded and the mass converts completely into water (neglecting residual solid cellular
components). Mitosis is neglected in the host domain, as the proliferation rate for tumor
cells is much larger. Accordingly, defining ¢p to be the volume fraction of unlysed dead
tumor cells, we may take [697], for viable species i not including dead tumor cells D or
nutrient NV,

- n - -
Si = AMi=— @i — A9 — AN H(N — 1), N>i>0and i#D. (531)
N
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Furthermore,
N-1
Sp = Z [Aa; 4+ AniH(ing: — )] @i — ALgp, (5.32)
iZD
Sy = Sy =0, (5.33)
N U i
Sw = — ,Z:; Si=- 21: Ami n Y + AL¢p, (5.34)

iZD
where )_\M,l-, x Ais )_»N, ;, and Ay, are the rates of volume gain or loss due to cellular mitosis,
apoptosis, necrosis, and lysing, respectively, and where 71, is the far-field level of the
cell substrates. The source terms S;, Sp, Sy, Su, Sw, refer to the various species: viable,
dead, nutrient, host and water. Finally, H is the Heaviside function. For simplicity, we
have omitted mass-exchange terms corresponding to genetic or epigenetic events that
transform one cell species into another.

Diffusion of cell substrates

Following the single-phase approach discussed in Section 3.2, the host tissue is modeled
at equilibrium as a first approximation, in which the net cell substrate uptake is regarded
as negligible compared with the uptake by tumor cells. Substrates uptaken by the host
tissue are assumed to be replaced by supply from the normal vasculature. This may not
be the case in the tumor, where not only does the uptake exceed the supply but the uptake
may also be much higher than that of the host tissue [556, 207]. Using the quasi-steady
approximation described earlier for single-component tumor models, the cell-substrate
transport equation may be written as

N—1

0=V-(D(p,....,oN)Vn) + Tc — Y _ vipr, (5.35)

2D

where the sum excludes dead cells; D is the substrate diffusivity and can vary depending
on the medium and cell type, e.g., it can be an interpolated function from the host to the
tumor, with value 1 inside the tumor and value Dy in the host medium; the quantity 7¢
is a source of cell substrates from a pre-existing uniform vasculature or a vasculature
newly formed through angiogenesis; and the v} are the uptake rates of the different cell

types.

Mutation of tumor-cell species

The phenotypic transformation of one viable tumor-cell species ¢; into another ¢;, can
be modeled by including a transfer function M=/ as part of Eq. (5.31); it transfers a
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Figure 5.1 Multiphase model: growth of a two-plus-four mode tumor in three dimensions with
cell adhesion y = 0. The ¢r = 0.5 isosurface is shown. The parameter values are as in Table 5.1
The model predicts that this tumor morphological instability, which increases the overall
surface-area-to-volume ratio, enables the tumor to increase its access to cell substrates from the
surrounding host vasculature. Reprinted with permission from Frieboes et al. [228].
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Table 5.1. Nondimensional parameters (as defined in [697])
used in the simulation shown in Figure 5.1 (from [228])

vt = B/ vy 0.5 vp = bp /iy 0.0
Dy = Dy/Dr 1.0 nN = fin /Moo 0.4
a = Aa/Am 0.0 An = An/Am 3.0
AL = AL Au 1.0 y 2 7/(682) 0.0
M 10.0 P 0.1

corresponding partial volume fraction from S; to S; [228]. Speaking loosely, we use the
term “mutation” to denote this phenotypic change, which may be of genetic or epigenetic
origin. The term M’/ is subtracted from S; and added to S;. The choice of mutation
event (x*, t*) has a random component and is generated under a temporal frequency
f* at viable cells, where the density ¢, > 0.5. A successful mutation covers a circular
space of radius r* and lasts for a time §¢*. The mutation transfer function is chosen to
be [228]

MVQM(X7 t, (pl) = g(X, X*)a(tv t*)(/)V(X’ t)’ (536)

where g is a Gaussian distribution function spatially located at x* and a is a time
activation function starting at time #* and lasting 6¢*. Precisely,

¥ (2
2(x, x") = C exp (—W) , (5.37)
o 4b =t

where C > 0 is a rate constant.

The effects of phenotypic transformations are coupled nonlinearly to the tumor scale
through the numerical calculation of cellular-pressure and cell-substrate gradients in the
microenvironment and of their effect on cell proliferation and apoptosis [228].

Nonlinear results: avascular growth

Morphological instability as an invasive mechanism

Following [697], we consider the growth of a tumor consisting of viable cells, with
volume fraction ¢y, and dead cells, with volume fraction ¢p, i.e., ¢t = ¢v + ¢p. The
dead-cell population includes the tumor cells that have undergone apoptosis or necrosis.
Dead cells are assumed not to consume cell substrates. There is also a host-cell species
and a liquid component. Using the generalized Darcy’s law mixture model described
above, the growth of an initially perturbed spherical tumor in three dimensions with
cell adhesion y = 0 is shown in Figure 5.1. The isosurface ¢t = 0.5 is plotted. The
parameters are given in Table 5.1 (as defined in [697]).
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In this simulation, the substrate gradients contribute only to variable tumor-cell pro-
liferation and necrosis; they do not induce the migration of cells. Consistently with
linear analyses [ 149, 416], the tumor is unstable owing to the limited supply of cell sub-
strates and the corresponding tumor mass loss due to necrosis in the tumor interior. The
simulation shows that in the nonlinear regime a tumor emerges with repeated budding
and recursive growth. By acquiring this complex morphology, the tumor has effectively
increased its surface-area-to-volume ratio and so gains better access to the cell substrates
from the surrounding host vasculature.

Chemotaxis as an invasive mechanism

Cristini et al. [147] considered the effects of chemotaxis (directed cell movement along
a chemical concentration gradient). Tumor evolution in substrate-rich and substrate-
poor cell tissues was investigated by performing spherically symmetric and fully two-
dimensional nonlinear numerical simulations. It was demonstrated that a tumor may
suffer from taxis-driven fingering instabilities, which are most dramatic when the cell
proliferation is low as predicted by linear stability theory. This is also observed in exper-
iments [230]. This work shows quantitatively that taxis may play a role in tumor invasion
and that when cell substrates play the role of chemoattractant, diffusional instability is
exacerbated by the substrate gradients. The model is thus capable of describing some of
the complex invasive patterns observed in experiments.

Briefly, cell-substrate-driven taxis in Cristini ef al. [147] is included by adding the
term x,n¢r, where n is the substrate concentration and yx, is the corresponding taxis
coefficient, to the total energy in Eq. (5.24), following the general fomulation given in
Eq. (5.12). Equation (5.28) then becomes

L fign) - VP + exan. (539)

Sor
Using the liquid—liquid mixture model I (see Section 5.4), Cristini et al. simulated the
growth of a solid tumor in a cell-substrate-poor microenvironment. The proliferation
rate was taken to be low and cell apoptosis was neglected [147]. In Figure 5.2, left
the tumor evolution for low cell proliferation is shown using an adaptive algorithm
(the mesh is shown at time ¢ = 30). Note that if x, = 0, i.e., when there is no taxis, the
evolution is stable. The solid curve represents the tumor interface (¢t = 0.5) and the
broken-and-dotted curve represents linear results from the sharp-interface model (here,
the time scaling used is different from the one described in Chapters 3 and 4; see [147]
for further details).

Figure 5.2 shows that invasive fingers develop around time # = 10 and get stretched
at time ¢ = 20, forming long and slim protrusions and thereby increasing the tumor
surface area and enabling better access to cell substrates. At later times the fingers
continue to stretch and start to bend inward. There is good agreement between the
linear and nonlinear results at early times, but there is significant deviation at later times
owing to the strong nonlinearity. The right-hand column show similar simulations of
tumor evolution for a larger proliferation rate. All other parameters are the same as in
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apoptosis for Dy = 1 and x, = 5. The initial tumor surface is given by

(x(a) — 12.8, y(a) — 12.8) = (2 + 0.1 cos 2« )(cos &, sin &), where « € [0, 277 ]. Left-hand
column, low proliferation; right-hand column, the proliferation is 5x that of the left-hand
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column. Solid lines, nonlinear simulation; faint broken- and -dotted lines, linear results. The last

row shows the details of the mesh development. With kind permission from Springer Science
and Business Media: J. Math. Biol., Cristini et al., vol. 58, p. 750, (©) 2009 Springer.
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the left-hand column. The fingers are thicker for the case with larger proliferation. The
spread of the fingering into the surrounding tissue at early times is more pronounced for
smaller proliferation than for larger proliferation. As before, there is good agreement
between the linear and nonlinear results at early times, before nonlinear effects dominate
the evolution. Figure 5.3 shows tumor evolution using the same parameter values as in
Figure 5.2 but with an elliptical initial tumor-surface shape. A dramatic fingering,
indicating invasive behavior, is also observed in this case.

The numerical results reveal that a tumor may possess a cell substrate-taxis-driven
invasiveness that is most dramatic when the cell proliferation is low (see [149]). This
suggests that substrate taxis may play a role in tumor invasion and that diffusional
instability is exacerbated by cell-substrate gradients. This process resembles the invasive
patterns observed experimentally in tumor spheroids grown in hypoxic conditions (see
[528])).

Modeling angiogenesis in three dimensions

Background

The modeling of tumor vasculature described in Section 3.3.2 enabled a two-dimensional
representation of vessel topology. Here, we consider an extension of the angiogenesis
model to three dimensions that is independent of the underlying computational grid
(i.e., it is lattice-free). In this approach, continuum conservation laws are introduced to
describe the dynamics of the vessel densities and angiogenic factors; this model does not
provide morphological or blood-flow information about the vasculature. We then couple
this algorithm with the three-dimensional multiphase model described in Section 5.5.
The angiogenesis model is a refinement of earlier work [534, 535], which had shown that
dendritic structures could be created that are consistent with experimentally observed
tumor capillaries [408, 622]. This random-walk model describes the proliferation and
migration of vascular endothelial cells in response to soluble angiogenic regulators
such as VEGF (which induce chemotaxis) and bound matrix macromolecules such as
fibronectin (which induce haptotaxis). Vessels that connect (anastomose) may provide
a source of cell substrates in the tissue [45] and may further undergo spontaneous
shutdown and regression during tumor growth [320]. The VEGF level is represented
by a single continuum variable that reflects the excess of pro-angiogenic over anti-
angiogenic regulators. Perinecrotic tumor cells and host tissue cells close to the tumor
boundary are assumed to be the source of these regulators, stimulating the endothelial
cells to proliferate and begin to form vessels towards the tumor [343].

Endothelial cells near the sprout tips proliferate, and their migration can be described
by chemotaxis and haptotaxis. For simplicity we model only the leading endothelial cells
since proliferation occurs at the cells close to the leading tip and the trailing cells follow
passively. The vasculature architecture, i.e., its interconnectedness and anastomoses, is
captured via a set of rules. A leading endothelial cell has a fixed probability of branching
at each time step while anastomosis may occur if a leading endothelial cell crosses a
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column, the proliferation is 5x that of the left-hand column. The last row shows the details of the
mesh development. With kind permission from Springer Science and Business Media: J. Math.
Biol., Cristini et al., vol. 58, p. 753, (©) 2009 Springer.
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vessel’s trailing path. Tumor vessels are typically more tortuous than normal vessels [87].
This can be quantified by various means, including a “sum of angles metric” (SOAM)
that sums the total curvature along a space curve and normalizes by the path length, thus
indicating high-frequency low-amplitude sine waves or coils [87].

In the model described here [57, 228, 229], the tumor-induced vasculature does not
initially conduct blood, as the vessels need to form loops first. As observed experimen-
tally, the neovasculature model may also account for increasing vessel diameters and the
spontaneous shutdown and consecutive regression of initially functioning tumor vessel
segments or whole microvascular areas [321]. Here, functioning anastomosed vessels
are assumed to provide a source of cell substrates in the tissue in inverse proportion to
the local (tumor) pressure.

Biased circular random walk

In the implementation [57, 228, 229] vessels are generated using the biased circular
random walk model of Plank and Sleeman [534, 535]. The release of tumor angiogenic
factors (e.g. VEGF) is governed by the diffusion—reaction equation (3.36). The trajecto-
ries of the endothelial cells (ECs) at the tips of the vessels move with a random walk on
the unit circle. In two-dimensional space a tip location (x, y) can be characterized by its
speed s and direction angle 6:

X _ ¢ cosd D _ s sing (5.40
7 = scos6, o = ssinf. .40)

The tip cell has a probability at each time step & of turning through a small finite angle
3, clockwise or counterclockwise. This probability is generated through the normalized
transition rate,

26, 1) = % exp (2/ % d9> , (5.41)

where p and o2 are the expectation (mean) value and the variance of the turning rate,
which can be adjusted according to the statistical analysis of the capillary network. Both
are functions of orientation 6 and time ¢:

o=0(,1), w=pu,t). (5.42)

Chemotaxis and haptotaxis can be modeled by taking the mean turning rate u such
that the tips tend to reorient themselves to move up the local gradients of the species.
The mean turning rate is:

p=>_ —d;sin6; - 6)), (5.43)

where 0" is the preferred orientation along the gradient of each taxis species i and d; is
its corresponding turning coefficient, which indicates the cell’s ability to reorient itself
due to taxis and is hence proportional to the magnitude of the gradient.

The model can be extended to three dimensions by adding a second angle, ¢, as the
polar angle and letting 0 represent the azimuthal angle. The tip location (x, y, z) is
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tracked by the equations of motion:

* 9 dy 0si % _ sing (5.44)
—_— = —_— = 1n —_— = 1n R
7 5086 cos g, 7 s cosf sing, 7 ssiné,

where the transition rate of ¢ can be independently defined analogously to Eq. (5.41).

At each time step the local gradients of the taxis species are measured near the tip cell.
For each 0 and ¢ the transition rate is computed with respect to the gradients, and these
transition rates are used to determine whether the cell stays at the current angle or makes
a turn. The new location of the cell is updated once the two angles are determined. As
in previous work (e.g., [534, 535]), it is assumed that the previously generated cells trail
after the leading cells and do not change position after their formation.

Branches and anastomoses

For each tip cell, the capillary has a fixed probability of branching at each time step.
When branching occurs a cell splits into two leading cells, and the new cells reorient by
a fixed angle of 30 degrees. These two cells then continue to migrate and proliferate into
new vessels.

Ifthe leading cell of one vessel crosses the trail of another vessel then anastomosis may
occur. This process forms a closed vessel loop and blood begins to circulate, flowing
from the root of one vessel to that of the other. The fluid dynamics of the blood are
not modeled; thus, changing the direction of the flow has no effect. Simplified models
of the fluid dynamics of blood flow through capillary networks have been developed
(e.g, Pries et al. [550], McDougall et al. [458, 459], Stephanou et al. [634, 635], Wu
et al. [702], Zhao et al. [721], Sun and Munn [641], and Pries and Secomb [549]), In
[458, 549, 550, 635], shear-stress-induced vessel remodeling is also simulated. Here,
we do not describe this level of detail; instead, we will assume that anastomosed vessels
whose branches arise from different roots are capable of releasing cell substrates.

When anastomosis occurs the looped vessel starts to supply nutrients and oxygen, as
described by the source term A, in Eq. (3.40).

neo

Nonlinear results: vascularized tumor growth

We now present an example of vascularized tumor growth in the context of human
glioma (a form of brain cancer). Gliomas may evolve into glioblastoma multiforme
(GBM), which is the most aggressive human brain tumor. Unlike lower-grade gliomas,
this cancer is highly vascularized (Preusser et al. [542]), and typical post-diagnosis
survival is less than 12 months. To study this highly invasive cancer, the mixture model
presented above was coupled with the lattice-free model of angiogenesis [534, 535]
described in Section 5.12, and the simulation results were compared with clinical brain
tumor data (Frieboes et al. [229]).

Parameters were estimated from in vitro [230] and in vivo data [229], while the
extent of neovascularization and cell-substrate supply due to blood flow can be
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(a) (b)

Figure 5.4 Simulation of a human glioblastoma using the multiscale three-dimensional mixture
model [229]. The 3-month time sequence along frames (a) through (d) shows that the
morphology is affected by successive cycles of starvation, neovascularization, and vessel
cooption [45, 320, 666]. Viable and necrotic tissue regions are shown in light and dark gray,
respectively. The vasculature displays new nonconducting vessels (thin lines) and mature
blood-conducting vessels (thick lines).

estimated in part from dynamic-contrast-enhanced magnetic resonance imaging (DCE-
MRI) observations in patients [501] (see [229]). Because the simulation was based upon
the hypothesized relationships between cell adhesion, motility, death, and proliferation
described in [229], the model enables a quantitative analysis of these relationships in
virtual patients. This undertaking could thus drive the development of morphological
and immuno-histopathological criteria for in vivo tumor invasion.

The calibrated model correctly predicts the gross tumor morphology, including interior
regions of necrosis surrounded by viable tumor tissue as well as a tortuous neovasculature
(Figure 5.4), as observed in vivo [87]. The vessels migrate towards the tumor—host
interface since perinecrotic tumor cells and host-tissue cells close to the tumor boundary
release tumor angiogenic factors and other such regulators. The tumor eventually co-opts
and engulfs the vessels.

The model simulates the details of the tumor morphology, by quantifying the cells’
metabolic response to spatial gradients in substrate levels caused by spatiotemporal
heterogeneity in proliferation and by the abnormal neovasculature. Excellent agreement
was found when comparing the tumor “virtual histopathology” with clinical pathology
observations (Figure 5.5) on sections of tumor tissue 100-200 um thick encircling
neovessels and surrounded by necrotic tumor cells and vessels that have been shut down
due to either age or mechanical intratumoral pressure (see [513]). This vessel shutdown
enhances the hypoxic gradients seen clinically and predicted by the model. The overall
tumor shape depends strongly upon the vascular patterning, a result supported by animal
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(b)

(a)

Aged Vessels

Figure 5.5 Study of human glioma using a multiscale three-dimensional mixture model [229].
(a) Detail of a virtual tumor histology showing the invasive tumor front (white) moving up
towards extratumoral conducting neovessels (NV). The aged vessels in the tumor have thicker
walls and are assumed to provide fewer cell substrates than the thin-walled vessels at the tumor
periphery [513]. Conducting vessels, light diamonds; nonconducting vessels, dark diamonds.
The bar is of length 100 pm. (b): H & E-stained patient glioblastoma histopathology sections
viewed by fluorescence microscopy [229]. The tumor (bottom) is invading the normal tissue
(top). Note the demarcated margin between the tumor and brain parenchyma (middle top), the
fluorescent outlines of large aged, vessels deep in the tumor, and the new functional vessels NV
at the tumor boundary. The bar is of length 100 um. Reprinted with permission from Frieboes
et al., NeuroImage, vol. 37, p. S66, (© 2007 Elsevier.

[58, 392, 398, 528, 576] and clinical imaging (e.g., [703]) as well as histological data.
The virtual histopathology also suggests that a tumor may rely upon vessels in the
nearby host tissue [50, 542] and proliferate towards them; this is suggested in the brain
histopathology in Figure 5.5.

The model enables a quantitative analysis; e.g., the viable region thickness, of about
100-200 pum, and the extent of necrosis seen in Figure 5.5 are shown to be strongly
dependent on diffusion gradients of cell substrates in the microenvironment, in agree-
ment with previous experiments [230, 311]. Further, the model predicts that the tumor
boundary moves at a rate of about 50-100 pum per week, presenting a mass of diameter
of about 5 cm in one year (these data are not shown). The results are supported by
well-known clinical observations of glioblastoma (e.g., [489]). As the tumor grows and
engulfs the vessels in its vicinity, it may compress them [513] and disrupt the flow of cell
substrates, leading to further necrosis and even temporary mass and vascular regression
[321, 714]. In addition, chaotic angiogenesis leads to heterogeneous perfusion in the
tumor and this may also cause the regression of parts of the vascular network and the
necrosis of tumor cells [112, 524]. This enhances variable tumor-cell proliferation.

These results support the hypothesis that diffusion gradients of cell substrates drive
collective tumor-cell infiltration into the healthy tissue in addition to playing a major
role in determining the tumor’s morphological structure. The movement of tumor
fronts towards the sources of cell substrates may thus strongly influence glioblastoma
invasiveness.
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In this chapter, we introduce discrete cancer-cell modeling, assess the strengths and
weaknesses of the available discrete cell modeling approaches, sample the major discrete
cell modeling approaches employed in current computational cancer modeling, and
introduce a discrete agent-based cell modeling framework. This framework currently
being developed by the present authors and collaborators will be used to implement the
next-generation multiscale cancer-modeling framework detailed in Chapter 7.

A brief review of discrete modeling in cancer biology

Thus far we have discussed continuum modeling, in which cancer is modeled at the tissue
scale and the effects of individual cells are averaged out. We now turn our attention to
discrete models, in which the behavior of one or more individual cells as they interact
with one another and the microenvironment is addressed.

Discrete modeling has enjoyed a long history in applied mathematics and biology,
dating as far back as the 1940s when John von Neumann applied lattice crystal models to
study the necessary rule sets for self-replicating robots [674]. Perhaps the most famous
early example of discrete biological modeling is John Conway’s 1970 “game of life,”
a two-dimensional rectangular lattice of “cells” that changed color according to rules
based upon the colors of the neighboring cells [260]. Even simple rules can lead to
complex emergent behavior, and Conway’s model was later shown to be Turing
complete [595]. Today, discrete cell modeling has advanced to study a broad swath
of cancer biology, spanning carcinogenesis, tumor growth, invasion, and angiogenesis.

Discrete, or individual-based, models are generally divided into two categories: lattice-
based (including cellular automata) and lattice-free (agent-based). Both aproaches track
and update individual cells according to a set of biophysical rules. Typically these mod-
els involve a composite” discrete—continuum approach in the sense that the microenvir-
onmental variables (glucose, oxygen, extracellular matrix, growth factors, etc.) are
described using continuum fields while the cells are discrete. See the reviews by

! The agent model presented in this chapter is an extension of Macklin et al. (2009) [433], and includes work
in preparation by Macklin et al. in [434].

2 Many workers refer to this as a hybrid model, but we reserve the term “hybrid” for models that simultaneously
combine discrete and continuum representations for cells.
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Aber et al. [11], Moreira and Deutsch [475], Drasdo [182], Araujo and McElwain [34],
Quaranta et al. [553, 552], Hatzikirou ef al. [307], Nagy [490], Abbott et al. [2], Byrne
et al. [96], Fasano et al. [209], Galle ef al. [252], Drasdo and Hohme [186], Thorne
etal. [656], Anderson et al. [28], Deisboeck ef al. [169], Anderson and Quaranta [29],
and Zhang et al. [720]. We now review these two main approaches and give some key
examples from the literature. A further review can be found in [425].

Lattice-based models

In lattice-based modeling the cells are confined to a regular two-dimensional or three-
dimensional lattice. Each computational mesh point is updated in time according to
deterministic or stochastic rules derived from physical conservation laws and biological
constraints. Some models use a high-resolution mesh to discretize the cells and the
surrounding microenvironment at subcellular resolution, allowing a description of the
cells’ finite sizes, morphologies, and biomechanical interactions. Cellular automata
(CA) models, which describe each cell by with a single computational mesh point, can
be viewed as a special case of the lattice-based approach.

The simple spatial arrangement of lattice-based models is relatively easy to implement,
with less need for advanced computational expertise, rendering them broadly accessible
beyond the traditional scientific computing communities. The regular structure imposed
by the computational mesh also eliminates the need for elaborate interaction-testing
between the discrete cells. This is particularly true for CA models on rectangular meshes,
where cell—cell interaction involves only the immediate neighboring mesh points. It is
also straightforward to couple lattice-based methods directly to the microenvironment,
by assigning continuum variables to every mesh point (in the case of CA methods), or
to a coarsened sub-mesh (in the more general case).

The uniform spacing of lattice-based methods can be a weakness. While computa-
tionally efficient, the low-resolution lattices used in CA methods can impose artificial
constraints on the arrangement, orientation, and interaction of the cells, which can some-
times be observed as square or diamond-like artifacts. Such low-resolution lattice-based
models cannot capture the non-lattice cell patternings often found in both normal tissue
(e.g., in hepatic lobules) and cancer (e.g., in cribriform ductal carcinoma in situ (or
DCIS)). Because the cells are limited to just a few orientations, these models can only
crudely treat cell polarization, and cell mechanics can only be modeled with great dif-
ficulty. Hence, low-resolution models are poorly suited to a rigorous exploration of the
balance of cell-cell adhesion, cell-BM adhesion, and cell mechanics (e.g., cell deforma-
bility). High-resolution, subcellular, meshes can better approximate cell mechanics but
are much more computationally expensive, impeding their ability to describe large sys-
tems of cells and their microenvironment.

Lattice-free models

Lattice-free models, frequently referred to as agent-based models, do not restrict the
cells’ positions and orientations in space. This allows more complex and accurate
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coupling between the cells and their microenvironment and imposes fewer artificial
constraints on the behavior of multicellular systems. The cells are treated as distinct
objects or agents and are allowed to move, divide, and die individually according to
biophysically based rules. For example, many models apply free-body force diagrams
to the individual cells, allowing a mechanistic description of the cell—cell and cell-ECM
interactions. A model’s level of detail in the cell size, volume, and morphology can vary
from simple (e.g., the cells are infinitesimal points in three-dimensional space, such as
in [, 57,228, 425]) to complex (e.g., the cells are evolving deformable spheres that
develop cusps during mitosis, as in [187]). The agent interpretation of the cells makes
modern object-oriented programming languages (e.g., C++ and Java) very suitable for
implementing these models.

Agent-based models are ideal for situations of freely wandering and nonuniformly
arranged cells, such as in angiogenesis, carcinogenesis, immune system attacks on tumor
cells, and metastasis. The level of detail of the agents can be tailored to the simulation.
Each cell agent can be assigned individual protein and surface-receptor signaling net-
works, a model of cell cycle progression, and genotypic and phenotypic characteristics;
this makes agent-based modeling a powerful tool in multiscale frameworks. (Some
agent-based models are restricted to motion on a regular lattice to save on computational
cost; see [718, 719] for some examples.) Their flexibility in detail, at times even down
to the biochemical level, can make agent-based models easier to calibrate to biological
data.

This flexibility comes at a price, however. Because each individual cell can be made
almost arbitrarily complex, the computational cost can be very high for non-lattice, agent-
based, models, limiting this approach to small systems of cells. The lack of a regular cell
arrangement also makes cell—cell-interaction testing computationally expensive. In the
worst case, where there are n cell agents that may each interact with the other n — 1 cells
and there are no constraints on cell placement, one must test O(n?) possible cell—cell
interactions for each computational time step. In such a case, the computational cost
increases rapidly as more cells are added to the multicell system, rendering large-scale
simulations infeasible.

Comparison with continuum methods

Continuum modeling can be too coarse-scaled to capture the spatial intricacy of tissue
microarchitecture when the cells are polarized (i.e., they have visible apex and base
distributions, and anisotropic surface-receptor distributions) or during individual cell
motility. Furthermore, continuum models tend to lump multiple physical properties into
one or two phenomenological parameters. For example, the models in [229, 437] lump
cell—cell, cell-BM, and cell-ECM adhesion, motility, and ECM rigidity into a single
“mobility” parameter, as well as into some of the conditions modeling forces on the
tumor boundary. While this eases mathematical analysis of the physical systems, it can
be difficult to directly match such lumped parameters to physical measurements. Some
key patient-specific measurements occur at the molecular (e.g., immunohistochemical
(IMC)) and cellular scales, i.e., at finer scales than those of continuum models.
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In contrast, discrete cell models can in some cases be directly matched to such
measurements. For example, Zhang, Athale, and Deisboeck have been very successful
in tying intracellular signaling models to individual cell phenotypes and motility in
brain cancer [718]. Their work also made key advances in using molecular and cellular
data to inform and calibrate the cell-scale model. Several groups (e.g., [716]) have
made considerable advances in the linking of molecular- and cell-scale models, often
with calibration to data at the appropriate scales. This is promising in the context of
patient-specific cancer simulation (see Chapter 10) and multiscale modeling, since it
allows molecular-, cellular-, and tissue-scale data to be matched at their “native” scales;
a bidirectional data flow subsequently propagates this information to all the scales in the
model. See Sections 7.1 and 10.4.3 and the Conclusion following Chapter 10 for more
on this topic.

Discrete models have some drawbacks when compared with continuum approaches.
Because they rely upon the behavior of individual cells to determine emergent system
properties, they can be difficult to analyze. In addition, the computational cost of the
methods increases rapidly with the number of cells modeled, the lattice resolution (for
lattice-based methods), and the complexity of each cell object (for agent models). This
can make such models difficult or impossible to apply to large systems, even with parallel
programming.

Other difficulties relate to model calibration. Nonlocal effects such as biomechanics
are often better described by continuum variables, making calibration more feasible at
the continuum scale since it can be based upon macroscopic measurements. In hybrid
modeling (Chapter 7) one can address this issue by applying and calibrating discrete and
continuum models alongside one another, and then incorporating a rigorous information
flow between the scales.

Some model parameters, even if clearly related to cell-scale phenomena, may be
difficult to measure in controlled experiments whereas macroscopic measurements based
upon the averaged behavior of many cells are simple to measure accurately and to
match to lumped parameters in continuum models. However, we note that the analysis
of volume-averaged agent models can sometimes provide further insight on how to
motivate and interpret such matching. See Section 6.5 for such an example.

Some discrete modeling examples

We now discuss some discrete modeling examples that sample the range of cell-scale
tumor modeling. Our survey does not exhaust the immense amount of discrete modeling
in cancer cell biology; the reader is encouraged to examine the reviews listed in Section
6.1 as well as [425].

Composite cellular automata modeling

In an illustrative example of cellular automata modeling, Anderson et al. developed a
composite discrete—continuum model of solid tumor growth with microenvironmental
interactions [25, 27]. The microenvironmental variables, i.e., the ECM density and matrix
metalloproteinases (MMPs) are represented as continuous concentrations and the tumor
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cells are described as cellular automata. Cells move via a biased random walk on a
Cartesian lattice; the movement probabilities are generated by discretizing an analogous
continuum model of the tumor cell density. The transition probabilities are similar in
spirit to those in the chemotaxis model developed earlier by Othmer and Stevens [510].
The cells respond haptotactically to the ECM density and produce MMPs that degrade
the matrix. Cell—cell adhesion is not considered. The model predicts more extensive local
tumor invasion in a heterogeneous ECM than is predicted by the analogous continuum
model.

Building on this work, Anderson et al. extended their model to include cell—cell
adhesion by weighting the probability of motion by the number of desired neighbors [25].
Different cell phenotypes are modeled by varying the number of desired neighbors, the
proliferation rate, and the nutrient uptake rate. The microenvironment plays an important
role in the model: the nutrient supply is assumed to be proportional to the ECM in order to
model the pre-existing vasculature, and so matrix degradation disrupts the nutrient supply
as well. This model enabled an evaluation of how individual cell-cell and cell-ECM
interactions may affect the tumor shape. Anderson and his co-workers extended their
model further to provide a theoretical and experimental framework to characterize tumor
invasion quantitatively as a function of microenvironmental selective factors [31]. In the
extended model they considered random mutations among 100 different phenotypes. In
agreement with the findings of Cristini and co-workers [145, 149, 230, 722], hypoxia
and a heterogenous ECM were found to induce invasive fingering in the tumor margins,
with selection of the most aggressive phenotypes.

Gerlee and Anderson simplified this model to investigate complex branched cell-
colony growth patterns arising under nutrient-limited conditions [273]. In agreement
with earlier stability analyses (e.g., [ 149]), the stability of the growth was found to depend
on how far the nutrient penetrates into the colony. For low nutrient consumption rates
the penetration distance was large, and this stabilized the growth; for high consumption
rates the penetration distance was small, leading to unstable branched growth. After
incorporating a feed-forward neural network to model the decision-making mechanisms
governing the evolution of the cell phenotype, Gerlee and Anderson demonstrated how
the oxygen concentration may significantly affect the selection pressure, cell-population
diversity, and tumor morphology [272, 274]. They further extended this model to study
the emergence of a glycolytic phenotype. Their results suggest that this phenotype is
most likely to arise in hypoxic tissue with a dense ECM. Recently, the group explored
these themes further, with Quaranta and Rejniak [552]. Similar discrete modeling work
on hypoxia has been pioneered in various collaborations between Gatenby, Smallbone,
Maini, Gillies, Gavaghan, and others (e.g., [263, 264, 267, 624-627]).

Lattice-gas cellular automata models

Dormann and Deutsch developed a lattice-gas cellular automaton method for simulating
the growth and size saturation of avascular multicell tumor spheroids [181, 174]. Unlike
traditional cellular automaton methods, where at most one cell can be at a single grid
point (this is known as volume exclusion), lattice-gas models accommodate variable
cell densities by allowing multiple cells per mesh point, with separate channels of
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movement between mesh points. The channels specify direction and velocity magnitude
and may include zero-velocity resting states. Lattice-gas models typically require channel
exclusion, i.e., only one cell may occupy a channel at any time. Hatzikirou ef al. [306]
later used this approach to study traveling fronts characterizing glioma cell invasion.
Very recently they performed a mean field analysis of a lattice-gas model of moving
and proliferating cells to demonstrate that certain macroscopic information, e.g. scaling
laws, can be accurately obtained from a microscopic model [306]. Accurate predictions
of other macroscopic quantities that depend sensitively on higher-order correlations are
more difficult to obtain.

Immersed boundary model

In [560, 561], Rejniak developed a highly detailed lattice-based approach to the model-
ing of solid tumor growth. Each individual cell is modeled using the immersed boundary
method [529, 530] on a regular computational grid. The cell is represented as the inte-
rior of an elastic membrane and the nucleus is represented as an interior point. Cell—cell
adhesion and cell contractile forces are modeled using linear springs to mimic a discrete
set of membrane receptors, adhesion molecules, and the effect of the cytoskeleton on
the cell mechanics. The cytoplasm and interstitial fluid are modeled as viscous incom-
pressible fluids. The elastic, adhesive, and contractive forces impart singular stresses to
the fluids. Cell growth is modeled with an interior volume source; once the cell grows
to a threshold volume, contractile forces on opposite sides of the cell create a neck
that pinches off to produce two approximately equal-sized daughter cells. The nutrient
supply is modeled using continuum reaction—diffusion equations, with uptake localized
in the cells. The method can describe individual cell morphology but is computationally
expensive, thus restricting simulations to about 100 cells. Rejniak and Dillon recently
extended the model to better represent the lipid bilayer cell membrane structure as two
closed curves connected by springs [564]; sources and sinks, placed in the simulated
bilipid membrane, model water channels.

The immersed boundary-cell model has been applied to study pre-invasive intraductal
tumors, as well as the formation and stability of epithelial acini (single-layered spherical
shells of polarized cells attached to a BM) [562—564]; genetic mutations that disrupt cell
polarity could lead to abnormal acini and ductal carcinoma. The model has also been
used to study the interaction between nutrient availability, metabolism, phenotype, and
the growth and morphological stability of avascular tumors [30, 180]. Morphological
instabilities are in qualitative agreement with the continuum [149, 416, 437, 722] and
cellular automata [25, 31, 272, 273] modeling results discussed earlier.

An extended Q-Potts model

A less detailed lattice-based method has been developed using an extended Q-Potts
model, which originated in statistical physics to study surface-diffusion grain growth
in materials science, as in [33]. Graner and Glazier adapted the Q-Potts model to
simulate cell sorting through differential cell-cell adhesion [284, 290]. In this approach,
now referred to as the GGH (Graner—Glazier—Hogeweg) model, each cell is treated
individually and occupies a finite set of grid points within a Cartesian lattice; space is
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divided into distinct cellular and extracellular regions. Each cell is deformable with a
finite volume. Cell—cell adhesion is modeled with an energy functional. A Monte Carlo
algorithm is used to update each lattice point and hence change the effective shape and
position of a cell. Although the description of the cell shape is less detailed than in the
immersed boundary approach described above, finite-size-cell effects are incorporated.

Later work incorporated nutrient-dependent proliferation and necrosis in the GGH
model to simulate the growth of benign multicellular avascular tumors to a steady state
[639]; nutrient transport was modeled with a continuum reaction—diffusion equation.
The steady-state configuration consisted of a central necrotic core, a surrounding band
of quiescent cells, and an outermost shell of proliferative cells; the parameters were
determined by matching the thickness of these regions to experimental measurements.
Reference [664] extended the GGH model, by incorporating ECM-MMP dynamics,
haptotaxis, and adhesion-controlled proliferation, to study tumor invasion. The GGH
model has also been extended to account for chemotaxis [591], cell differentiation
[319], and cell polarity [715]. Others modified the GGH model to include a subcel-
lular protein signaling model to tie the cell cycle to growth promoters and inhibitors
through continuum reaction—diffusion equations [351]. In that work, parameter values
were selected such that model produced avascular tumors that quantitatively replicated
experimental measurements of in vitro spheroids.

The GGH model has been used to simulate vasculogenesis and tumor angiogenesis
[463—465] in heterogeneous tumor microenvironments [53] as well as the role of the ECM
in glioma invasion [575]. Very recently, Poplawski and co-workers used the GGH method
to study the morphological evolution of two-dimensional avascular tumors [538]; the
work developed a phase diagram characterizing the tumor morphology and the stability
of the tumor—host interface with respect to critical parameters characterizing nutrient
limitations and cell—cell adhesion. In particular, they found that morphological stability
depends primarily on the diffusional limitation parameter, whereas the morphological
details depend on cell—cell adhesion. The results are consistent with previous continuum
[145, 149, 416, 437] and discrete [30, 272, 273, 560] modeling results.

Some semi-deformable agent-based models

Drasdo and co-workers developed an agent-based model that incorporates finite cell
size to study epithelial cell-fibroblast—fibrocyte aggregates in connective tissue [187].
In their approach, simplified cells are modeled as a roughly spherical space containing a
central region. The cells are slightly compressible and are capable of migration, growth,
and division. A non-dividing cell is taken to be spherical. As a cell mitoses it deforms
into a dumbbell shape until its volume roughly doubles, and then it divides into two
daughter cells. The adhesion and repulsion (arising from limitations on cell deformation
and compressibility) among cells are modeled using an interaction energy that describes
nearest-neighbor interactions. Mitosis and migration may induce pressure on neighbor-
ing cells. The cells respond by changing their mass or orientation to minimize the total
interaction energy via a stochastic Metropolis algorithm [467]. Interaction potentials
have also been used in agent models by Ramis-Conde and co-workers [557, 558]; in
the model, cells move down the gradient of the potential, analogously to minimizing
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the interaction energy. Others have modeled cells as deformable viscoelastic ellipsoids
[161, 519].

Drasdo and Hohme [184] adapted their approach to early-stage avascular tumor
spheroids, where growth is not primarily limited by oxygen or nutrient supply but
rather by volume exclusion arising from limited cell compressibility. The biomechanical
and kinetic parameters were estimated by comparison with tumor spheroid experiments
from [225]. Drasdo and Hohme extended the model to account for glucose-limited
growth, necrosis, and cell lysis, in order to simulate the spatiotemporal growth dynam-
ics of two-dimensional tumor monolayers and three-dimensional tumor spheroids, with
biophysical and kinetic parameters drawn from the experimental literature [185]. The
results suggested that biomechanical growth inhibition is responsible for the transition
from exponential to subexponential growth that is observed experimentally for suffi-
ciently large tumors; glucose deprivation was found to be a primary factor determining
the size of the necrotic core but it was found not to affect the size of the tumor. Galle
et al. extended the model to incorporate the effect of BM contact on cell cycle progress
and apoptosis (see Section 2.1.1) and studied epithelial cell growth in monolayers [254].
They found that the inactivation of BM-dependent cell cycle progression and apoptosis
or the removal of contact-mediated growth inhibition (e.g., see Section 2.1.5) could
lead to epithelial tumor growth. In similar monolayer simulations, Drasdo showed how
the agent model can be used to determine the rules for a simpler cellular automaton
(CA) model, which was then used to derive a continuum model with contact inhibition
by averaging the CA behavior on a coarser Cartesian grid (coarse-graining). This pro-
vided a link between different scales and biophysical processes [183]. Byrne and Drasdo
performed further analysis of the continuum model [102].

Recent examples of subcellular modeling
Individual cell agents can readily be endowed with subcellular models, making them ideal
multiscale modeling platforms. Recently, Ramis-Conde and colleagues incorporated
E-cadherin/g-catenin dynamics in an agent-based approach to obtain a more realistic
model of cell-cell adhesion mechanics [558]; B-catenin binds the membrane-bound
E-cadherin to the cytoskeleton. Their detailed model could describe the detachment of
cells from a primary tumor and the corresponding epithelial-mesenchymal transition.
Galle et al. incorporated cell-ECM interactions and ECM contact-dependent cell reg-
ulation as well as cell differentiation [253]. They studied the effect of cancer stem-cell
organization on tumor growth, finding that tumors invade the host tissue much more
rapidly when stem cells are on the tumor periphery rather than confined to the interior.
Wang et al. developed a multiscale model of non-small-cell lung cancer within a two-
dimensional microenvironment, implementing a specific intracellular signal transduction
pathway between the epidermal growth factor receptor (EGFR) and extracellular receptor
kinase (ERK) at the molecular level [678]. Phenotypic changes at the cellular level
were triggered through dynamical alterations of these molecules. The results indicated
that, for this type of cancer, downstream EGFR-ERK signaling may be processed
more efficiently in the presence of a strong extrinsic chemotactic stimulus, leading to a
migration-dominant cell phenotype and an accelerated rate of tumor expansion. Zhang



9%

6.2

Discrete cell modeling

et al. presented a three-dimensional multiscale agent-based model to simulate the cellular
decision process to either proliferate or migrate, in the context of brain tumors [718].
Each cell was equipped with an EGFR gene—protein interaction network module that also
connected to a simplified cell-cycle description. The results show that the proliferative
and migratory cell populations directly impact the spatiotemporal expansion patterns
of the cancer. Zhang and co-workers later refined their model to incorporate mutations
representing a simplified tumor-progression pathway [719].

An agent-based cell modeling framework

To illustrate these concepts we now introduce a discrete, cell-scale, modeling framework
that combines and extends the major features of the models introduced in Section
6.1. Our main objective is to develop a model that is sufficiently mechanistic that
cellular and multicellular behavior manifest themselves as emergent phenomena of
the modeling framework, rather than through computational rules that are imposed
a priori. An additional design goal is that the model is modular (both in software
and mathematics), allowing “submodels” (describing, e.g., molecular signaling or cell
morphology) to be expanded, simplified, or replaced outright, as necessary.

We use a lattice-free, agent-based, approach to allow more accurate cell mechanics
and treat the cells (the agents) as physical objects subject to biophysically justified forces.
Cell—cell and cell-BM mechanical interactions are modeled using interaction-potential
functions, in a similar way to [102, 183—185, 187]. The balance of these forces explicitly
determines the cell’s velocity. The cells have a nonzero, finite size [183—185, 187].
We model explicitly the mechanical interactions between the cells and the basement
membrane, in a similar way to the work in [567]. As with many of the discrete models
discussed in Section 6.1.4, each cell has a phenotypic state, the transitions between
those phenotypic states being governed by stochastic processes. We note that the same
model is used for both cancerous and noncancerous cells. The cells differ primarily in
the values of their proliferation, apoptosis, and other coefficients; this is analogous to
the modeling of altered oncogenes and tumor suppressor genes [300].

We incorporate the essential molecular biology through carefully chosen constitutive
relations. In particular, the mechanics, time duration, and biology of each phenotypic
state is modeled as accurately as our data will allow; this should facilitate the model’s
calibration to molecular and cellular data. As in the preceding models (e.g., [27]),
the microenvironment is incorporated using a composite discrete—continuum approach.
Thus, it is modeled as a set of field variables (e.g., oxygen concentration, ECM density)
governed by continuum equations that can be altered by the discrete cells. Cell agents
interact with this microenvironment, both mechanically and biochemically, through
surface receptors that are part of a molecular-scale signaling model.

This agent model introduces several new features to discrete modeling as part of
our design philosophy. The cell states are chosen specifically to facilitate calibration
to immunohistochemistry in patient-specific simulations. We explicitly link the pheno-
typic state transitions to the microenvironment and signaling models through functional
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relationships in the stochastic parameters. Our model differentiates between apoptosis
and necrosis and introduces a model for necrotic cell calcification. To facilitate a mech-
anistic understanding of the model and to match it to experimental biology, we separate
the forces into different potential functions rather than lump them together into a single
function.

We use interaction potential functions with compact support (i.e., they are zero outside
some finite maximum interaction distance) to model the finite interaction distances
between cells and their neighbors more realistically. The adhesion model can differentiate
between homophilic and heterophilic adhesion, and it separates the effects of cell—cell,
cell-BM, and cell-ECM adhesion.

In this discussion cells are not polarized and, in particular, we assume an isotropic
distribution of cell surface receptors; model extensions to address this were discussed in
[434]. Also, we do not currently focus on stem cell dynamics, although this can readily
be added by identifying cells as stem cells, progenitor cells, or differentiated cells and
assigning each cell class different proliferation and other phenotypic characteristics. We
treat the cells as mostly rigid spheres (cells are allowed to partly overlap), with growth
in both two and three dimensions; basement membranes are currently modeled as sharp
boundaries using level set functions [229, 435, 438, 439]. We will present applications
of the model to breast cancer in Section 6.6 and Chapter 10.

A brief review of exponential random variables and Poisson processes

Because we are going to model transitions between cell states as stochastic processes, we
will begin with a brief review of the necessary preliminaries. This discussion necessarily
only introduces the key concepts and does not explore the full richness of measure-
theory-based probability and stochastic processes. The interested reader can find out
more in references such as [504, 609].

A random variable T is exponentially distributed with parameter « if, for any ¢ > 0,
the probability Pr(7 < ¢) is given by

Pr(T <t)=1—¢e™. (6.1)

Also, T has expected value Ex[T] = 1/« (i.e., the mean (T) is 1/«) and variance
Var [T] = 1/a?. This simple relationship between the mean (T') and « is useful when
calibrating with limited data. Exponential random variables are memoryless: for any
t, At >, the probability that 7 > ¢ + At given that T > ¢ is

Pr(T > t+ At|T > t) =Pr(T > At), (6.2)

i.e., if the event 7 has not occurred by time ¢ then the probability that the event occurs
within an additional At units of time is unaffected by the earlier times, and so we can
“reset the clock” at time ¢. This is useful for modeling cell decision processes that depend
upon the current subcellular and microenvironmental state and not on states at previous
times. Even if the current cell decisions do depend upon past states, that information
can be built into the time evolution of the internal cell state.
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A stochastic process N; is a series of random variables indexed by the “time” ¢. In
particular, N, is a counting process if:

1. Ny > 0. (The initial number of events Nj is at least zero.)

2. N; € Z for all t > 0. (The current number of events N; is an integer.)

3. If s < ¢ then N; — Ny > 0. (N, is the cumulative number of events, and the number
of events occuring within the interval (s, ¢] is N; — Ny.)

A Poisson process X, is a particular type of counting process satisfying:

1. Xo = 0. (The initial count is 0.)

2. If [s,s + As] and [z, t + At] are nonoverlapping X ias — Xy and Xy, — X, are
independent random variables. (What happens in the interval [¢, ¢ + A¢] is indepen-
dent of what happened in [s, s + As].)

3. For any 0 < s < t, the distribution of X, — X, depends only upon the length of the
interval [s, ¢] (the process has stationary increments) and, in particular, for n € N,

e U (t — )

Pr(Xt—qun)z T
n:

(6.3)

Poisson processes have a useful property upon which we rely in the model. If 4, =
inf {¢t : P, = n} is the arrival time of the nth event (i.e., the first time at which X; = n),
and 7,41 = A, — A, is the interarrival time between the nth and (n 4 1)th events for
n € N then T, is an exponentially distributed random variable with parameter «, and

Pr(Xipar—X; > 1) =Pr(4, € (t,t + At]|4, > 1)
=Pr(T, < At)=1—e™ 4, (6.4)

Thus, for a sequence of events governed by a Poisson process, the times between
consecutive events are simple exponentially distributed random variables. In the context
of stochastic cell models, if X, is a Poisson process that gives the cumulative number
of phenotypic state changes experienced by the cell by time ¢, the time until the next
phenotypic state change is exponentially distributed.

Lastly, we note that if @ = «() varies in time then X; is a nonhomogeneous Poisson
process, with interarrival times given by

{exp [— ftHAt als) ds} } (fttJrAt a(s) ds)n

n!

)

Pr(Xijar— X =n) =
Pr(T, < At) = Pr(Xsar — X 2 1)

t+At
=1—exp [—/ a(s) ds}

~ 1 —exp[—a(t)Af], At | 0.

In our work the Poisson processes are nonhomogeneous owing to their dependencies
upon microenvironmental and intracellular variables that vary in time. However, on
small time intervals [¢, t + At] these can be approximated by homogeneous processes
as above [433, 434].
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A family of potential functions

As in [102, 183—185, 187], we shall use potential functions to model biomechanical
interactions between cells and the microenvironment. We now introduce the family of
interaction potential functions ¢(x; R, n) used in the agent model. Parameterized by R
and n, they satisfy

2
R | x| if x| < R
- - — if |x] < R,

o(x; R, n) = n+2 R (6.5)
0 otherwise,

o'(x: R, n) = (1 ) ifx <R (6.6)
0 otherwise,
|- 'X' if x| < R

Vo(x; R, n) = | (6.7)
otherwise.

where R is the maximum interaction distance of ¢ and n is the exponent or power of the
potential. We use this form of potential function because:

1. The potential and its derivatives have compact support: they are zero outside a closed
bounded set (in this case, the closed ball B(0, R)). This models finite cell-cell and
cell-BM interaction distances.

2. For any R and n, and for any 0 < |x| < R, we have

0=¢'(R;R,n) < ¢'(IX|;R,n) < ¢ (0;R,n) = 1. (6.8)

The baseline case, n = 0, is a linear ramping and for higher » the function tapers off
to zero gradient smoothly.

A good discussion of the use of potential functions to mediate cell—cell adhesion and
interaction for individual-based models can be found in [102].

Cell states

We model the cells’ biological function by endowing each agent with a state S(#) in the
state space {Q, P, A, H, N, C, M}. Quiescent cells (Q) are in a “resting state” (GO,
in terms of the cell cycle); this is the “default” cell state in the agent framework. We
model the transitions between cell states as stochastic events governed by exponentially
distributed random variables. (The transition events are interarrival times modeling the
time elapsed between proliferation and apoptosis events. See [434] for a discussion of
the mathematical theory of this modeling construct.) Quiescent cells can become prolif-
erative (P), apoptotic (A), or motile (M). Cells in any state can become hypoxic (H);
hypoxic cells can recover to their previous state or become necrotic ('), and necrotic
cells are degraded and replaced by calcified debris (C). See Figure 6.1. The subcellular
scale is built into this framework by making the random exponential variables depend
upon the microenvironment and the cell’s internal properties. Cell cycle models which
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removed from
simulation

Figure 6.1 Flow between the cell states in the agent-based model. Reprinted with permission from
[434]. The arrows are labeled by oxygen levels o and the parameters «, B discussed in Section
6.2.1-6.2.3.

can regulate the P — Q transition [2, 718], and protein signaling networks to regulate
the Q@ — P, Q — A, and Q@ — M transitions, have been developed. These can be
integrated directly into the agent framework presented here by modifying the stochastic
parameters; see Section 6.3 below. Further discussions of agent-based modeling with
subcellular signaling components are to be found in Section 6.1.4 and in the excellent
publications [44, 131, 132, 169, 175, 345, 376, 402, 678, 688, 689, 694, 716, 718, 720].

Proliferation (P)

Quiescent cells Q enter the proliferative state 7 with a probability that depends upon the
microenvironment. We model the probability that a quiescent cell enters the proliferative
state in the time interval (¢, # + At] as an exponential interarrival time with parameter
ap(S, e, 0); e represents the cell’s internal (genetic and proteomic) state and o denotes
the local microenvironmental conditions. Hence,’

Pr(S(t+ At =P|S(t) = Q) =1 — e ~ apAt. (6.9)

Assuming a correlation between the microenvironmental oxygen level o (nondimen-
sionalized by o, the far-field oxygen level in non-diseased, “well-oxygenated,” tissue)
and proliferation (See Section 10.4.2), we expect ap to increase with o.* We model

3 The interarrival time normally gives the probability that there is at least one (rather than precisely one)
proliferation event during (¢, t + At]. Our ap in Eq. (6.10) precludes this because ap | 0 until proliferation
is complete.

4 In Chapters 6 and 10, o and g denote the oxygen and glucose levels, which are generalized by the substrate
variable #n in the remainder of the book. In Chapters 6 and 10, n denotes an integer.
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this by

o —ou . 3
oy 150O=9 (6.10)

otherwise,

op = Olp(S([), o,e, O) = ap(., O)

where oy is the threshold oxygen value at which cells become hypoxic and ap(e, o)
is the cell’s Q@ — P transition rate when o = 1 (i.e., in “well-oxygenated” tissue); this
transition rate depends upon the cell’s genetic profile and protein signaling state (e) and
on the local microenvironment (o). For simplicity, we will model op as constant for, and
specific to, each cell type. In Section 6.1.4, we will discuss how to incorporate e (i.c.,
a cell’s internal protein expression) and o (as sampled by a cell’s surface receptors) into
ap through a molecular signaling model. We note that models have been developed that
reduce the proliferation rate in response to mechanical stresses (e.g., see the excellent
description in [610]); in the context of the model above a cell samples these stresses
from continuum-scale field variables or tensors (i.e., o) in order to reduce ap.

Once a cell has entered the proliferative state P it remains in that state for a time 5 ',
which generally depends upon the microenvironment and the cell’s internal state, but
which we currently model as fixed at the same value for both tumor and epithelial cells.
This models our assumption that both tumor and noncancerous cells use the same basic
cellular machinery to proliferate, but with differing frequency owing to altered oncogene
expression in the cancerous cells [300]. Once a cell exits the proliferative state we replace
it with two identical daughter cells. Both inherit the parent cell’s phenotypic properties,
are randomly positioned adjacently to one another while conserving the parent cell’s
center of mass, and placed in the “default” quiescent state.

Apoptosis (A)

Apoptotic cells are undergoing “programmed” cell death in response to internal protein
signaling. As with proliferation, we model entry into .4 as an exponential interarrival time
with parameter a4 (S, o, 0). We assume no correlation between apoptosis and oxygen
level [194]. Hence aa(S, o) is fixed for each cell population:

Pr(S(r+ A1) = A|S(t) = Q) =1 —e™™*, (6.11)
where

(e, 0) if S(r) = @,

0 otherwise.

[*7N =O[A(S(l‘), ., O) = { (6.12)
Here o does not include the oxygen level o but may include other microenvironmental
stimuli such as chemotherapy or continuum-scale mechanical stresses that increase «a,
as in [610]. Cells remain in the apoptotic state for a fixed amount of time, B '. Cells
leaving the apoptotic state are deleted from the simulation, to model the phagocytosis of
apoptotic bodies by the surrounding epithelial cells. The previously occupied volume is
made available to the surrounding cells to model the release of the cells’ water content
after lysis.
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Hypoxia (H)
Cells enter the hypoxic state if ¢ < oy. Hypoxic cells have an exposure-dependent
probability of becoming necrotic:

Pr(S(t + At) = N[S(t) =H) =1 —e a, (6.13)

where at present we model By as constant. If o > oy (i.e., normoxia is restored) at
time ¢ + At and the cell has not become necrotic, it returns to its former state (Q, P,
A, or M) and resumes its activity. For example, if the cell transitioned from P to H
after spending a time 7 in the cycle and normoxic conditions are restored before the cell
transitions to AV then it returns to P after a time 7 has elapsed in its cell-cycle progression.
Because Pr(S(t + At) = N|S(t) = H) =~ BuAt, the probability that a cell succumbs
to hypoxia is approximately proportional to £ (¢ : S(¢) = H), its cumulative exposure
time to hypoxia. This construct could model the cell’s response to other stressors (e.g.,
chemotherapy), in the same way as “area under the curve” models (e.g., [196, 197]).

Necrosis (\)

In our model, a hypoxic cell has a probability of irreversibly entering the necrotic state;
this simulates the depletion of its ATP store. We can simplify the model and neglect the
hypoxic state by letting Sy — oo.

We assume that cells remain in the necrotic state for a fixed amount of time By ', during
which time their surface receptors and subcellular structures degrade, they lose their
liquid volume, and their solid component is calcified (replaced by calcium deposits). We
define By, to be the length of time for the cell to swell, lyse, and lose its water content, Sxq
the time for all surface adhesion receptors to degrade and become functionally inactive,
and B ! the time for the cell to fully calcify. Generally, :31\_1L] < Bre < Bc =Bl
In [433] we found that a simplified model with By’ = Bxs = By = Bc ! could not
reproduce certain aspects of the breast cancer microarchitecture.

If 7 is the time spent in the necrotic state, we model the degradation of the surface
receptor species S (scaled by the non-necrotic expression level) by exponential decay
with rate constant Bys log 100; the constant is chosen so that S(8y¢) = 0.015(0) = 0.01,
i.e., virtually all the surface receptor is degraded by time T = fxq.

For a preliminary model of the necrotic cell’s volume change, we neglect its early
swelling and instead model its volume change after lysis:

14 if0 <t < Byls
= 6.14
Ve { Vs if,BI\_HI < T, ( )

where Vs is the cell’s solid volume.
Lastly, we assume a constant rate of cell calcification, such that the necrotic cell is
100% calcified by time Bc'. If C is the nondimensional degree of calcification then

C(t) = Ber.

Calcified debris (C)
Cells leaving the necrotic state A/ irreversibly enter the calcified debris state C. Lacking
functional adhesion receptors, these cells adhere only to other calcified debris. This is a
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Figure 6.2 Basic schematic of the agent-based model. The key forces acting on cell 5 are labeled.
Reprinted with permission from [434].

simplified model of the crystalline bonding between calcium phosphate and/or calcium
oxalate molecules in the microcalcification.

Motility (M)

The transition of cells to the motile state (via o) is a complex “decision” that depends
upon the cell’s microenvironment, as communicated to the cell by its surface receptors
and its internal signaling network. Once the cell enters M, its speed (and hence By) and
direction of motion depend upon its interaction with the microenvironment. Depending
upon the sophistication of the model, the duration of motility can be fixed, by taking Bu
to be constant, or determined by the motility model; for example, we can set By = 0
until the cell reaches its destination, at which time we “force” an immediate M — Q
transition. We discuss this further in Section 6.2.4.

Forces acting on the cells

Each cell is subject to competing forces that determine its motion within the microen-
vironment. Cells adhere to other cells (via the cell-cell adhesion force F,), to the
extracellular matrix (via the cell-ECM adhesion force F.,,), and to the basement mem-
brane (via the cell-BM adhesion force F.p,); calcified debris adheres to other calci-
fied debris (via the debris—debris adhesion force Fg4q4,); cells and calcified debris resist
compression by other cells and debris (via the cell—cell repulsion force F); and the
basement membrane resists its penetration and deformation by cells and debris (via the
cell-BM repulsion force F,). Motile cells experience a net locomotive force Fjo. along
the direction of intended travel. See Figure 6.2, where we show the forces acting on
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cell 5. In addition, moving cells and debris experience a drag force Fg,g from the lumi-
nal and interstitial fluids, which we model by Fgr.,, = —vv;. We relate the balance of
forces on the cell to its motion by Newton’s second law:

miv; = Z (Feta + Flii + Fiya)
J
+ Ff:ma + Féba + Ff:br + Fioc + Ffirag' (615)

Here, the sum is over all cells j in the computational domain.

Cell—cell adhesion (F,)
Cell—cell adhesion can be both homophilic [521] and heterophilic [630, 654, 427].

Homophilic adhesion

Adhesion molecules with receptor expression £ on the cell surface bond with the same
type of molecule on neighboring cells. Hence the strength of the adhesive force between
the cells is proportional to the product of their respective expressions £. Furthermore,
the strength of adhesion increases as the cells are drawn more closely together, bringing
more surface area and hence more adhesion molecules into direct contact. We model
this adhesive force between cells i and j by

F/, = O‘ccagigjv(p(xj — X5 Ri, + Réca’ Neca), (6.16)

cca cca

where & and R., are cell i’s (nondimensionalized) adhesion receptor expression and
maximum cell—cell adhesion interaction distance, respectively, r; is the cell’s radius,
and n, is the cell—cell adhesion power for our potential function family; see Section
6.2.2. We typically set R!, > r; to approximate the cell’s ability to deform before
all adhesive bonds are broken, with the bond strength decreasing as the cells are

separated.

Heterophilic adhesion
Adhesion molecules 4 with receptor expression Z4 on the cell surface bond with
different molecules B having receptor expression Zz on neighboring cells. Hence the
strength of the adhesive force between the cells is proportional to the product Z,Zpz of
their receptor expressions. Furthermore, as before the strength of adhesion increases as
the cells are drawn more closely together, bringing more surface area and hence more
receptors into direct contact. We model this adhesive force between cells i and j by
Fl. = aca@aiZpj +L5.iZa;) VO(X; — Xi3 Ry + Rleys eca): (6.17)
where 74 ; and Zp; are cell i’s (nondimensionalized) Z4 and Zp receptor expressions,
R is the cell’s maximum cell—cell adhesion interaction distance, and 7, is the cell—

cca
cell adhesion power as before. As with homophilic cell-cell adhesion, we typically set
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R! . > r; to approximate the ability of cells to deform before all adhesive bonds are
broken, with the bond strength decreasing as the cells are separated.

Cell-ECM adhesion (Fpa)

Integrins with receptor expression Zx on the cell surface form heterophilic bonds with
suitable ligands £ in the ECM. We assume that the ligands £ are distributed propor-
tionally to the (nondimensional) ECM density E. If we also assume that 7 is distributed
uniformly across the cell surface and that £ varies slowly relative to the spatial size of
a single cell, then cells at rest encounter a uniform pull from cell-ECM adhesive forces
Fema in all directions, resulting in a zero net cell-ECM adhesive force. For cells in
motion, the forces F.y, resist that motion; they act as a drag force due to the energy
required to overcome integrin—ligand bonds:

cha = _acmaIE,iEVi» (618)

where Zp; is the integrin receptor expression of cell i. If £ or Lg varies with a
higher spatial frequency, or if Z is not uniformly distributed, then the finite half-life of
integrin—ligand bonds will lead to net haptotactic-type migration up gradients of £ [583].
We currently describe this effect only by including it in the cell’s (active) locomotive
force Fiyc.

Cell-BM adhesion (F,)

Integrin molecules on the cell surface form heterophilic bonds with specific ligands
Lp (generally laminin and fibronectin [90]) on the basement membrane (with den-
sity 0 < B < 1). We assume that the ligands Lz are distributed proportionally to the
(nondimensional) BM density B. Hence, the strength of the cell-BM adhesive force is
proportional to the cell’s integrin surface receptor expression and B. Furthermore, the
strength of the adhesion increases as the cell approaches the BM, bringing more cell
adhesion receptors in contact with corresponding ligands on the BM. We model this
adhesive force on cell i by

Flyy = 0eaZpi BV (d(X;); Ripy eba). (6.19)

where d is the distance from cell i to the basement membrane, Zg ; and R.;, are cell
i’s (nondimensionalized) integrin receptor expression and maximum cell-BM adhesion
interaction distance, respectively, and n, is the cell-BM adhesion power. (see Section
6.2.2). As with cell-cell adhesion, we typically set R., > r; to approximate the cell’s

cba
limited capacity to deform before breaking all its adhesive bonds.

Calcified-debris—calcified-debris adhesion (Fqq,)

We model adhesion between calcified debris particles similarly to homophilic cell-
cell adhesion; hence calcite crystals in the interacting calcified debris particles remain
strongly bonded as part of the microcalcification. We model this adhesive force between
the calcified debris particles i and j by

F, = 2a.CiC; Vo (X; — Xi3 Rig, + Rl Ndda) (6.20)
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where C; and R, are celli’s (nondimensionalized) degree of calcification and maximum
debris—debris adhesion interaction distance and n44, is the debris—debris adhesion power.
The coefficient agq, can be interpreted as the adhesive force between two fully calcified
debris particles.

Cell—cell repulsion (including calcified debris) (F¢cr)
Cells resist compression by other cells, owing to the structure of their cytoskeletons, the
incompressibility of their cytoplasm (fluid), and the surface tension of their membranes.
We introduce a cell—cell repulsive force that is zero when cells are just touching and then
increases rapidly as the cells are pressed together. We approximate any pressure-induced
cell deformation by allowing some overlap between cells. We model F, by

F/ = - VOX; — Xi575 + 1), Heer), (6.21)

cer

where n is the cell—cell repulsion power (Section 6.2.2) and a. is the maximum
repulsive force, when the cells are completely overlapping.

Cell-BM repulsion (including calcified debris) (Fcpy)

We model the basement membrane as rigid and nondeformable by virtue of its relative
stiffness and strength. Hence, it resists deformation and penetration by cells and debris
particles. We model the corresponding force by

Fibr = _acerV¢ (d(xl)a ri, ncbr) ) (622)

where n¢, is the cell-BM repulsion power, d is the distance from the cell to the BM, and
acpr 18 the maximum repulsive force when the cell’s center is embedded in the basement
membrane. Cells can secrete matrix metalloproteinases (MMPs) that degrade the BM
(Section 2.2.3) and hence reduce F,; we model this effect by making the cell-BM
repulsive force proportional to the remaining BM density B. This is discussed further
in Section 6.4.

Motile locomotive force (Fj.)
If an agent cell is not motile (S # M) then Fj,. = 0. Otherwise, we can model the
locomotive force with various levels of detail, as follows.

Imposed chemotaxis and haptotaxis
For a simple motility model, we choose a deterministic direction of motion based upon
biological hypotheses such as chemotaxis in response to growth factors f and haptotaxis
along gradients in the ECM density E:

Fioc = 1V [ + a;VE. (6.23)

The coefficients «; and «; can be either fixed or made variable to model energetic factors
such as the oxygen availability, the level of receptor activation, and the expression of
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Figure 6.3 To simulate motion along a basement membrane, we (a) choose a random unit vector
w, (b) test for intersection with the BM along that direction and, if there is an intersection point,
apply Fy,. towards it until (c) the cell membrane reaches the BM. Reprinted with permission
from [434].

adhesive ligands necessary for traction. For instance, one could set

o) = &1(0’ g)fﬁIElEv (624)

where g is the cell’s internal glucose level, @) (o, g) models the rate of locomotion as
a function of oxygen and glucose, f; is the cell’s surface expression of receptors to the
growth factor f. Note that ff; denotes the overall activation of f;. Similarly, Zp ; E,
where T ; is the cell receptor expression, gives the overall level of binding of the cell
adhesion receptors to their ligands in the ECM. We apply Fy, for a fixed amount of time
,31\7[1; afterwards, we set S = Q and Fi,c = 0. One could use similar functional forms
for a.

Biased random motion

Increasing the complexity somewhat, we choose a random direction of motion when the
cell enters the motile state and fix it for the duration of motility, with the distribution of
directions dependent upon the gradients of microenvironmental factors such as oxygen
level o, growth factors f, and ECM density E. One such method is to write, for the
vector of travel w,

w=rVo+rnVf+rVE, -1 <r,rm,r <1, (6.25)
Floe = 2, (6.26)
Wl

where the distributions of the random variables r|, r,, and 73 are chosen according to
the desired weighting of oxygen taxis, chemotaxis, and haptotaxis. Random weightings
can be used to model more complex signaling dynamics, where the cell must “choose”
among competing signals but the internal decision process is unknown. We apply the
vector of travel for a pseudotime 0 < 7 < ,31\711, after which S = Q and Fi,c = 0.

Motion along the BM

We can model motility along the basement membrane due to the extension and con-
traction of lamellipodia as follows. At any time ¢ when the cell state changes to M
we choose a random direction w (with |w| = 1; see Figure 6.3(a)), and test the line
segment between X 4 rw (on the cell membrane) and X + (7 4 £podium)W (the maximum



108

Discrete cell modeling

extension of a lamellipodium) for intersection with the BM. The intersection point is
labeled xjo in Figure 6.3(b)). If there is no intersection we set S = Q. We assume that
the cell adheres to the BM by means of a lamellipodium at x,. and pulls towards this
location until either (i) the cell’s boundary reaches xj,. (Figure 6.3(c)) or (ii) the cell
“gives up its effort” at a maximum time :31\71,1max~ Until then, we model the lecomotive
force as

Xloc — X

Fioc = atioc (6.27)

|Xloc - Xl 7
where oo, gives the cell’s speed of lamellipodium contraction. To avoid “double-

counting” cell-BM adhesion, we set F.,, = 0 during motility. Once motility is complete
we set Fi,c = 0and S = Q.

Mechanistic motility

In a more rigorous motility model, we recognize locomotion as the combined effect of
directed actin polymerization (which drives the protrusion of the cell membrane) and
differential cell-ECM adhesion [403]. Suppose that a(0, ¢, g, o, f, f;), where 0 < a <
1, gives the distribution of actin polymerization activity across the cell’s surface, and f
and f; also vary with position (6, ¢) on the cell surface. Let Z(0, ¢) and E(6, ¢) denote
the distributions of surface-adhesion receptor and nearby ligands, respectively, where
these also vary between 0 and 1. Then the distribution of successful adhesions of cell
membrane protrusions to the ECM can be modeled by

M@®,9)=a0,9,g, 0, f, )L(O, p)E®, ¢). (6.28)
We set
Fioc = a1ocVM/|VM]|. (6.29)

If VM = 0 then we choose Fj,. randomly. We then apply this force until the maximum
motility duration fy,' is reached.

This approach could replace the explicit treatment of cell—cell, cell-BM, and cell-
ECM adhesion. We are investigating it in a modified agent model that explicitly dis-
cretizes cell membrane extension and retraction [583].

This general form should capture oxygen and glucose taxis, chemotaxis, and hap-
totaxis as emergent properties, as well as the effects of ECM anisotropy: if the rate
of actin polymerization is assumed to correlate with local ATP availability (which is
proportional to the glucose and oxygen levels) then Va should correlate with Vg and
Vo, thereby recovering nutrient taxis. If actin polymerization is assumed to occur as the
result of an internal signaling response to a chemoattractant f and if the receptor f, is
roughly uniformly distributed then Va should correlate with V £, giving chemotaxis as
an emergent behavior. If @ is uniform but the ECM has a local gradient, then Fy,. || VE,
thus recovering haptotaxis. By incorporating a signaling model into a that connects
with actin polymerization activity (e.g., as in [215, 367, 454, 473, 590, 704]), we can
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make the model more mechanistic and less phenomenological, thereby improving its
predictivity. This is a key strength of multiscale modeling.

“Inertialess” assumption

We assume that the forces equilibrate quickly, and so |m;V;| = 0. Hence, we make
the approximation »  F = 0 and solve for the cell velocity from Eq. (6.15); given that
Fdrag = —VV;:

v+ acmaIE,iE

1 ij ij ij i i i
Vi=To ¢ (Z (chca + Fcjcr + Fdjda) + Fcba + Fcbr + Floc) ’ (630)

where v is the drag coefficient. This has a convenient interpretation: each term

1

—F
v+ O5cmaIE,iE -

is the “terminal” (equilibrium) velocity of the cell when fluid drag, cell-ECM adhesion,
and Fg are the only forces acting upon it. (Here, “[J” represents any individual force in
(6.30) after the summations have been carried out, e.g., cba, cca, etc., and the summation
is over all cells j in the computational domain.) This should be useful when calibrating
cell motility in future work, as motility is generally measured as a cell velocity (e.g.,
[302]).

Subcellular modeling

We can incorporate a molecular-scale signaling model to improve the cell agent’s “deci-
sion process.” For example, in the context of the EGFR pathway, Deisboeck et al.
modeled the PLCy and ERK proteins to drive cell decisions on quiescence, pro-
liferation, and motility using thresholding on the time derivatives of these proteins
[43, 44, 131, 168, 678, 718, 720].

Taking an analogous approach, we may derive a generalized signaling model by
introducing a set of proteins P = [Pl, P, .. } ! governed by a nonlinear system of
ODEs. Because a cell’s protein state depends upon its sampling of the microenvironment,
we define a “stimulus” vector S = [Sl, S, .. .], where the S; may be oxygen, receptor
ligands, and so forth. Furthermore, the signaling network topology depends upon the
cell’s genetic makeup, which we generically refer to as G. Hence:

P=f(G,P,S). (6.31)

The phenotypic transition probabilities then depend upon P and P.

We will illustrate this idea with a rudimentary E-cadherin/fB-catenin signaling model.
Let P, be the cell’s unligated E-cadherin, P, the ligated E-cadherin (bound to E-cadherin,
S1, on neighboring cells, considered as an external stimulus), P; be the free cytoplasmic
B-catenin, and P4 be the ligated E-cadherin/B-catenin complexes. Then a basic system
of nonlinear ODEs that includes protein synthesis, binding, dissociation, and proteolysis
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is given by [434]

synthesis homophilic binding  dissociation ~ proteolysis

5 ~=~ — N =
P1 = C1 — CzS] P] + C3P2 — C4P1 . (632)
proteolysis  B-catenin binding  B-catenin dissociation
P, =¢8P —csP,— 5P, — dyP,Ps + dz Py s (6.33)
synthesis proteolysis
. =~ A~
Pa= d —dyPoPs+d3Py— diP5 (6.34)
proteolysis
. ~ =
Py =doPsPy — dsPy — dsPy . (6.35)

The first two equations describe E-cadherin receptor trafficking, and the second two give
the interaction of cytoplasmic f-catenin with ligated E-cadherin. We assume that the
transcription of downstream targets of §-catenin is proportional to P; (see Section 2.1.5)
and incorporate this molecular signaling into the phenotypic transformations by writing
the Q@ — P transition parameter ap (see Eq. (6.10)) in terms of a modified parameter
op .

O — OH
l—O'H

ap = ap fp(P3) (6.36)
Here, fp satisfies fj > 0 (transcription increases with P3), fp(1) = 1 (B-catenin is not a
limiting factor if there is no E-cadherin binding), and fp(0) = 0 (there is no downstream
transcription if all the S-catenin is bound).

Dynamic coupling with the microenvironment

As discussed in Section 6.2.3, a cell agent’s behavior is inexorably linked with the
microenvironment. We now integrate the agent model with the microenvironment as
part of a discrete—continuum composite model. We do this by introducing field vari-
ables for the key microenvironmental components (e.g., oxygen, signaling molecules,
extracellular matrix, etc.), which are updated according to continuum equations. The
distribution of these variables affects the cell agents’ evolution as already described;
simultaneously, the agents impact the evolution of the continuum variables. We give
several key examples to illustrate this concept.

Oxygen
All cell agents uptake oxygen needed for metabolism. At the macroscopic scale, this is
modeled by

foled

= =V (DVo) —io. (6.37)
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where o is the oxygen level, D is the oxygen diffusion constant, and A is the
(spatiotemporally variable) uptake rate by the cells.” Suppose that tumor cells uptake
oxygen at a rate A; and host cells at a rate A;, and that elsewhere the oxygen level “decays”
(by interacting chemically with the molecular landscape) at a low background rate Ay.
Suppose that, in a small neighborhood B (a ball B.(x) of radius € centered at x), the
tumor cells, host cells, and stroma (non-cells) respectively occupy fractions f;, fh, and
Jfv of B, where f; + fu + fo = 1. Then the uptake rate A(x) is given by

AX) & fike + fodn + foho, (6.38)

i.e., by averaging the component uptake rates with weighting according to the combina-
tion of cell types and stroma present near x. Note that we could further decompose f; and
/h according to cell phenotype, if the component uptake rates are expected to vary. In a
numerical implementation, A is calculated first on a high-resolution mesh (e.g., 1 mesh
point is 1 cubic micron in three dimensions) and subsequently averaged to obtain A at the
continuum scale (e.g., 1000-cubic-micron mesh points) [434]. In this formulation the
cell uptake rate varies with the tumor microstructure, which, in turn, evolves according
to the nutrient and oxygen availability.

Extracellular matrix

Cell agents adhere to the extracellular matrix and require the ECM for certain types
of cell locomotion (Section 6.2.4). Cells can also affect the ECM by secreting matrix
metalloproteinases, which degrade the ECM, and possibly by depositing new ECM
(Section 2.2.3). If E is the concentration of the ECM and M is the concentration of
MMPs secreted by the cells then we model this at the continuum scale as in our prior
work in [439]:

oE

E
g producuon (X) )“degradationE M, (639)
oM
ot = V- (DuVM) + )‘productlon (x) — decay (6.40)
where )medumon is a production rate (0 = £, M), Agegradation is the rate of ECM degra-

dation by MMPs, Adecay is the MMP decay rate, and Dy is the MMP diffusion constant
(which is generally low).

The production rates Aproducnm are upscaled from the cell scale in the same way as
the oxygen uptake rate and are generally functions of £ and M. The authors in [439]
used production rates of the form )‘productlon (1 -0), 0= E, M, for constant values
of A within the tumor viable rim. This was an approximation of subcellular signaling
under the assumption that ECM and MDE production decrease as £ and M approach
an equilibrium value, here scaled to 1. In a multiscale composite modeling context,

5 In Chapters 6 and 10, o and g denote the oxygen and glucose levels, which are generalized by the substrate
level n in the remainder of the book; in these chapters, n denotes an integer.
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however, these assumptions are not required as the phenomena can emerge directly from
the subcellular signaling models.

Basement membrane

In Section 6.2.4, we discussed how the basement membrane impacts the cell agents
through a balance of adhesive and repulsive forces. The cells can also impact the BM by
deforming and degrading it (Section 2.2.3). We model the BM as a sharp, heterogeneous,
deformable interface. The cell agents require information on (i) their distance from the
basement membrane, and (ii) the properties of the BM at that location. We satisfy
these requirements using an augmented level set approach. For simplicity, we describe
this method for simulations in two dimensions; the three-dimensional approach is
analogous.

Let {xBM(s) 0<s < 1} parameterize the basement membrane, let n(s) be the nor-
mal to the BM at x®™(s) for all s (n(s) is taken to face towards the epithelial side of
the BM), and let b(s) = (bl(s), b(s), ) be a set of properties along the basement
membrane at position x(s). In our work, b' is the BM density and b? is the integrin
concentration. For any point x in the computational domain, define

s(x) = s that minimizes {’x — XBM(S)’ :0<s < 1} , (6.41)

that is, x®M (s (x)) is the closest point on the BM to x. Note that the minimum value in
Eq. (6.41) is equal to |d (x)|. For notational simplicity, let s; = s (x;), x2M = xBM(s;),
and n; = n(s;) for any cell i.

Here, d(x) is the signed distance function (first mentioned in Section 6.2.4), satisfying:

d = 0 on the basement membrane;

d > 0 on the epithelial side of the BM;

d < 0 on the stromal side of the BM;
|IVd| =1 (since d is a distance function).

We now modify the cell-BM adhesive and repulsive forces to account for the het-
erogeneity introduced by b(s). The modified cell-BM adhesive force acting on cell i
is

Féba = aCbaIB,ibz(si)V(p (d (Xi) 5 Rébav ncba) (642)
and the modified cell-BM repulsive force on cell i is
Flp = b (5)Ve (d (1) 177 M) (6.43)

note that we have assumed that the BM stiffness is proportional to its density.
The MMPs secreted by the cells (with concentration M(x); see the previous section)
degrade the BM. We model this by writing

db'(s) E
dt = ~degradation

b'(s)M (x*™(s)) foreach0 <s < 1. (6.44)
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Cells in contact with the BM impart forces that deform it. In the simplest deformation
model, the membrane acts like a semi-plastic material whose deformations remain even
if the cell-imparted stresses are removed. Any cell contacting the BM with velocity
directed towards it contributes locally to the membrane’s normal velocity vB™(s). This
membrane velocity varies according to the heterogeneous membrane stiffness. We model
this by first defining the BM normal velocity wherever the cells are touching it:

—max (—v; - n;, 0)

BM,. \ _
V=T

for any i such that d(x;) < r;. (6.45)

Then we smoothly interpolate this function to obtain vBM for other values of s. The
boundary position is updated using this extended normal velocity (e.g., by extending
vBM away from the basement membrane and using level set techniques, as in [229, 435—
439)).

More sophisticated models can also be applied to BM deformation. We could discretize
xBM and b, connect the discrete membrane points with springs, and balance the forces
at each membrane mesh point to model an elastic boundary; then, gradually reducing
the strain in each virtual spring could model relaxation in a viscoelastic material.

In a still more sophisticated model, we could upscale the cells’ velocities v; to obtain
the mean mechanical pressure in a coarsened spatial grid using Darcy’s law (v) =
uVp, as in Chapter 3. In combination with proper material properties and boundary
conditions, we could then solve for the BM velocity. Ribba and co-workers used similar
approaches for continuum descriptions of membrane deformations under viscoelastic
stresses [567]. Such an approach would be very well suited to hybrid models, where
both discrete and continuum representations of the cell velocities are already present.
In fact membrane deformations are better suited to continuum descriptions, which have
been highly developed in solid material mechanics, while membrane heterogeneity is
best characterized by localized alterations by the discrete cells; this is a good example
of where a hybrid model would be stronger than either a discrete or continuum approach
alone. Chapter 7 will explore hybrid models in greater detail.

A brief analysis of the volume-averaged model behavior

Let us fix a volume 2 contained within the viable rim (i.e., including any cell i in
Q that satisfies S; ¢ {H, N, C}). We analyze the population dynamics in a simplified
Q-A—P cell-state network (assuming no motility); this analysis is the basis of the model
calibration in Section 10.3. Let P(¢), A(¢), and Q(¢) denote respectively the number of
proliferating, apoptosing, and quiescent cells in 2 at time . Let N(t) = P + A + Q be
the total number of cells in 2. If (ap)(t) = |Q2|~" fQ op dV is the mean value of ap at
time ¢ throughout €2, then the net number of cells entering state P in the time interval
[¢,t 4+ At) is approximately

P(t 4+ At) = P(t) + Pr(S(t + At) = P|S(t) = Q) O(r) — Bp P(t)At
~ P(t)+ (1 —e %) O(t) — Bp P(1)At, (6.46)
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whose limit as A¢ | 0 becomes, after some rearrangement,

P = (ap)Q — BpP. (6.47)
Similarly
A =ax0 — Bad, (6.48)
0 =2BpP — ((ap) + a) O. (6.49)
Summing these, we obtain
N = BpP — BaA. (6.50)

Next, define P = P/N and Al = A/N to be the proliferative and apoptotic indices,
respectively. We can express the equations above in terms of Al and PI by dividing by N
and using Eq. (6.50) to treat (d /dt)(P/N) and (d /dt)(A/N) correctly. After simplifying,
we obtain a nonlinear system of two ODEs for PI and Al:

PI = (ap) (1 — Al — PI) — Bp(PI + PI?) + BAAI - PI (6.51)
Al = as (1 — AT — PI) — BA(AI — AI%) — BpAl - PIL. (6.52)

It is much easier to compare these equations, rather than (6.48), (6.49), with immuno-
histochemical measurements, which are generally given in terms of Al and PI.

Lastly, let us nondimensionalize the equations by letting ¢ = 7 7, where 7 is dimen-
sionless. Then if f’ = (d/df) f we have

1
=PI’ = {ap)(1 = AL = PI) — Bp(PI + PI®) + BAAI - PI (6.53)
1

ZAl = ap(1 = AT =PI — Ba(Al - AI?) — BpAl - PIL. (6.54)

The cell cycle length 8, ! is on the order of 1 day (e.g., as in [512]), and in Sec-
tion 10.4.1 we will determine that S, is of similar magnitude. Thus, if we choose
7 ~ O(10 days) or greater then we can assume that (1/7)PI' = (1/7)Al' ~ 0 and con-
clude that the local cell-state dynamics reach a steady state after after 10—100 days. This
is significant, because it allows us to calibrate the population dynamic parameters (o4,
ap, Ba, and Bp) without the inherent difficulty of estimating temporal derivatives from
often noisy in vitro and immunohistochemistry data.

Numerical examples from breast cancer

We now present numerical examples of the agent model as applied to ductal carcinoma
in situ, a type of breast cancer where the cells are confined to growth and motion in
a breast duct. We focus on the simulation results and defer a biological discussion of
breast cancer and model calibration to Chapter 10.

For simulation in two dimensions, consider cells growing in a fluid-filled domain
Q (representing a rigid-walled duct) of length £ (1 mm in our simulations) and width
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2R (340 um in our simulations). We “cap” the left edge of the simulated duct with a
semicircle of radius R. Cells are removed from the simulation if they cross the right-hand
edge of the computational boundary. We represent the duct wall with a signed distance
function d satisfying d > 0 inside the duct.

Cell states (see Figure 6.1) include the proliferative (P), quiescent (Q), apoptotic
(A), hypoxic (H), necrotic (N), calcified debris (C), and motile (M) states. We use
the simplified model of motility along a basement membrane in randomly selected
directions; see Figure 6.3. For simplicity, we neglect membrane degradation, membrane
deformation, and molecular-scale signaling, which allows us to instead focus upon the
effects of the various cell states and forces. We assume there is no ECM in the duct (i.e.,
Fema = 0) and that cells adhere to one another with E-cadherin (homophilic adhesion)
and to the BM with integrins. We assume that the surface adhesion receptors and BM
adhesion ligands are distributed uniformly on the cell surfaces and the BM, respectively.

We model oxygen transport within the duct by

99 _ pvie _» ifx € Q

— = 0 — Ao if x ,

By (6.55)
O =0p ifx € 89,

where A is the locally averaged oxygen uptake rate discussed in Section 6.4. We use
the Neumann condition do/dn = 0 on the right-hand side of the duct. The parameter
values for the simulations are given in Table 6.1 The duct size, population parameters
(xa, @p, Ba, and Bp), the balance of cell—cell adhesion and repulsion (o, versus o),
and oxygen boundary value o are calibrated to the patient data presented in Chapter
10; more detail is given there. Further detail on the numerical implementation can be
found in Section 10.2.4 and [434].

Baseline calibrated run

We first simulate ductal carcinoma in situ (DCIS) with simplified hypoxia (By =
0) and no motility (e = 0). We apply a simplified model of necrosis, in which
Brs = Bt = B and set A, = 0.01A,. The dynamic simulation is presented in Figure
6.4.

In the simulation, a small initial population (two cells) begins proliferating into the
duct (at 0 days). As the tumor grows along the duct, oxygen uptake by the tumor cells
leads to the formation of an oxygen gradient (not shown). At time 5.04 days, the oxygen
level drops below oy in the center of the duct near the leading edge of the tumor, causing
the first instance of necrosis (light gray cells). By 7 to 14 days, a viable rim of nearly
uniform thickness (equal to approximately 80 pum) can be observed, demonstrating an
overall oxygen gradient decrease from o at the duct boundary to oy at the edge of the
necrotic core. (See also Section 10.3.3.) This is consistent with the prediction in Section
6.5 that the cell-state dynamics reach a local steady state by 10 to 100 days.

Consistently with the assumed functional form of the Q — P transition, proliferating
cells (diagonally striped) are most abundant near the duct wall, where the oxygen level
is highest, with virtually no proliferation at the perinecrotic boundary. Because oxygen
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Table 6.1. Main parameters used for the agent-based model DCIS simulations

Parameter Physical meaning Value
2 Rauct duct diameter 340 um
L gquet duct length 1 mm
R cell radius 9.953 um
oy hypoxic oxygen threshold 0.2
o duct boundary O, value 0.263717 if A, = 0.001
0.277491 if A, = 0.01
0.386095 if A, = 0.1
(\) mean oxygen uptake rate 0.1 min~!
At tumor cell O, uptake rate 0.1 min~!
Ao background O, decay rate 0.001, 0.01, or 0.1 min~!
(AL oxygen diffusion length scale 100 pm
oy mean time to apoptosis 786.61 hours
@' mean time to proliferation (when o = 1) 115.27 min if A, = 0.001
151.21 min if &, = 0.01
434.53 min if A, = 0.1
B! time to complete apoptosis 8.6 hours
By time to complete cell cycle 18 hours
e time to complete calcification 15 days
B! mean survival time for hypoxic cells 0 or 5 hours
I]L' time for necrotic cells to lyse 2,24, 120, or 360 hours
N necrotic-cell surface receptor degradation time 5 or 15 days
VsV solid cell fraction 10%
Olecas Aebas Adda cell—cell, cell-BM, and debris adhesive forces 0.391531v (um min~!)
Oeer cell—cell repulsive force 8v (um min~1)
Qcbr cell-BM repulsive force 5v (um min~!)
Xloc locomotive (motile) force 5v (um min~')
ah}l mean time between migration events 120, 300, or co min
ﬁl\]}max maximum motility time 15 min
Lpodium maximum lamellipodium length 15 or 20 um
Necas Rebas Ndda adhesion-potential parameters 1
Neers Fnbr repulsion-potential parameters 1
Recas Reers Revas Revr maximum interaction distances 12.083 pm

can diffuse into the tumor from the duct lumen (with a low decay rate i), viable tumor
cells are also observed along the tumor’s leading edge near the center of the duct. See
Figure 6.4 at times 7, 14, and 21 days.

Cells begin to lyse at 20.04 days and, because Syc = BnL, they immediately calcify
(dark gray cells). By 28 days, another characteristic length emerges: the trailing edge
of the microcalcification maintains a distance of approximately 500 um from the end
of the duct. Several features combine to cause this. The model does not include contact
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Elapsed Time : 0.00 days

Figure 6.4 Dynamic agent-based simulation of DCIS in a 1 mm duct. Legend: quiescent cells are
white, apoptotic cells are black, proliferating cells are diagonally striped, necrotic cells are light
gray, and calcified cell debris (in the middle right of the lowest panel) is dark gray. Reprinted
with permission from [434].
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inhibition, and so tumor cells at the end of the duct continue to proliferate and push
other cells towards the tumor’s leading edge. Because the end of the duct has reached
a local dynamic equilibrium by this time (see the discussion above and [437]), a steady
flux of tumor cells into the necrotic region has emerged. Because the lysis and cal-
cification times (ﬁgﬁ and ,BIQIC) are fixed, the cells are pushed a fixed distance along
the necrotic core before lysing and calcifying, leading to the observed “standing wave”
pattern.

The viable rim of the tumor reaches the end of the simulated 1 mm stretch of the
duct by time 22.5 days, and the necrotic core reaches this computational boundary by
approximately 24 days. Cells that exit the computational domain are removed from
the simulation, leading to an artificial drop in the mechanical resistance to growth,
particularly as cells from the trailing edge of the tumor continue to proliferate and push
into the lumen. Thus, the simulation is more valuable for examining the radial tumor
dynamics than the rate of progression through the duct after this time.

Impact of hypoxic survival time

We next examined the impact of changing B !, the mean time for which hypoxic cells
survive before necrosing. We found that increasing Sy ! from 0 to 5 hours has a minimal
impact on the simulation; the principal effect is to delay calcification, because cells wait
a few more hours before necrosing. (The results are not shown.)

This minimal impact of By on the current model behavior is not surprising: hypoxic
cells are not motile in this model implementation, and the overall flux of cells is from
the proliferating rim towards the center of the duct. Hence, there is no opportunity
for hypoxic cells to take advantage of their increased survival time to return to the
viable rim. Thus, increasing Sy ! merely delays necrosis (in this model formulation).
Furthermore, the hypoxic cells are not glycemic in this model, and so they do not lower
the pH (acidosis) in the nearby viable rim; hence, the increased hypoxic survival time
does not improve the survivability and behavior of cells in the viable rim. We expect that
Bu would have a greater impact if:

1. hypoxic cells were allowed to switch to anaerobic glycolysis, thus making the viable
rim microenvironment acidic and giving the hypoxic cells a competitive advantage
over nearby nonresistant tumor cell strains;

2. hypoxic cells were allowed to migrate out of the hypoxic region, thereby propagating
their phenotypic adaptations into the tumor viable rim;

3. hypoxic cells that had migrated out of the hypoxic region were allowed to reach the
basement membrane and initiate invasive carcinoma; and

4. hypoxic cells were allowed to experience increased genetic instability due to
the harshness of the environment. This would tend to accelerate the previous
points.

Hypoxia would be expected to increased tumor invasiveness if these aspects, taken
together, were incorporated in the model.
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Figure 6.5 Impact of the necrotic-cell lysis timescale: the DCIS progression is shown at time 25
days for By, = 15 days (top), 5 days (second from top), 1 day (second from bottom), and 2 hours
(bottom). Reprinted with permission from [434].

Impact of the cell lysis time

Next, we investigate the effect of variations in the necrotic cell lysis time Sy on the
overall tumor evolution. We used the values 15 days, 5 days, 1 day, and 2 hours. Because
surface receptor degradation is likely to be a faster process than cell calcification we set
Brs to 5 days. However, we found that varying Bxs had little impact on the mechanical
behavior, owing to the dense cell packing in the simulated tumors.

In Figure 6.5, we plot the DCIS simulations at time 25 days for each of these lysis
parameter values. The parameter has a great effect on the rate of tumor advance through
the duct: as the lysis time is decreased, the rate of tumor advance through the duct slows.
The reason is that the necrotic core acts as a volume sink when the cells lyse, thereby
relieving mechanical pressure. In turn, more of the cell flux is directed towards the center
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of the duct rather than forward towards the tumor’s leading edge. Once By, < 1 day,
further reductions have little additional impact on the tumor progression, because the
time spent by the cells in an unlysed state is much smaller than the growth time scale.

In addition, the size of the microcalcification grows as ,3ng decreases, because more
cells are pushed into the necrotic core rather than forward for small values of By, ;
consequently a greater number of cells have been in the necrotic region longer than the
calcification time ,B,QIC. Furthermore, the microcalcification appears to have a rounder
morphology for the shorter lysis times. This phenomenon is still under investigation
but it appears to be due to the more uniform packing of the lysed necrotic cells,
owing to their occupying a greater percentage of the necrotic core for small values
of ﬁng. Furthermore, the microcalcification appears now to occupy a larger percent-
age of the duct’s cross section owing to the slower rate of tumor advance through the
duct.

Similarly to the “standing wave” calcification pattern in the baseline simulation (and
for similar reasons), a characteristic length emerges, that between the end of the duct
and the start of the lysed-cell region. This length is shorter than the distance from the
end of the duct to the trailing edge of the calcification. These lengths both decrease as
ﬂgﬂ decreases, owing to the resulting faster progression from viable cells to necrotic
cells to lysed cells to calcified cells.

In a detailed comparison of these simulation results with breast histopathology data,
we found that 1 day < By;' < 5 day yields the best match between the simulated and
actual necrotic-core morphological features, including the rough distributions of lysed
and unlysed cells and the general appearance of the necrotic cross sections [434].

Impact of background oxygen decay rate

We varied the background oxygen decay rate Ay, using the values 0.001 min~',

0.01 min~', and 0.1 min~!, to investigate its impact on the simulation results. Aside from
eliminating the viable cells from the center of the tumor’s leading edge (see the baseline
run, Section 6.6.1), there was very little impact on the simulations. The reason is that the
tumor necrotic centers were densely packed for all values of Ay, and, since necrotic cells
uptake oxygen at a rate A, = (1), the oxygen uptake rate is equal throughout the bulk
of the computational domain. Thus, the oxygen profile was similar for all three cases,
leading to comparable amounts of cell proliferation in all cases; i.e., the extra viable
cells in the leading edge did not contribute substantially to the tumor’s advance through
the duct. However, A, may have a greater impact in less dense tumors such as cribriform
DCIS (see Section 10.1.2).

Impact of cell motility

We next allowed a random cell motility along the basement membrane, as described in
Section 6.2.4. We set By = 2 hours, f;;' = 5 hours, and investigated the role of the
mean time to migration, using 041\7[1 = 300 min or 120 min, and that of the maximum
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Figure 6.6 Impact of cell motility: as the mean time to migration is decreased from infinity (top)
to 300 min (middle) to 120 min (bottom), the rate of the tumor’s advance through the duct is
slightly increased, with the leading edge more spread out. The hypoxic cells are light gray with a
pattern of black dots. Reprinted with permission from [434].

lamellipodium length, using 15 or 20 pm. We set the maximum migration speed oo /v
to 5 um min~! and the maximum duration of migration to 15 min. In all simulations we
set A, = 0.001 min~!.

In Figure 6.6 we plot the simulations at time 30 days for 15 pm maximum
lamellipodium length, for oy = 0 (top), ozl\_/[1 = 300 min (middle), and a]\_,ll = 120 min
(bottom). The legend for Figure 6.4 is enlarged to include hypoxic cells, represented as
light-gray circles containing a pattern of black dots. As al\}l is decreased from infinity
(top) to 120 min (bottom), the tumor leading-edge morphology becomes less blunt and
the tumor advances slightly further along the duct. Thus, the introduction of even random
motility can increase the rate of a tumor’s advance through a breast duct. We expect that
this effect will be more pronounced if the cells instead move in a directed manner (e.g.,
chemotactically, as in Paget’s disease [165]).

We also increased the maximum lamellipodium length £,04jum from 15 um to 20 um
for 051\7[1 = 120 min. Similarly to decreasing the al\j[l value, increasing £pdium accentuates
the effect of motility because now the motile cells can travel further per migration event
(this simulation is not shown). Note that these effects are subtle, and so further analysis
and simulations, with different random seeds, are required to quantify them fully and
confirm their statistical significance.
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Discrete cell modeling

Conclusions

In this chapter, we have reviewed the major discrete modeling approaches currently
employed in mathematical cancer cell biology, with particular focus on a generalized
agent-based cell modeling framework. After a brief analysis of the model’s population
dynamics, we presented numerical examples of the model as applied to breast cancer;
this application is explored in greater depth in Chapter 10. The specific modeling of the
necrotic volume loss can have a major impact on the rate of tumor advance through the
duct. Furthermore, even random cell motility along the basement membrane can speed a
tumor’s spread through the duct system, and the effect should be much more pronounced
in cases of directed motility such as Paget’s disease (in which there is chemotactic motion
along the ducts towards chemoattractants released by keratinocytes in the breast nipple
[165]). However, if hypoxia is modeled merely as a delayed progression to necrosis then
it has little impact on DCIS progression; instead glycolysis, acidosis, and motility must
be considered. This finding is consistent with previous modeling results by Gatenby and
co-workers (e.g., [203, 264, 267, 624—627]).
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Hybrid continuum-discrete
tumor models

With F. Jin and Y.-L. Chuang

Recently, hybrid modeling techniques have been proposed that combine the advantages
of the continuum and the discrete approaches in order to simulate multiscale multibody
problems; these provide more realistic descriptions of microscopic mechanisms while
efficiently evolving the entire system to obtain macroscopic observations. Solid-tumor
growth is one example of such multiscale problems, where the cellular and subcellular
scale pathways have been intensively studied and are fairly well understood while the
tissue-scale tumor morphology is of interest in clinical applications. We presented a
sharp-interface model in Chapter 3 and a Cahn—Hilliard mixture model in Chapter 5,
using the continuum approach to simulate the tissue-scale macroscopic morphology of
tumors. The dynamics of how tumor cells interact with the microenvironment were stud-
ied in Chapter 6 by formulating agent-based models at the cellular and subcellular scales
using the discrete approach. By combining the continuum and the discrete approaches,
we now present a hybrid modeling framework that utilizes knowledge collected at the
cellular and subcellular scales in the study of tissue-scale tumor evolution. Figure 7.1
illustrates the basic components constituting a hybrid model; each component will be
detailed in this chapter.

We first review, in Section 7.1, some earlier related work that led to the develop-
ment of hybrid models. Next, in Section 7.2, we discuss how the fundamental conser-
vation laws are used to establish the general concept of hybrid tumor models. Then
the hybrid coupling mechanisms through mass and momentum exchange will be rig-
orously formulated in Section7.3. We close the chapter by presenting two examples
from the published literature to demonstrate the general framework. A hybrid tumor
model that describes the growth of multicellular tumor spheroids (MCTSs) devel-
oped by Kim et al. [382] will be considered in Section 7.4; this is followed in Sec-
tion 7.5 by a discussion of the hybrid vascularized tumor growth model presented by
Bearer et al. [57] and Frieboes et al. [228], which incorporates continuum and discrete
tumor growth models as well as a dynamic vascular system to simulate tumor-induced
angiogenesis.

Background

The concept of hybrid modeling is founded on the study of the connection between
continuum and discrete modeling expressions. The development of the general theory
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Figure 7.1 Illustration of the framework of a continuum—discrete hybrid model. The discrete and
the continuum model components are respectively represented on the left and on the right. The
general forms of the constitutive equations for each model are listed, with the dynamic
description of the model in the upper part and the kinematic description, with an inertialess
assumption, in the lower part. The coupling mechanism between the two models is shown,
including a D2C (discrete-to-continuum) conversion, a C2D (continuum-to-discrete) conversion,
and a mechanical continuum-—discrete interaction.

can be traced back to a 1950 paper of Irving and Kirkwood [331], where the continuum
quantities in fluid mechanics, such as density, flux, strain, and stress, were derived as
ensemble-averaged quantities of discrete particles using classical statistical mechanics.
For biological problems, earlier work of Othmer et al. [509] had investigated the behav-
iors of two major types of classical random walk models, which are often adopted to
describe the dispersal of discrete cells in a biological system. By taking the models to
the limit of zero jump-step size and infinite jump frequency, the two types of random
walks, position-jump processes and velocity-jump processes, respectively converged to
continuum descriptions in terms of diffusion equations and damped wave equations.
Othmer and Stevens [510] later studied some general types of reinforced random walk
models, i.e., random walks with nonhomogeneous transition probabilities, which are
commonly chosen to describe taxis-driven cell dispersal. The continuum limit of the
reinforced random walk models resulted in various classes of advection—diffusion equa-
tions. Asymptotic analysis of the continuum limit suggested that a variety of dynamics,
such as aggregation, blowup, or collapse, could occur in a cell population. The inves-
tigation was further supported by a follow-up study of Horstmann et al. [324], where
rigorous connections were established between solutions of the reinforced random walk
models and the corresponding continuum equations. An application to a more sophis-
ticated problem can be found in Erban and Othmer [203, 204], where the micro- and
macro-scale descriptions of bacterial chemotaxis were connected by taking a continuum
limit of a microscopic individual-cell-behavior model. In the microscopic model, the
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velocity of each bacterium jumped according to a nonhomogeneous transition rate which
depended on an internal state assigned to the bacterium. The internal signal transduction
network that governed the variation of the bacterium’s internal state was modeled by
a system of ordinary differential equations forced by a time- and/or space-dependent
external signal. The continuum limit of the microscopic model yielded a system of par-
tial differential equations of moments with respect to the slow component of the internal
state, which could be reduced further to the classical chemotaxis equation; the chemo-
tactic sensitivity is determined directly from the parameters of the internal dynamics.
Solutions of the macroscopic equations agreed well with Monte Carlo simulations of
individual cell movement.

The development of equation-free methods has also provided a route for connecting
the microscopic descriptions to macroscopic evolutions that is alternative to deriving
the continuum limit of microscopic models explicitly. Equation-free methods were pro-
posed and developed by Kevrekidis and co-workers [270, 370, 445, 446] (see also the
review by Li et al. [415]) to solve the dynamics of a huge microscopic system that
does not converge to a closed-form expression in the continuum limit. The idea is to
evolve the slow variables of the problem by projecting it to a slow manifold, where the
fast variables rapidly relax to a quasi-static state and are “enslaved” by the slow “mas-
ter” variables. The slow variables are usually a few lower moments of some statistical
distributions of the microscopic variables; hence, integrating only the slow variables
greatly reduces the dimension of the problem, improving the efficacy of the simulation
and simplifying the analysis. Such equation-free methods require the identification of
a set of intrinsic slow variables of a problem and consist of the following elementary
steps:

1. running the full microscopic model for a short period of time to obtain essential
information for a coarse time stepper, to be used later;

2. using a restriction operator to restrict the microscopic states of the system to the slow
variables at the macroscopic scale;

3. projecting the slow variables over a longer period of time, using the coarse time
stepper constructed from the information obtained at step 1;

4. using a lifting operator to generate microscopic realizations that are consistent with
the current state of the slow variables; and

5. repeating steps 1—4 until the simulation is complete.

In order to achieve statistically meaningful results, multiple microscopic ensembles
should be generated at steps 1 and 4. Hence, the relative efficiency of these equation-
free methods in comparison with the full microscopic simulations depends on whether
the computations saved by the coarse time stepper overcome the additional computations
needed to generate multiple microscopic samples during the short-burst runs.
Setayeshgar et al. [601] utilized the equation-free method to address multiscale
characteristics in biological problems, where the temporal evolution usually occurs
on widely disparate time scales. For such problems the intrinsic slow variables can usu-
ally be expressed in terms of a small number of moments of an underlying probability
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distribution. As a demonstration, Setayeshgar et al. [601] applied these methods to
simulate the evolution of noninteracting bacteria in the presence of a chemoattractant.
A microscopic model described the flagellar motor-driven cell motility as a random
walk process coupled with a system of deterministic ODEs to formulate the internal
signal transduction network. Monte Carlo methods were used to simulate short bursts
of microscopic runs. Using error analysis the authors demonstrated that the projective
coarse time integration of the moments could be carried out on a time scale much longer
than that of the microscopic dynamics, thus overcoming the additional computations
required to generate multiple microscopic ensembles.

As mentioned earlier, Erban et al. [202] applied these equation-free methods to a sim-
plified version of the chemotactic bacteria model in [203, 204], in which the closed-form
continuum limit of the model was derived. For the purposes of analysis, the continuum
model was simulated using the explicit projective integration method introduced by Gear
and Kevrekidis [269], which is similar in spirit to the equation-free approach. Then the
authors showed that the kinetic Monte Carlo simulations of the microscopic model could
be accelerated by a factor as much as 1000 using the equation-free approach. It was also
suggested that, even when a closed-form continuum limit exists, equation-free discrete
simulations could assist the continuum simulations of the chemotaxis model in regard
to high-chemical-gradient regions, which generate localized strong chemotactic signals
and may otherwise require an adaptive-mesh scheme (as in Chapter 8) to solve the prob-
lem. While lower-order moments of density and momentum flux were used in [601, 202]
for applications of the equation-free methods, there exist alternative choices for the
intrinsic slow variables, which do not directly correspond to physical observables. Bold
et al. [74] expanded a microscopic model of coupled heterogeneous biological oscilla-
tors using generalized polynomial chaos (gPC) expansions. A few leading-order gPC
coefficients were selected as the intrinsic slow variables and advanced by the coarse time
stepper of the equation-free methods. Then microscopic realizations were generated
from the evolved gPC expansions to study the synchronization of such oscillators on the
population level.

Hybrid modeling is a further extension of the previous studies. The coupled continuum
and discrete models in the hybrid modeling framework may or may not describe the
same cell species or cells of the same phenotype. Hence, the continuum model is not
necessarily the continuum limit of the discrete system. Nevertheless, a closed-form
continuum model usually exists for such a modeling framework and one does not
need to rely on the equation-free methods to accelerate the macroscopic simulations.
Instead, the continuum—discrete connection established by studying the continuum limit
of discrete models sets up the foundation of hybrid modeling, in which the continuum and
discrete components exchange mass and momentum during the course of a simulation;
this requires a rigorous translation between these two descriptions. Furthermore, the
mass and momentum exchange in a hybrid model is operated dynamically and thus a
dynamic continuum—discrete coupling mechanism is necessary, which is very similar
to the restriction operator and the lifting operator of the equation-free methods. In the
next section, we present the general concept of hybrid modeling as well as the basic
conservation laws involved.
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General concept and conservation laws

In a hybrid continuum—discrete tumor growth model, discrete and continuum systems
are coupled via mass and momentum exchange. As shown in Figure 7.1, the coupling
mechanism can further be divided into a continuum-to-discrete (C2D) conversion, a
discrete-to-continuum (D2C) conversion, and mechanical interactions between the dis-
crete and the continuum elements. Through the C2D and the D2C conversions, the
discrete and the continuum models trade mass as well as the momentum carried by the
traded mass, while the mechanical interactions enable the models to modify each other’s
momentum. Like all physical systems, the hybrid tumor growth model, as well as its
components, should obey the fundamental conservation laws, notably the conservation
of mass and momentum. Mass conservation is deduced from energy conservation as
a basic conservation law in the limit of classical mechanics. Taking everything into
account, the total mass must not change. For example, during the cell-proliferation pro-
cess, cells uptake amounts of nutrient and water equivalent to their masses in order to
divide into two. Momentum conservation includes the conservation of linear momen-
tum and the conservation of angular momentum, respectively corresponding to the linear
transportation of and the rotation of cells. In tumor growth problems, the cell rotation
is usually ignored either because of the assumption of a point cell mass or because of
the assumption of quick relaxation to a quasi-static cell orientation owing to a strongly
dissipative environment. Hence, in this chapter, we will discuss only the conservation
of linear momentum, not angular momentum, and simply use the term “momentum” to
refer to linear momentum.

We will review the conservation laws of a typical continuum model and a typical
discrete model in Sections 7.2.1 and 7.2.2. In Section 7.2.3 we introduce the inertialess
assumption, often made for tumor growth models designed to approximate a dissipative
system. Then, consistently with the conservation of mass and momentum, theoretical
connections between continuum and discrete variables are derived in Section 7.2.4 that
pave the way toward formulating a hybrid coupling mechanism to link the continuum
and the discrete models in Section 7.3.

Conservation laws in continuum models

In general, a typical continuum model describes the macroscopic evolution of a popula-
tion density and is essentially constructed on the basis of the fundamental conservation
laws. Here, we briefly review the construction of continuum models via the conservation
of mass and momentum.

In a continuum model, mass is conserved through the continuity equation

dp
Z4v.I=S, 7.1
o + (7.1

where p is the density field, J is the density flux, and S represents sources and sinks of
mass. Integrating Eq. (7.1) over a domain 2 gives us

d
— ,odx:—?{ J-nds+/de, (7.2)
dr Jgo IQ Q
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where 92 denotes the boundary of 2 and n is a unit normal vector on 9<2. Equation
(7.2) states that the total sources within a domain and the flux through the boundary of
the domain add up to the net change of total mass inside the domain.
The momentum of a continuum model is defined as p = pu, in which u = J/p is the
velocity field of p. Momentum is conserved through the momentum transport equation
op
§+V~(pu):V~T+F, (7.3)
where T and F are respectively the stress tensor and the force. We may similarly integrate
Eq. (7.3) over a domain 2 and obtain

d
—/pdx:—% p(u~n)ds+% T-nds+/Fdx. (7.4)
dt Jq 30 30 Q

Equation (7.4) states that the change in total momentum within €2 results from the sum
of the integrated surface force T - n over 92, the total force F in the interior of €2, and
the momentum flux pu flowing through 9<2 into €.

Conservation laws in discrete models

In Chapter 6 we presented a discrete agent-based model of tumor growth, which directly
tracks the movement of each individual agent, allowing cellular level biological mech-
anisms to be programmed explicitly into the model. Like continuum models, discrete
models should obey the conservation of mass and density.

In a pure discrete model, cells are treated as rigid bodies and mass is implicitly
conserved, as all the existing mass is explicitly tracked as individual agents. Furthermore,
the addition and the subtraction of individual cells are governed by biologically mass-
conserving cell-proliferation and cell-death processes that also satisfy the conservation
of mass globally. The conservation of momentum is satisfied through Newton’s laws of
motion,

de
dt

dv j F j
=V, _ = 75
J dt m_ j ( )
the position of cell j, denoted by x;, evolves according to its velocity v; while the rate of
change of the velocity is called the acceleration and is calculated as the external force F;
on the cell divided by its constant mass m ;. Velocity itself is not a conserved quantity;
therefore, the second equation is often written as

ap;

=K (7.6)

where p; = m;v;, the momentum of cell j, is a conserved quantity when F; = 0. Equa-
tion (7.6) also shows that force is the rate of momentum variation, which is consistent
with Eq. (7.3) for continuum models. Note that Eq. (7.6) represents the general form of
possible rotational motion for finite-size cells if p; denotes the #ngular momentum and
F; the torque.
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“Inertialess” assumption

For a strongly dissipative system such as the tumor growth environment, the dissipative
force, also known as the drag, is especially important. Objects moving through a fluid
with low speeds and stirring up no turbulence experience an approximately linear drag
force Fyrag j = —¢;Vv;, Where {; is the constant damping coefficient of a discrete cell .
Let us rewrite Eq. (7.6) of the discrete model by separating out the drag from the rest of
the force:

dap;

dt

Now F; represents a force that no longer includes the drag. If the dissipation is strong
(i.e., ¢; is large), the force quickly equilibrates and dp; /dt ~ 0, which is the “inertialess”
assumption discussed in Section 6.2.4 for the agent-based model. As a result, the velocity

= —é'jVj +F] (77)

quickly relaxes to a terminal equilibrium velocity

A\ = —F je (78)
J

For details of how the various biologically founded discrete forces F; are formulated,
readers may refer to the constitution of the agent-based model in Chapter 6. Equation
(7.8) is a kinematic description of a discrete system, in which the velocities are passively
determined by other variables. In contrast, Eq. (7.5) is a dynamic description of a discrete
system, where the velocities are actively evolved by some accelerations.

Similarly, Eqs. (7.1) and (7.3) in Section 7.2.1 are the dynamic description of a
continuum model, from which a kinematic description can be derived for a strongly
dissipative system using the inertialess assumption. The continuum form of the drag
is Fyrg = —¢J, with damping coefficient ¢, and will be justified in Section 7.2.4 after
we have established the connection between discrete and continuum variables. By again
separating out the drag from the other forces and assuming an incompressible fluid, we
can rewrite Eq. (7.3) as

Dp

— =V.T—-(¢J+F, 7.9
o ¢34 (7.9)

where D/Dt = 9/9t +u - V, called the advective derivative as in Eq. (5.4) or the mate-
rial derivative is the derivative along the stream velocity field u. Again for symbolic
simplicity, we will continue to use F to represent a force that no longer includes the
drag. Since individual cells move along the stream lines, the material derivative is the
continuum form of the total derivative d /dt in Eq. (7.7) with the frame of reference fixed
on an individual cell. Then, using the inertialess assumption as in Eq. (7.8), we assume
that the force acting on an individual cell quickly equilibrates; hence, Dp/Dt ~ 0, and
the flux J can directly be evaluated by

J:é(VoT—i—F). (7.10)

The continuity equation (7.1) with J calculated by Eq. (7.10) is the kinematic description
of a continuum model. Further biological details of how to construct the flux as well as
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the source-terms in Eq. (7.1) can be found in Chapter 5 in the derivation of the Cahn—
Hilliard phase-field model. Sharp-interface models, such as that presented in Chapter 3,
can be obtained as a further simplification of the general form in which the dynamics
of continuum fields is reduced to the evolution of their interfaces; the kinematic form
gives the velocity that advances the interfaces while the dynamic form describes the
force balance along the interfaces.

Linking discrete and continuum variables

We reviewed continuum models and discrete models respectively in Sections 7.2.1 and
7.2.2. To couple satisfactorily the two types of models to form a hybrid continuum-—
discrete model, in this section we use the conservation of mass and momentum to
establish a physically founded connection between discrete and the continuum variables.

Connecting discrete mass and continuum density

Following the classical theory of statistical mechanics, the density field p of a continuum
model can be defined as an ensemble-averaged local tumor mass of a discrete model
[331]:

N
p(x,1) = <ija(x—xj(¢))>, (7.11)

J=1

where m, X; respectively represent the mass and the position of cell j, §(.) is the
Dirac delta function, and N is the total number of cells. Equation (7.11) specifies
a relation of equivalent exchange for a continuum—discrete conversion at position x
and time ¢. Many continuum models, such as those discussed in Chapters 3-5, use a
dimensionless volume fraction ¢ instead of p as the continuum variable. Such models
assume a constant mass density, as in Section 5.2; then p and ¢ are linearly proportional,
with p = pgp where p, represents a constant mass density per cell volume. Using
this linear relation, Eq. (7.11) is readily applicable for such models. To preserve the
original meaning of mass conservation, we will continue using the density p for the
general discussion of hybrid models. The derivation of equivalent expressions for ¢ is
straightforward.

Connecting discrete and continuum momentum
In parallel with Eq. (7.11), the classical statistical mechanics definition of the continuum
momentum field is

N

=1
recalling that p(x, #) = p(X, H)u(x, ¢) and p; = m;v; are the continuum and the discrete
momentum, respectively. Equation (7.12) defines the momentum exchange accompany-
ing the mass exchange during a continuum—discrete conversion event at position x and
time ¢.
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In Section 7.2.3 we postponed the justification of the continuum drag expression

Fire = —¢J. Now that we have established the connection between discrete and con-
tinuum variables, we are able to derive the continuum version of the linear discrete drag
Fdisc — v

drag,j — ;-j J*

Fomt = 3" (Fdse s(x—x;)) = — > {¢;v,8(x — X))
J

¥ <3pja(x - x_,-)> L)
; J

j
Assuming that the individual cells are nearly identical, we may approximate ¢; and m
by an average damping coefficient ¢ and an average mass 71, which allows us to obtain

M cont .
a closed-form expression for Fg:

R == > (pdx —x))) = —¢p = —¢J, (7.14)
J

where we define the continuum damping coefficient ¢ = ¢ /7, and recall that p = pu =
J.

Mass and momentum exchange

In Section 7.2 we discussed the discrete and continuum model components of a hybrid
modeling framework and physically linked the variables of each model through con-
servation laws. On this basis we can rigorously derive the exchange mechanism of
mass and momentum to construct a hybrid model. The continuum—discrete coupling
mechanism of a hybrid model primarily includes a continuum-to-discrete (C2D) conver-
sion, a discrete-to-continuum (D2C) conversion, and mechanical interactions between
the discrete and the continuum elements. The C2D and the D2C conversion processes
will be derived in Sections 7.3.1-7.3.2 along with appropriate formulations of the mass
and momentum exchange terms. In addition to directly converting to each other, the
continuum and discrete variables can also interact mechanically through interaction
forces, resulting in another source of momentum exchange which will be described in
Section 7.3.3.

The continuum-to-discrete (C2D) conversion

When tumor cells break away from the collective motion of a bulk tumor mass and exhibit
more individual characteristics, a C2D conversion takes place in a hybrid model. A C2D
conversion turns a certain amount of continuum cell density into an equivalent number
of discrete cells. In Section 7.2.4 we derived Eqgs. (7.11) and (7.12) for the equivalent
exchange of mass and momentum between the continuum and discrete models. Assuming
that a C2D conversion takes place at x = x; € Q and ¢ = ¢; € [0, 00), where Q2 is the
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entire domain over which the model applies, we may rewrite Eqgs. (7.11) and (7.12) as

N

Crp(Xx, tr) = <Z m;é(Xy — X_/(tk))> ; (7.15)
=1
N

Cip(xi, k) = <Z p;S(xp — Xj(fk))> : (7.16)
j=1

Here we introduce a coefficient C; to specify the proportion of the continuum density
being converted and use N, to denote the number of converted discrete cells. In Eq. (7.15)
the mass on the left-hand side is subtracted from the continuum model mass and trans-
formed into the mass given by the right-hand side, to generate new individual cells in
the discrete model. Correspondingly, the amount of momentum carried by the converted
mass is also transferred from the continuum model to the discrete model, according to
Eq. (7.16). In this section we will construct the C2D conversion by breaking it down into
three essential steps: (i) subtraction of the mass from the continuum density; (ii) addition
of new cells to the discrete model; and (iii) transfer of the corresponding momentum.

For the C2D conversion we subtract mass from the continuum model by introducing
a sink term to the continuity equation, i.e.,

Scop(x, 1) = Z SEp(x, 1), (7.17)
%

where Sg{Z)D(x, t) represents the mass subtracted from one C2D conversion event at
position x; and time #; and is expressed as

SOLx, 1) = =R (x, H)p(x, 1). (7.18)

Here we have introduced a localized C2D conversion-rate function Rgfz)D(x, t) to specify
the extraction rate. Theoretically, we may make the choice

RED (x, 1) = Crd(x — x)8(t — 13); (7.19)

then the total subtracted mass, obtained by integrating —S((:kZ)D over © x [0, 00), equals
Eq. (7.15). However, for numerical implementation we need to approximate the Dirac
delta functions in Eq.(7.19) by finite distribution functions and formulate Rgcz)D as
follows:

R (x, 1) = Ce(x, )G (x — x0T (¢ — 1) - (7.20)

The spatial function Gx(x — x;) defines a localized distribution around x;, which may
be chosen to cover a discretization mesh cell or an arbitrary domain of conversion. The
temporal function

[(t —ty) = H(t — 1) — H({t — (t + At)) (7.21)

is a rectangular function specifying a short period of time, in which A¢; is generally
a numerical time-step size but can be a longer, arbitrary, duration of conversion if
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necessary. Note that for more generality we also add spatiotemporal dependence to the
coefficient Cy, allowing for a variable conversion weight.

The mass subtracted from the continuum density adds new cells to the discrete model.
By assuming nearly identical cells and approximating the individual mass m; by an
average cell mass m, the number of new discrete cells created in correspondence to
Eq. (7.18) for a C2D conversion event can be calculated as

1 o0
N® = — / / SOL(x, 1) dxdt. (7.22)
m Jo Q

These N¥ newly created cells may emerge deterministically at position x; or stochasti-
cally near x;, using G(x — X;) as a probability distribution function. The initial veloci-
ties of such cells are set by considering the conservation of momentum, which we will
discuss next.

During a C2D conversion, as mentioned earlier the momentum carried by the con-
verted mass is also transferred from the continuum model to the discrete model. The
momentum of the converted mass is removed from the continuum model by introducing
the following negative force to the momentum transport equation:

Fop (x.) = > FOp (x. 1), (7.23)
k

where F g{Z)D(X, t) represents the momentum extraction during the kth C2D conversion:

FO (x, 1) = —RE, (x, )p(x, 1); (7.24)

note that the mass and the momentum are converted at the same rate, Rékz)D(x, 1).
Momentum conservation demands that the initial momentum of the newly generated
N® cells should add up to the momentum of the mass subtracted from the continuum
model:

N

E(Pﬂ = /00/ Rg{Z)D(x, Hp (x, t) dxdt, (7.25)
j=1 0 e

setting a constraint for the initial velocities of the new cells.

Kinematic models

In a kinematic model, which describes a strongly dissipative environment, the momen-
tum transport equation is replaced by an overdamped velocity as in Eq. (7.10), rendering
Eq. (7.24) inapplicable. Furthermore, the discrete velocities are directly calculated by
Eq. (7.8). Indeed, in kinematic models it is assumed that any fluctuations in momen-
tum quickly dissipate, so that the cell velocity immediately relaxes to an equilibrium
state. The momentum transfer in Eq. (7.24), characterized by the pulsating rate func-
tions Rg{Q)D(x, t), causes only short bursts of momentum fluctuation and thus is quickly
damped.
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Lagged cell conversion

Note that the value of N¥ obtained from Eq. (7.22) may not be exactly an integer.
If the scale of the discrete model is much smaller than that of the continuum model,
we typically get N¥ > 1, and so NP = [NB](1 + O(Nék)fl)) ~ [N¥], where [N¥]
is the nearest integer to N®. Hence we may use [N¥] as the number of converted
discrete cells, conserving the mass to O(rn), which is negligible in the continuum scale
for such cases. However, if the scale of the discrete model is not much smaller than
that of the continuum model, we might have N, ~ 1 or even N, < 1. For such cases,
we can use a “lagged cell conversion” method, where we extend the duration A#; of the
temporal function I (¢ — #;) in such a way that enough mass can be subtracted from the
continuum density to create an integer number of cells. Assuming that a C2D conversion
event is detected at time Zgerect k, We can calculate the total subtracted mass for this event
at every time step ¢ as

t
M (1) = / / SEL(x, s) dxds; (7.26)
Idetect,k Q
until eventually we have
M‘(;k)(tcomplete,k) = Nc(k)n_’l + T(S, ”h) ) (727)

where N is an integer and 7 is an error tolerance that may depend on the numer-
ical time-step size s of the continuum solver and the cell mass 7. Then N cells
have been created at time fcomplete,x and position x; or within the localized region
defined by Gy. The duration of conversion Af; iS fcomplete,k — fdetect,k> and hence we
may write TTi(f — tgetect,k) = H(t — tdetect,k) — H({ — feomplete,k) although feomplete,x can
only be determined a posteriori by Eqs. (7.26), (7.27). Such a lagged conversion scheme
is adopted in the hybrid vascularized tumor growth model presented in Section 7.5, with
further discussions in Section 7.5.6.

The discrete-to-continuum (D2C) conversion

While discrete cells may emerge from a continuum density, they may also aggregate and
collectively form a tumor bulk which is better described by a continuum model. There-
fore, in addition to the C2D conversion, we need to construct a discrete-to-continuum
(D2C) conversion mechanism for a hybrid model to transform discrete cells to a contin-
uum cell density. The D2C conversion also consists of three primary steps: (i) removing
the converted cells from the discrete model; (ii) injecting the mass of the removed cells
into the continuum model; (iii) transferring the momentum of the removed cells from
the discrete model to the continuum model.

While cells are removed from the discrete model by D2C conversion, the masses of
these cells are added to the continuum model by introduction of the following source
term to the continuity equation:

Spac(x. 1) = > Se(x. 1), (7.28)
k
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where S](jkz)C (x, t) represents the mass added to the continuum model during one D2C
conversion event at position x; and time #;. The conservation of mass demands that

SWx, 1) = mAs(x — x)8(t — 1), (7.29)

(k)
where m§§2 = Zjv ,m; is the total mass of the N cells removed from the discrete

model in this particular D2C conversion event. Correspondingly, the momentum of the
converted cells is transferred to the continuum model by adding a force to the momentum
transport equation:

Fpoc(x, 1) = ZFDZC(X, 1), (7.30)

mdxo=mﬁa—nwa—m, (1.31)

where pﬁft) = Ziviki m;v; is the total momentum of the converted cells in one D2C
conversion event. As in C2D conversion, Egs. (7.30), (7.31) are not applicable for a
kinematic model, in which excessive momentum is assumed to quickly damp away.

In the numerical implementation we approximate the Dirac delta functions in Egs.
(7.29) and (7.31) by Gx(x — x;) and (¢ — #;) as in Eq. (7.20) of the C2D conversion:

G(X_X) Hk(t_tk)

§® m®) Tk ‘

ot _ , 7.32

Spac(X, 1) = m, "o Ge(x — xp)dx [ TIi(t — t) dt 7
H —

F& . (x, 1) = p&) Gi(x — x;) W — ) (7.33)

Pt G — X dx [ T(r — tp)dt

Again the duration Af;, of the temporal function IT;(¢# — #) is generally chosen as the
numerical time-step size of the continuum solver. However, in some circumstances the
amount of the injected mass and momentum can be too large for the continuum model to
absorb within a time step, destabilizing the continuum solver. For such cases, a lagged
cell-conversion technique similar to that described in Section 7.3.1 can be adopted, as
follows.

Lagged cell conversion
Assuming that a D2C conversion event is detected at time tg;)ect, the discrete cells labeled
to be converted are immediately removed and, simultaneously, the converted mass and

momentum are transferred to the continuum component by the following source terms:

Gr(x — xp)

k
Stac(x, 1) = Ric(x, t)mgt)m, (7.34)
Q
Gr(x —
Fo(x, 1) = REc(x, 1) pll) - SHX =X (7.35)

© [ Gr(x — xg) dx

Here we introduce a D2C conversion-rate function R C(x t) to replace the rectangular
temporal function IT; (¢ — #;); note that we allow the D2C conversion rate function to
have spatial dependence also, for more generality. Then we can retain the stability of
the numerical solver by choosing a relatively lower conversion rate but in consequence
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the mass and momentum injection has to last for multiple time steps. To track the total
injected mass, we similarly keep evaluating.

t
M® (1) = / / Y (x, s) dxds (7.36)
Tdetect,k /2
until we reach
M‘(;k) (tcomplete,k) = Mot + O (s) (7.37)

(s is the continuum time-step size), and the source term in Eq. (7.34) is then switched
off. Since the momentum is injected at the same rate, it is straightforward to show that at
t = fcomplete,k» the total converted momentum py; is also completely absorbed and thus
the forcing term in Eq. (7.35) is simultaneously turned off.

Momentum exchange through continuum-discrete interactions

Interactive forces also play an important role in the collective behaviors of individual
cells. Tumor cells may interact with each other and with the surrounding tissues and
through these interactions momentum is exchanged between each model component,
modifying the cell mobility, cell arrangement, and consequently the macroscopic features
of the tumor. We will explicitly formulate pairwise interactions for the discrete models
given by Eq. (6.5) which collectively affect the overall evolution of the system. The
interactions are incorporated in continuum mixture models by constructing an adhesion
energy E as in Eq. (5.23), from which variational derivatives can be taken in order to
calculate the corresponding flux in Eq. (5.18). Here, we will formulate the interactions
between the components of a hybrid model and show that for the purely discrete and
purely continuum cases the formula converges to our previous derivations.

To derive the interaction terms, we first consider a total (nonlocal) energy in consistent
with Eq. (5.23) of Chapter 5:

E=3), / Ji, (X, Y)pi(X)p;(y) dxdy, (7.38)
iJj

where J; ; is an interaction potential and p;, p; are the densities of component i and
component j, which may be either continuum or discrete. The density of a discrete cell
can be written as

pi(X) = mi8(x — X;), (7.39)

where §(.) is the Dirac delta function and x; is the position of cell i with mass m;. Let
us divide the densities into continuum and the discrete components, e.g., using py, . . .,
pn to represent the continuum fields and py 41, - .., pa to stand for the discrete cells.
Then, we may further rewrite the total energy as:

E =E¢+ Ecq + Eqa, (7.40)
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where the E is the continnum—continuum interaction energy, £4q the discrete—discrete
interaction energy, and E4 the continuum—discrete interaction energy:

Eu=1 3 [A0v)nn,m) dxdy. (7.41)
i,j<N
Egqa=7% Y mim;J; (%, %)), (7.42)
i, j>N
1
Fa=1 Y m, / (o5 X)) + (7 ) () dx. (7.43)
i<N,j>N

The continuum—continuum interaction energy is the same as the result derived for the
multiphase model in Section 5.5 using the nondimensionalized volume fraction ¢ in
place of the density p. The discrete—discrete interaction energy reduces to the form of
Eq. (7.42) on integrating the Dirac delta functions over space. Note that, for homophilic
cell—cell adhesion, J; ; corresponds to the pairwise interaction potential of the discrete
model, discussed in Section 6.2.2, if the adhesion receptor expressions &; and &; in Eq.
(6.16) are absorbed into J; ;. The other types of discrete—discrete interaction in Section
6.2.4 can also be written in the form of Eq. (7.42), with appropriate assignment of terms.
Also, after integrating the Dirac delta function over space the continuum-—discrete inter-
action energy is derived from Eq. (7.43). In many cases the pairwise interaction potential
Ji,j is symmetric and depends only on the distance between the two interacting subjects.
For such cases the potential J; ;(x,y) = J; j(Ix — y|) is an even function, independent
of the permutation of i and j, i.e., J; ; = J;;; then Eq. (7.43) reduces further to

Eu= 3 m [Ax-xDpdx (7.44)
i<N,j>N
For simplicity, from now on we will assume a symmetric interaction potential J; ;; for
asymmetric interactions, we simply replace J; ; with %(J,-’_,- + J;i) in Egs. (7.43) and
(7.44).

Interaction force of the discrete model
Given a pairwise interaction potential J; ;(|x; — X;|), the interaction force exerted by
one discrete cell m; on another discrete cell m; is

F(_j oni) = _mimjvxi-]i,_j(|xi - Xj|);

Vy, means the gradient with respect to x;. Hence, the total force exerted on the discrete
mass m; (i > N) by all the other discrete cells is

M SE
dd
Fd = —m,; v, Z m;Ji j(1xi —x;]) | = — ; (7.45)

OX;
Jj=N+1 !

where 8§ Fq4q4/8X; is the variational derivative of E4q, Eq. (7.42), with respect to Xx;.
Similarly, the total force acting on a discrete mass m; (i > N) due to all the continuum



138

Hybrid continuum-discrete tumor models

densities p; is

N
SE,
F;d = —m; Vy, (Z/Jz]uxz —yDp;(y) dY> == axAd’ (7.46)
j=1 l

where Eq is defined in Eq. (7.44). Combining Egs. (7.45) and (7.46) and the fact that
SE../8x; = 0, we may formulate the interaction force acting on a discrete mass m;
(i > N) as follows:

M SE
F, = —m;Vy, (Z/J,»,,»(Ixi —yl)pj(y)dy> =5 (7.47)
j=1 ’

Here, we have used Eq. (7.39) to express the density of discrete cells (N < j < M), and
the total energy E is as defined in Eq. (7.38). If the discrete model describes a strongly
dissipative system using a kinematic description, the overdamped cell velocity is then
given by

1 86F
Vi = ———. (7.48)
Gi 0x;
Note that the derivation of the discrete interaction force is similar in spirit to the direc-
tional cell—cell interaction mechanism presented in Ramis-Conde ef al. [557], in which
the total interaction potential of cell i is calculated as the summation of all the pair-
wise interaction potentials between cell i and other cells within an effective interaction
length; then the gradient of this total potential provides a torque-like force that evolves
the orientation of the cell velocity.

Interaction force of the continuum model

In the same way as in Eq. (7.45), the pairwise interaction forces exerted on a continuum
density p; (i < N) by the discrete cells of mass m; (j > N) add up to the following
macroscopic force and stress:

M
Fl() + V- T (x) = —p,-(x)V< > omydi(x— le)>
j=N+1
aEcd .

= o,V :
Pi 7

(7.49)

note that here we have replaced the individual mass m; in Eq. (7.45) with the continuum
density p;. Following the same concept, the expression for the macroscopic interaction
force and stress exerted on p; (i < N) by all the other continuum densities p; (j < N)
is:

N
F(X) + V- TE(x) = —pi(x) V ( > / Jij(x = y|)p,-<y)dy>
j=1

8Ec

= —p,V i
Pi 5,

(7.50)
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where E is defined by Eq. (7.41). Because § E4q4/8p; = 0 we may combine Eqs. (7.49),
(7.50) to obtain the total interaction force and stress acting on p; (i < N):

M
R0+ VT =00 [ 3 [0x=yho,eay
j=1

oF

—p,-va—p. (7.51)

Note that this form is consistent with the flux of the generalized Fick’s law, as in Eq.
(5.19) for the mixture model; indeed, by assuming overdamped evolution we can use
Eq. (7.10) to calculate the flux J;:

1 1 SE

Jl‘ Z—*(Fi+V'T,‘)=—*pl‘V7, (752)

Si G O
which is essentially the same as Eq. (5.18) of Chapter 5 if p; /¢; corresponds to the cell
mobility M;. For a purely continuum model, £ = E, and Eq. (7.52) results in the same
Darcy velocity as in Eq. (5.21).

Summary of the hybrid modeling framework

Before we present examples of hybrid tumor growth models, let us summarize the general
framework of a hybrid continuum—discrete model using the illustration in Figure 7.1. A
hybrid continuum—discrete model contains a continuum and a discrete component; each
component is described by equations of motion that satisfy the conservation of mass and
momentum, as discussed in Sections 7.2.1 and 7.2.2. Momentum conservation is often
replaced by an inertialess assumption for dissipative systems, where the state variables
quickly relax to a terminal velocity and any extra momentum rapidly damps away, as
described in Section 7.2.3. Using statistical mechanics, in Section 7.2.4 the connection
between the continuum and discrete mass and momentum is established, from which the
coupling mechanism of hybrid models can be derived. The components of the hybrid
model are coupled through a mass and momentum exchange mechanism, including
continuum-to-discrete (C2D) conversion (Section 7.3.1), discrete-to-continuum (D2C)
conversion (Section 7.3.2), and interactions that transfer momentum between the com-
ponents (Section 7.3.3). Next, we present existing models from the literature to show
how a hybrid model can be constructed for particular cases, using the basic elements of
the general framework.

A hybrid model of multicellular tumor spheroids (MCTSs)

The first example is a pioneering work in Kim et al. [382]. A model was proposed for the
growth of multicellular tumor spheroids (MCTSs), for which data are readily available.
Spheroids are tumors grown in a controlled in vifro environment mimicking the in
vivo growth of tumors. The tumors generally grow to the scale of a few millimeters,
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Sy

Figure 7.2 Hybrid model of Kim et al. [382] of MCTSs. The left-hand figure shows the
construction of a model for the growth of multicellular tumor spheroids. The region of necrotic
tumor cells is denoted by N, the region of quiescent tumor cells by O, and the tumor
proliferating rim by P. Outside the tumor the space is filled by gel, denoted by G. The N, Q, and
G regions are modeled by continuously evolving the interfaces. The tumor cells in the
proliferating rim P are modeled discretely using the extended cell-based three-dimensional
model of Dallon and Othmer [161]. A schematic of this cell-based three-dimensional model is
shown on the right. Reprinted from Kim et al. [382], with permission from World Scientific.

estimated to contain on the order of 10° cells, a size which is more appropriate for
the continuum approach. However, cellular-scale mechanisms such as proliferation and
apoptosis may have a great impact on the tumor morphology. Discrete models allow
for explicit formulation of the microscopic physics, offering an opportunity to directly
manipulate these mechanisms in order to test various hypotheses; in particular, the
changes in cell size during proliferation can only be described using a discrete approach.
Kim et al. [382] adopted a discrete model to describe the cells in the proliferating rim of
a tumor, generally 100-200 pum thick, while the rest of the tumor and the surrounding gel
are modeled as continuum fields. Following the general framework, we first introduce
the continuum and the discrete components of this hybrid model in Section 7.4.1 and
then follow with the coupling mechanism in Section 7.4.2. The simulation results and
presented in Section 7.4.3, with further discussion in Section 7.4.4.

The continuum and the discrete components

Figure 7.2 shows a schematic of the hybrid model presented in Kim et al. [382]. As
mentioned earlier, a discrete model is adopted to simulate the individual cells in the
proliferating rim P. The rest of the tumor consists of a quiescent region Q and a necrotic
region N, which, along with the surrounding gel G, are described by a continuum
model.

The continuum model used for regions Q, N, and G is a sharp-interface model with
a kinematic description that treats these regions as linear viscoelastic materials:

V.o,=0 on 2, x(0,7), (7.53)
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where 2,,, m = 0, 1, 2, denotes the domains of G, Q, and N, respectively; T represents
the time when the in vitro experiment terminates. The stress tensor o, is taken to be of
the Kelvin—Voigt form for viscoelastic materials:

de
dt

where C,, and D,, are respectively the stiffness tensor and the viscosity tensor and the
strain tensor € is defined by

oy = Cpe + D, on 2, x(0,7), (7.54)

€= % [Vu+ (Vw)], (7.55)

u being the displacement field. A sharp-interface continuum model is derived from
the general conservation equations (7.1) and (7.3) by assuming that a sharp interface
separates the regions of 100% density and 0% density. The interfaces 'y and I
between regions P and G and between regions P and Q, respectively, are evolved by
Eqgs. (7.53)—(7.55) coupled with the boundary conditions

u=20 on Tgx(0,7), (7.56)
00 - Ny = (o on Iy x(0,T), (7.57)
o1-Np = q on I x(0,7). (7.58)

Here I'y is the fixed boundary of the entire computational domain and ng, n; are
respectively the outer normal vectors of regions G and Q on the boundaries I'¢y and
I'c1. The boundary forces qo and q; are calculated from the interactions between the
continuum regions G, Q and the discrete cells in P, which will be described in Section
7.4.2.

The discrete model used to track the cells in P is modified from the cellular slime-
mold model of Dallon and Othmer [161]. An illustration of the model is shown on the
right in Figure 7.2. In the model each cell is treated as a viscoelastic ellipsoid whose
axes and position are regulated by the combination of four forces:

1. the active force T ; exerted by the neighboring cells;

2. the reactive force M ; due to the reciprocal action in response to T ; exerted on the
neighboring cells;

3. the dynamic drag w; ;(v; — v;), where v; is the velocity of cell i and ; ; is a damping
coefficient due to the friction between cells i and j;

4. the static friction S, ; due to cell adhesion through attachment.

By neglecting inertial effects, the equation of motion takes on a kinematic form:

Fr= ) (T +M)+ > i j(v;—v)+ Y 8, =0, (7.59)

JeN? JjeN? JEN?

where N?, Nl-d, and N} respectively specify the cells interacting with cell i by means of
each force. Moreover, the continuum boundaries Iy and I';; are treated as a substrate,
denoted by j = 0, and included in Eq. (7.59). With an additional constraint to mechan-
ically conserve the cell volume, the cells can uptake nutrient and grow in size. When
the size of a cell reaches a threshold, it divides to create a new cell. The cell growth rate
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Figure 7.3 Schematic of the discrete-to-continuum conversion in the hybrid model of Kim et al.
[382]. As the tumor spheroid grows, proliferating cells become quiescent due to lack of oxygen
and nutrients and hence are switched from the discrete model to the continuum quiescent field.
The sketch shows the re-meshing of the new quiescent region as well as the new nodal points
where the interfacial strain and stress are evaluated. Reprinted from Kim ez al. [382], with
permission from World Scientific.

depends on the mechanical stress exerted on the cell, as large stresses and strains may
retard growth.

In the hybrid modeling framework, the continuum and discrete models are coupled
through the cell-substrate interaction and the continuum—discrete conversion. Next we
describe the coupling mechanism.

Continuum—discrete coupling mechanism

The coupling mechanism in the hybrid model of Kim ef al. [382] is illustrated in Figure
7.3. As discussed in the general framework given in Section 7.3, the continuum and
the discrete component may interact and exchange momentum; in addition, mass and
momentum may also be directly converted between the components. Since the continuum
and the discrete models are applied on separate subdomains the continuum—discrete
interaction occurs along the boundaries between such subdomains, more specifically
the P—Q interface and the P—G interface. With continuum—discrete interactions the
discrete model modifies the momentum of the continuum system through the boundary
forces q; and q; in Egs. (7.57), (7.58). These forces are calculated by interpolating the
forces exerted by the discrete cells at the nearby nodes of a mesh triangulation on which
the continuum interfaces are positioned, thus setting up the boundary conditions of the
continuum model. This is consistent with the calculation of F in Eq. (7.49), where
the forces are written in the form of a potential gradient. Conversely, the viscoelastic
continuum boundaries act as substrates in the discrete model and exert forces on the
discrete cells which are included in Eq. (7.59) of the discrete model, consistently with
the calculation of F°¢ in Eq. (7.46).

Continuum—discrete conversion occurs when proliferating regions turn quiescent or
vice versa. In typical spheroid experiments, tumors grow larger in size while maintaining
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Figure 7.4 A two-dimensional simulation result of the hybrid model in Kim et a/. [382]. The
discrete circular cells represent the proliferating region, while the mesh triangulation of the
continuum model is shown in the gel region, the quiescent region, and the necrotic core. In the
simulation the tumor grows in an agarose gel. It is found that the viable rim thickness reaches a
steady state in 7 days. Reprinted from Kim et al. [382], with permission from World

Scientific.

a gradient of oxygen and nutrient levels from the periphery into the interior of the
tumor. Hence, proliferating regions originally on the periphery turn quiescent as they
are advected into the interior, but the reverse tends not to occur. As aresult, the conversion
mechanism presented in Kim ef al. [382] consists only of a D2C conversion that turns
proliferating cells into the quiescent cell density. If the oxygen and nutrient levels in
region P drop below the quiescent threshold, the proliferating cells become quiescent
and are absorbed into region Q. The conversion algorithm is illustrated in Figure 7.3.
The discrete cells that turn quiescent are removed from the discrete model and converted
to the continuum field by updating the P—Q interfacial region. The sharp-interface
continuum model in region Q is re-meshed to describe the new interface, and the stress
and strain for each mesh node are recalculated accordingly.

Results

Figure 7.4 shows a two-dimensional MCTS simulation using the hybrid model of Kim
et al. [382]. The results suggest that the viable rim thickness (i.e., the thickness of regions
P + Q) stabilizes quickly to about 100 um, while the MCTS keeps growing. The model
explicitly formulates the response of cell growth to the stress exerted on the cell, which
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the authors utilized to study the impact of gel stiffness on the bulk tumor growth.
For simplicity, the effect of stress on discrete cell growth in the presented simulations
was assumed linear and isotropic, depending only on the magnitude of the stress but
not the orientation. It was found that the gel stiffness had no effect on the viable rim
thickness, but as predicted, stiff gels hindered the overall growth rate of the entire bulk
tumor.

Discussion

The hybrid modeling framework simultaneously allows for the direct modification of
microscopic mechanisms and for the observation of macroscopic phenomena. In par-
ticular, the discrete component of the hybrid model in Kim et al. [382] takes into
account the cellular morphology, explicitly describing cell interactions through contact
points, which enables more realistic descriptions of cell-cell and cell-ECM adhesion
via modeling of the integrins and their impact on cell proliferation. The model currently
has no C2D conversion mechanism, as mentioned earlier, because the MCTSs neither
shrink nor induce angiogenesis and hence do not turn quiescent regions into proliferating
regions. For more general applications, a C2D conversion process may be constructed
as the inverse process of the D2C conversion in Figure 7.3 with the initial positions and
velocities of the converted cells determined either randomly or by prescribed rules. A
potential shortcoming of the model is that its particular D2C conversion algorithm may
not conserve mass. The discrete cells are absorbed into the continuum quiescent region
when the oxygen and nutrient levels drop beneath the quiescent threshold, regardless
of the density of the converted cells; this is inconsistent with the basic assumption of a
saturated interior density in the sharp-interface model. The interior density affects the
distribution of the interior stress and strain and how they propagate to the boundary;
hence, the assumption of a saturated interior density is essential for reducing the problem
from the dynamics of the entire bulk mass to simply the evolution of its boundary. This
can be improved by adding a density criterion for D2C conversion, so that only densely
packed discrete cells are absorbed by the continuum field. However, too strict a criterion
may nullify the advantage provided by hybrid modeling and thus some error tolerance
may be necessary. If the continuum scale is much larger than the discrete scale, the error
may well be negligible.

A hybrid model of vascularized tumor growth

Another example of a hybrid tumor growth model can be found in Bearer et al. [57] and
Frieboes et al. [228], where vascularized tumor growth is presented. Tumor cells are
known to secrete vascular endothelial growth factors (VEGFs) under hypoxic conditions,
thus inducing vascular growth; for such phenomena the composite tumor-angiogenesis
model introduced in Chapter 5 is employed. In addition, hypoxic tumor cells are observed
to down regulate cell-cell and cell-matrix adhesion and upregulate cell motility; this
is known as an epithelial-mesenchymal transition (EMT) in the case of tumor cells of
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epithelial origin [234, 235, 309, 359]. Motility leads individual cells to break away from
the bulk tumor and invade the surrounding tissues up gradients of oxygen and nutrient
level via chemotaxis, haptotaxis, and other processes; a discrete model component
is necessary to describe appropriately such individual cell migration. The model of
Bearer ef al. [57] and Frieboes et al. [228], based on a general framework described in
Lowengrub et al. [425], couples the composite tumor-angiogenesis model to a discrete
cell model through the coupling mechanism introduced in Section 7.3.

In particular Bearer et al. [57] simulated the invasive characteristics of glioblastomas,
which are highly aggressive neoplasms originating in the glial cells in the brain. A
glioblastoma can range in size from a few millimeters to several centimeters, corre-
sponding to as many as 10'! cells, which requires a continuum approach for correct
modeling. Glial cells also exhibit a transition of cell phenotype, switching between
collective aggregation behaviors and highly infiltrative cell migration in response to
the conditions in the surrounding local microenvironment. A discrete approach would
be more appropriate to model the infiltration and movement of individual glial cells.
Hence, the hybrid tumor growth model in Frieboes et al. [228] can also be applied to
glioblastoma, where the phenotype transition is described by the continuum-—discrete
coupling mechanism of the model.

In Section 7.5.1 we briefly describe the continuum and discrete components adopted
for the hybrid vascularized tumor growth model. The hybrid coupling mechanism,
consisting of a C2D conversion algorithm, a D2C conversion algorithm, and continuum-—
discrete interactions, will then be introduced respectively in Sections 7.5.2—7.5.4. Finally,
simulation results of this model will be presented in Section 7.5.5, with further discussion
in Section 7.5.6.

The continuum and the discrete components

In the hybrid model in Bearer et al. [57] and Frieboes et al. [228], the majority of the tumor
bulk is handled by the Cahn—Hilliard-type continuum multiphase model introduced in
Chapter 5. The bulk tumor evolves according to Eq. (5.1), which is essentially the
same as the continuity equation (7.1). The tumor subspecies, such as the viable tumor
cells and the necrotic tumor cells, are represented by the volume fractions ¢; and the
Cahn—Hilliard flux in Eq. (5.27) is adopted to describe cell adhesion, consistently with
the kinematic description in Eq. (7.10).

While the tumor bulk is described by the continuum model, the individual cells that
have escaped from the tumor bulk are modeled discretely. The discrete component
of the hybrid model in Bearer et al. [57] and Frieboes et al. [228] is a simplified
variation of the agent-based model in Chapter 6. In this simplified model the cells
are described as point masses that can proliferate, die, or migrate in response to their
surrounding microenvironment. Because the distribution of the discrete cells is generally
sparse, the cell adhesion forces (F.., and F.n,) are assumed negligible, making the
motile locomotive forces Fjo, such as chemotaxis and haptotaxis, dominant. A short-
range cell—cell repulsion F, is included to prevent the discrete cells from overlapping.
Consistently with Eq. (6.30), the overdamped evolution of the discrete cells is governed
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by the following equation of motion:

dXi
dt

where 7 is the generic cell substrate (oxygen and/or nutrient) concentration, f is the
extracellular matrix (ECM) concentration, and viy ; is the velocity component induced
by various cell interactions; both n and f are normalized such that the saturation levels
aren = land f = 1. The first two terms in Eq. (7.60) respectively define the chemotactic
and the haptotactic velocities, with the chemotaxis and haptotaxis coefficients denoted by
Xc.i and xn ;. Both chemotaxis and haptotaxis are upregulated by a lack of cell substrates
and thus these two terms are each multiplied by a factor 1 — n. Moreover, chemotaxis
is also facilitated by the presence of the ECM; hence the chemotaxis term should be
multiplied by a factor 1 4 k. ; f/, where k., is a coefficient specifying the effect of the
ECM. The interaction-induced velocity vi, ; can be rigorously derived as in Eq. (7.48)
of the general hybrid-model formulation. The specific choice for vi, ; adopted by Bearer
et al. [57] and Frieboes et al. [228] will be described in Section 7.5.4 when we discuss
momentum exchange via interactions.

In addition to undergoing cell migration, the discrete cells may proliferate by uptaking
cell substrates and may die via apoptosis and necrosis. They uptake oxygen and nutrient
at the rate

= Xe.i(l =n)(1 + ke ; /IVA + xn,i(1 — )V f + Vines, (7.60)

Ly, 1) =Y va;i Gi(x — X)), (7.61)

where v, ; is the per-volume uptake rate of cell i and G;(x — x;) is a spatial distribution
function localized around x;, of which the functional form will be presented later in
Eq. (7.66). The cell mitosis rate Ry is proportional to the concentration of cell substrates:

RM = Amn, (762)

where Ay denotes a constant mitosis-rate coefficient. The death rate Rp is formulated
as follows:

Rp = s+ )\NH(nnec - n)(nnec - n) s (7.63)

where the first term on the right-hand side describes cell apoptosis, with a constant
apoptosis-rate coefficient A, and the second term represents cell necrosis with a rate
coefficient Ay; H is the Heaviside function. Cell necrosis occurs when the cell substrates
are lower than 7, the threshold for necrosis. Note that Egs. (7.62), (7.63) are consistent
with the cell-proliferation and the cell-death mechanisms of the continuum model: see
Eq. (5.31) in the case of the continuum model and a simplification of Egs. (6.10)—(6.13),
obtained by neglecting the intracellular dynamics, in the case of the agent-based model.

The C2D conversion process

After our description of the continuum and discrete components of the hybrid vas-
cularized tumor growth model in Section 7.5.1, we now introduce the hybrid-model
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coupling mechanism, which links the two components. When we discussed the gen-
eral framework of the coupling mechanism in Section 7.3, we broke it down to three
basic elements, C2D conversion, D2C conversion, and momentum exchange through
continuum—discrete interactions. In this and the next subsection we will formulate the
mass-conserving C2D and D2C conversion processes for the hybrid coupling mecha-
nism. Momentum exchange via interactions will be discussed in Section 7.5.4.

The C2D conversion process converts continuum densities to discrete cells, for which
a rate of occurrence is defined, and mass-exchange terms are formulated following the
discussion in Section 7.3.1. The rate of occurrence of C2D conversion in the model of
Bearer et al. [57] and Frieboes et al. [228] is determined by the following cell emergence
rate:

RC—M (x) = CemgH (nhyp - n(X))wV(X) s (7.64)

where nypy, is the hypoxia threshold, ¢y is the viable-cell volume fraction in the continuum
model, and Cepyg is a coefficient defining the frequency of cell emergence. Equation (7.64)
states that discrete cells may emerge from the viable-cell species ¢y under a hypoxic
condition (7 < npyp).

In C2D conversion events, emerging cells are created for the discrete model and,
correspondingly, an equivalent amount of mass is subtracted from the continuum model
by introducing sink terms into the continuity equation, where SékZ)D (x, 1), Eq. (7.17), is
expressed as follows:

SO, 1) = REp(X, Dv(x., 1), (7.65)

which is consistent with the general form in Eq. (7.18) for a C2D conversion event at
position x; and time #;. Note that in Eq. (7.65), the cell density p in Eq. (7.18) has been
replaced by the viable-tumor-cell volume fraction ¢y, because the Cahn—Hilliard model
described in Chapter 5 uses volume fractions as the continuum variables. Assuming a
constant mass per cell volume, as in Chapter 5, the cell density p; and the corresponding
cell volume fraction ¢; are related simply by p; = pog;, where p, is a constant cell mass
density, introduced for nondimensionalization. Then the general formulas in Sections
7.2 and 7.3 are still applicable. Bearer et al. [57] and Frieboes et al. [228] adopted the
C2D conversion rate Rg‘z)D(x, t) in the form of Eq. (7.20). The rate coefficient C; is
an arbitrary constant that is low enough to retain the stability of the continuum solver
of the Cahn—Hilliard equations. The temporal function (¢ — #;) is taken to be the
rectangular function in Eq. (7.21), where the duration of conversion At is determined
by the “lagged cell-conversion” technique (Egs. (7.26), (7.27)) presented in Section 7.3.1.
Note that because here the continuum variable is the volume fraction ¢, the average cell
mass 7 in Eq. (7.27) should be replaced by an average cell volume ¥ = m/p,. The
localized spatial distribution function G(x — x;) is defined as

X —x (DIl — Vc)

€

1
Gi(x —xp) = 3 (1 — tanh (7.66)

where r. is the radius of influence affected by this C2D conversion event and
€ is an infinitesimal nondimensionalization constant. Note that if we take € — 0
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then Gp(x — x;) = H(r. — ||x — x¢||), defining the domain of conversion as Q. =
{x € Q||Ix — x;|| <r.}. In other words, Eq. (7.66) is a smooth approximation to the
Heaviside function that defines €2..

From the subtracted continuum mass in Eq. (7.65), new cells are created for the discrete
model. The number N(¥) of such newly created cells is calculated by Eq. (7.22) with 7
replaced by 7 corresponding to the use of volume fractions as the continuum variables.
Since the discrete model is a kinematic model assuming overdamped evolution, it is
not necessary to transfer the momentum of the subtracted mass from the continuum
model to the discrete model. As discussed in Section 7.3.1, the transferred momentum
results in impulsive forces and the effects quickly dissipate in the kinematic assumption.
The velocities of the new cells are directly evaluated by Eq. (7.60) of the discrete
model.

The D2C conversion process

In Eq. (7.60) of the discrete model, the motile locomotive forces such as chemotaxis
and haptotaxis are the dominant mechanisms driving the migration of the discrete cells.
Chemotaxis causes the cells to move up the gradient of oxygen and nutrients, resulting in
cell aggregation in better vascularized regions; here the cells downregulate cell mobility
and upregulate cell adhesion, forming a satellite tumor colony. The tumor cells within
such colonies behave more collectively than individually; hence, the evolution of these
satellite tumor colonies should be described by the continuum model. The process that
converts the discrete cells to the continuum fields is the D2C conversion introduced in
Section 7.3.2 of the general hybrid modeling framework.

In the D2C conversion there is a criterion to determine whether a conversion takes
place; if so, the mass of the converted cells is transferred from the discrete model to
the continuum model via the mass-exchange mechanism presented in Section 7.3.2. For
a discrete cell & at position x; and time f;, the D2C conversion criterion in the hybrid
model of Bearer et al. [57] and Frieboes et al. [228] is whether the local population
around cell £ exceeds a certain threshold, i.e. whether

Ne =) Gu(x — x¢) by, = NP (7.67)
J#k
holds. Here Nj is the cell count around x;, NP2 is the threshold, 8 x, is the Kronecker
delta function, and G(x — x;) is the localized spatial distribution defined in Eq. (7.66)
to specify the vicinity of cell k. If Eq. (7.67) is satisfied, the cell population around cell
k is high enough for cell & to change its phenotype and exhibit more collective behavior.
In consequence we convert cell & to the continuum volume fraction field.

Once a cell has been converted to the continuum volume fraction, the mass of the
cell is injected into the continuum model by introducing a source term of the type
(7.28) into the continuity equation of the continuum model. To preserve the stability
of the continuum solver, the “lagged cell-conversion” technique is again adopted, and
Eq. (7.34) is used to express the source term Sg‘z)c(x, t) for the conversion of cell k.
Furthermore, Bearer et al. [57] and Frieboes et al. [228] formulate the conversion rate
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Rgz)c(x, t)as
RipLe(x. 1) = Cpoc (1 — g1 (X, D) TL(t — ;). (7.68)

where Cp;c is a constant conversion-rate coefficient, ¢t is the total tumor-cell volume
fraction, and T1(¢# — #;) is the rectangular temporal function defined in Eq. (7.21) for C2D
conversion. The factor 1 — ¢t prevents the unphysical situation of ¢ > 1 and reflects
that a discrete cell needs to squeeze into the continuum field by pushing the surrounding
mass aside (see the end of the chapter for further discussion). Like C2D conversion, the
duration of the conversion A#; =t — #; in I1(¢ — #;) is determined dynamically using
Egs. (7.36), (7.37) of the lagged cell-conversion technique.

Momentum exchange through continuum-—discrete interactions

As discussed in Section 7.3.3 in the context of the general hybrid modeling framework,
the continuum and discrete components may exchange momentum via interactions. The
interaction forces exerted on the continuum and discrete components can respectively be
derived from Eqgs. (7.51) and (7.47). Here we describe the formulations of the interaction
terms chosen in Bearer ef al. [57] and Frieboes ef al. [228].

Assuming overdamped evolution, the interaction forces on a discrete cell result in the
interaction velocity viy; in Eq. (7.60), which is specifically formulated as

Vint,i = 1iP(X;) + lvx,» <Z JES (X — Xj|)> . (7.69)
i J#

The first term on the right-hand side of Eq.(7.69) is a simplified version of the
continuum—discrete interaction Ffd in Eq. (7.46), while the second term is consistent
with the discrete—discrete interaction F;id in Eq. (7.45). The continuum—discrete interac-
tion term describes discrete cells being passively dragged along by the local continuum
momentum; 7, represents the coefficient of inertia of cell i. By assuming negligible
cell—cell and cell-ECM adhesion (F.., =~ 0 and F¢,, & 0), owing to the sparse distri-
bution of the discrete cells, the discrete—discrete interaction consists of only a cell—cell
repulsion F., characterized by the repulsive potential

02 .

T Vi (2£r - ;r - x) ifx <&,

JE () = . (7.70)
0 otherwise,

where £, is the repulsive length, y; specifies the repulsive strength, and we recall that
¢ in Eq. (7.69) is the same damping coefficient as in Eq. (7.48). This form of the
potential J£7(x) in (7.70) implies that a repulsive force is exerted on a pair of cells only
if their distance is smaller than ;. Note that the constant 2¢; in Eq. (7.70) makes J5' (x)
continuous at x = £; but has no effect on the evaluation of v, after the gradient has
been taken. Also note that Eq. (7.70) is a hard-core repulsion, i.e., the magnitude of the
repulsion increases indefinitely as the cell distance |x; — x;| — 0, which is necessary
in the point-mass discrete model to prevent cell overlap. In contrast, the repulsion using
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the functional form presented in Eq. (6.5) is a soft-core repulsion, which is an adequate
approximation for a discrete model with nonzero cell size in a relatively low cell-speed
regime. However, a hard-core repulsion is more numerically challenging, requiring an
adaptive time-step method for its accurate computation, and it may impose a severe
restriction on the numerical time-step size.

The interaction force acting on the continuum component consists of a continuum-—
continuum interaction term and a continuum—discrete interaction term, as in Egs. (7.49),
(7.50). As discussed in Section 7.3, the continuum—continuum interaction leads to the
same adhesion flux as in Eq. (5.18) for the Cahn—Hilliard model. However, while the
discrete cells are passively dragged along by the continuum density, the interaction
force exerted by the discrete cells on the continuum density is simply assumed to be
negligible. Hence there is no additional continuum—discrete interaction term to be added
to the continuum model, and this is why the Cahn—Hilliard flux in Eq. (5.18) remains
intact. This assumption is valid when the continuum scale is significantly larger than the
discrete scale. For general cases, a more realistic treatment will be discussed later, in
Section 7.5.6.

Results

Figure 7.5 shows the evolution of a vascularized tumor predicted by the hybrid
continuum—discrete model in Bearer et al. [57] and Frieboes et al. [228]. Discrete
cells, represented by small dots, are released from hypoxic perinecrotic regions of
the continuum tumor density. The cells migrate up the oxygen and nutrient gradient via
chemotaxis and thus move away from the tumor bulk. The cell substrates are supplied
via diffusion from the far-field boundary as well as from the newly formed vasculature,
depicted by the dark curves. As the discrete cells evolve, they degrade and remodel
the extracellular matrix by laying down fibronectin macromolecule networks. The cells
respond to the remodeled microenvironment by forming Indian-file-like strands of pal-
isading cells from low-oxygen perinecrotic regions to high-oxygen environments. As
the cells reach oxygen-releasing vessels, they begin to aggregate by upregulating their
proliferation and downregulating their motility. When the local cell density exceeds
a certain threshold, the hybrid model converts the discrete cells back to a continuum
bulk, forming tumor microsatellites around the neovasculature. The proliferating cells
produce a mechanical pressure, which in turn shuts off the existing blood vessels, and
the vasculature may regress as a result. This phenomenon can be seen around some of
the newly formed continuum clusters. The resulting morphology compares well with
pathology data for human brain tumor specimens (e.g., [57, 229]): for example, one
can see the growth of tumor cell clusters “cuffing” the conducting blood vessels and
also infiltrating cell strands moving away from the bulk tumor into the healthy tissue in
regions where neovascularization has not yet occurred.

Discussion

The hybrid model of Bearer ef al. [57] and Frieboes et al. [228] utilizes the advantages
of both the continuum and the discrete modeling approaches to overcome the limitations
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Figure 7.5 Evolution of a vascularized tumor using a hybrid continuum—discrete model for tumor
cells (nondimensionalized time units). Discrete cells (dots) are released from hypoxic regions of
the continuous tumor regions (surfaces). Conversely, discrete cells are converted back to
continuum volume fractions when their local density is sufficiently large. Vessel sprouts are
shown as light-color lines, which may anastomose and form looped vessels (dark-color lines),
releasing oxygen and nutrients. Note that the infiltrating discrete cells form a palisading pattern
as they invade the surrounding healthy tissue, as is observed to occur in vivo in regions of lower
neo-vascularization [57].

of either a stand-alone continuum model or a stand-alone discrete model. It efficiently
and realistically describes the phenomenon of single-cell migration along with bulk
tumor growth. The model can be improved by constructing continuum—discrete inter-
action terms, following the derivation in Section 7.3 of the general hybrid modeling
framework. Recall that, in the continuum—discrete interaction of the hybrid model, the
discrete cells are dragged along by the continuum field but the reciprocal action of
the discrete cells on the continuum field is ignored. As an approximation of cell—cell



152

Hybrid continuum-discrete tumor models

adhesion, this simplification is appropriate when the size of the discrete cells is negli-
gible at the continuum scale and the discrete cells distribute very sparsely. In a more
rigorous treatment of cell-cell adhesion, an adhesion potential J*" is introduced, and
this combines with the repulsive potential J*" in Eq. (7.70) to obtain the total inter-
action potential J; ; = Ji* + J7". Then the interaction energy £ in Eq. (7.38) can be
constructed, and more realistic interaction mechanisms can be derived, using Eq. (7.46)
for the discrete model and Eq. (7.49) for the continuum model.

A rigorous formulation of the interaction terms may help to resolve a potential short-
coming of the model algorithm, which is that, in the C2D and the D2C conversions,
a lagged cell conversion scheme is adopted and so the converted mass is “in limbo”
while waiting either for new discrete cells to be created or to be completely absorbed
into the continuum field. Such in-limbo mass may introduce errors in the hybrid model
simulations. In particular, the factor 1 — ¢ in Eq. (7.68) for the D2C conversion can be
very close to zero, significantly prolonging the duration of lagged cell conversion and
magnifying the errors caused by in-limbo mass. Like the simplified interaction formula,
this problem is less of a concern if the scale of the continuum model is much larger
than that of the discrete model. For such cases the in-limbo mass is negligible on the
continuum scale and, as a result, the conversions generally complete very quickly. For
problems that have relatively larger discrete cells, the converted mass may make a notable
impact on the continuum model if a considerable amount of mass is removed from or
added to the continuum model. To ease the impact, a prolonged conversion process is
required but this comes at the expense of accuracy. This problem can be resolved by
accounting fully for the continuum—discrete interaction. If the discrete cells are allowed
to interact with the continuum density, the converted mass does not suddenly disappear
from or appear in the continuum model and this reduces the necessity for a prolonged
conversion process. In particular, if continuum mass is repelled from a discrete cell then
the factor 1 — @r is not close to zero in the presence of discrete cells and does not delay
the conversion process as much as it does in the current algorithm.

In summary, the hybrid model of Bearer ef al. [57] and Frieboes et al. [228] utilizes a
continuum mixture model to simulate efficiently the bulk tumor growth but at the same
time individual discrete cells shed from the tumor bulk are precisely described by a
discrete point-mass model. The proliferation and the migration of individual cells are
modeled by a C2D conversion process and a D2C conversion process, each consisting of a
transition criterion and a mass-exchange algorithm. The discrete cells and the continuum
densities co-exist in space and exchange momentum through interactions. In the current
model, a simplification is made to the interaction terms and the conversion processes by
assuming that the discrete mass is negligible at the continuum scale. For more general
cases the interaction terms should be derived more rigorously, as in Section7.3.3, to
prevent errors due to the conversion algorithms.
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With Y.-L. Chuang, F. Jin, and S. M. Wise

In this chapter, we provide readers with a numerical framework for solving the multiphase
mixture model described in Chapter 5. It is highly challenging to develop an accurate
and efficient numerical method to solve such a model, which consists of high-order
(fourth-order) nonlinear equations and is characterized by the interaction of small-scale
features (e.g. diffuse tumor—host boundaries) with larger-scale features (e.g. the tumor
morphology). Here we describe a finite-difference nonlinear multigrid method that can
be used to solve the system accurately and efficiently.

The primary component of the model is a Cahn—Hilliard-type equation for the total
tumor volume fraction; this is a fourth-order nonlinear advection—diffusion equation.
The solutions are characterized by nearly constant states, with complex morpholo-
gies, separated by evolving narrow transition layers that describe the diffuse interfaces
between the tumor and host tissues. “Slaved” to the Cahn—Hilliard (CH) equation are the
equations for the remaining tumor-cell volume fractions, the cell-substrate concentra-
tions (e.g., the oxygen and nutrient levels), and the mechanical pressure that determines
cell velocity. The coupling of phenomena across widely varying length scales is a hall-
mark of multiphase problems. The use of a uniform mesh in such cases leads to either
infeasibly large computational problems or significant limitations on the scales of prob-
lems that can be simulated. We overcome this difficulty by adopting multigrid methods
with adaptive spatial refinement that uses block-structured Cartesian meshes. This bal-
ances the needs of localized fine spatial resolution and computational efficiency. We
utilize the full approximation storage (FAS) nonlinear multigrid method, which enables
the efficient solution of nonlinear problems by performing only local linearizations.

While adaptive mesh-refinement schemes have been developed in a finite element
framework [259, 363, 559], in this chapter we adopt a finite difference discretization
generalized from Wise ef al. [697]. Finite difference discretizations are advantageous for
the multigrid method because the refined mesh patches are Cartesian, thus not requiring
any changes to the finite difference stencil as the mesh grids are refined. In contrast, a
finite element method requires the modification of the discretization (e.g. the stiffness
tensor) for different meshes. We note that other multilevel multigrid algorithms have
been developed as part of the CHOMBO [140, 455] and the BEARCLAW [471] software
packages. In this chapter, we modify the FAS method so as to fit it within the framework

! This chapter is partly based on work in preparation by Wise ef al. [696] and describes work in Wise et al.
[695] and Kim et al. [380].
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of the block-structured multilevel adaptive technique (MLAT) developed by Brandt (see
the books [75] and [662]) and by Wise et al. [697].

In Section 8.1 we review the multiphase mixture model presented in Chapter 5 and
develop finite difference discretization in Section 8.2. The block-structured adaptive
mesh is presented in Section 8.3 along with the multilevel mesh hierarchy. Finally, the
MLAT-FAS method is introduced in Section 8.4.

Review of the multiphase mixture model

Let us recapitulate the nondimensionalized multispecies phase-field tumor growth model
given in Chapter 5. The basic components of this model include Cahn—Hilliard-type (CH-
type) equations that describe the growth of various tumor-cell species and diffusion—
reaction equations representing the time evolution of the environmental substrate con-
centrations that affect tumor growth. By putting together Egs. (5.13), (5.27), and (5.28)
we may write the tumor growth equations as follows:

d

L4V (user) = St — MY - (prVp0), (8.1)
9, _ _
?—I—V-(usgop)_Sp—MV-(goqu), p=1,..., Ny, (8.2)

n=upr) = [(¢1) — €Vor, (8.3)

where ¢, is the volume fraction of tumor subspecies p and ¢r is the total volume
fraction of the tumor cells; S, and St represent the net sources of, respectively, the
tumor subspecies and the entire tumor. Note that, in this generalized form, ¢, includes
the dead-cell species ¢p, the viable-cell species ¢y, and any mutated-cell species ¢y
present in the system. Furthermore, since ¢ = Zg;l ¢p, where Nt denotes the total
number of tumor subspecies, we only need to solve for Nt — 1 subspecies since and the
last is directly constrained by the others, i.e., n, = @1 — ZQ’;I ¢, The cell mobility
M characterizes the response of the tumor cells to the cell-adhesion potential ;. Here
we assume that ;o depends only on ¢, which simplifies the numerical solver presented
in Section 8.4.3, where the numerical treatment of more complicated forms of w is
also discussed. In Eq. (8.3), the function f is defined by Eqgs. (5.24)—(5.26) and € is
the interfacial thickness parameter, a numerical treatment for which will be discussed
further in Section 8.2.4. The dimensionless mass-averaged cell velocity ug is given by
Eq. (5.30):

7
us = —k(er. 0,) (V5 — LuVyr). (8:4)

Here we use p to represent the pressure, so distinguishing it from the tumor sub-species
index p, and 7 is a dimensionless measure of the adhesion force.

The tumor growth equations Egs. (8.1)—(8.3) are complemented by equations for the
microenvironmental variables that regulate the source terms St and S, and the mass-
averaged cell velocity ug (evaluated by Eq. (8.4)). The microenvironmental variables,
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such as the nutrient and VEGF concentrations, are generally described by the reaction—
diffusion equations

0 steady-state or fast time scales,
V- (DgVey) + Ty = ¢ dc, ) (8.5)
T slow time scale,

where ¢, represents some measure of the microenvironmental variable ¢, with ¢ =
1,..., Nc, and N, is the total number of these variables. Some c, evolve on a much
faster time scale than the tumor growth time and can reasonably be approximated by
their steady-state solution, which typically depends on the instantaneous tumor mor-
phology (hence they are termed quasi-steady). Other ¢, evolve on a slower time scale
and the time derivative dc, /¢ should be taken into consideration. The corresponding
diffusion coefficients D, can be constant or have a functional dependence on the cell
volume fractions, for instance. The reaction terms I', comprise the transfer and the
uptake or decay of the microenvironmental variable g. For example, in the nutrient
equation (5.35),
Ny =Te— Y0 V,@p-

P#ED

and, in the VEGF concentration equation (3.36),
-C 5C
Fﬂi = _)“decayc - )‘bindingCISPTOUt tips )“grod'

In addition, even the pressure equation derived by taking the divergence of Eq. (5.30),

V- (k(gr, 9,)Vp) + 81—V - (k(ﬁl’T, <Pp)ZMV<PT) =0, (8.6)

can be written in the form of Eq. (8.5) by setting D, = k(¢1,¢,) and T'y =
St =V - [(y/6)kuVer].

Equation (8.1) is a Cahn—Hilliard-type equation of fourth order, where the fourth-
order derivative of @7 is given by the interfacial term €2V2@r in Eq. (8.3). The presence
of the fourth-order term makes numerical integration of the equations a challenge. The
time-step size s of a general explicit method is constrained by s oc h*, where 4 is the
spatial grid size. To remove this restriction we use a Crank—Nicholson-like implicit time-
integration method, which results in nonlinear equations at the implicit time level. Then a
multilevel nonlinear FAS multigrid method is adopted to solve this discrete system. With
the initial and boundary conditions given, Egs. (8.1)—(8.5) can be numerically integrated
with respect to space and time. The multigrid numerical solver presented here can easily
be adapted to various types of boundary condition; thus, we do not restrict ourselves to a
particular type in this chapter. Some common types of boundary conditions are discussed
in Section 8.2.3. In the following sections we first discretize the governing equations
(8.1)~8.5) in space and time, transforming the partial differential equations into an
algebraic problem. Next we present a nonlinear multigrid method to solve this algebraic
problem. The multigrid scheme is introduced first on a uniform mesh and then extended
to an adaptive-mesh version that allows more efficient computation for complex tumor
morphology. To simplify the mathematical expressions in this chapter, we will illustrate
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the numerical formulations in two dimensions. The three-dimensional application is
merely a straightforward extension of the two-dimensional version. For one-dimensional
problems the multigrid method is equally applicable; however, multigrid methods in one
dimension usually reduce to other well-known one-dimensional optimal methods and
thus are not needed as such [662].

Uniform mesh discretization

In this section, we introduce a cell-centered finite difference scheme for spatial dis-
cretization [380], which can conveniently be extended to a block-structured adaptive
mesh later, in Section 8.3, for the adaptive multigrid method [695]. Time discretization
is obtained using a Crank—Nicolson algorithm for most terms, except f”(¢r) in Eq. (8.3)
for the adhesion potential. This term is treated differently to obtain numerical stability,
making the scheme deviate from the traditional Crank—Nicholson algorithm. However, a
fully implicit method is used for the equations that solve for steady-state solutions, also
for better numerical stability [477]. The discretization is first-order accurate in time and
second-order accurate in space and can easily be extended to be formally second-order
accurate in time as well.

Let us assume that the computational domain €2 is a rectangular region (Xin, Xmax) X
(Vmin> Ymax)- A typical spatial discretization using N, x N, uniform mesh grids is as
follows:

Xi = Xmin + (i — 3)h, (8.7)
¥ = Ymin+ (j — 3)h, (8.8)

where i and j are integers or half-integers and /4 > 0 is the grid spacing, defined
by & = (¥max — Xmin)/ Nx = (Vmax — Ymin)/N,. The mesh grid cell (xi_1/2, Xiy1/2) X
(¥i=1/2, Yi+1/2) is denoted /; ;, where 0 <i < Ny +1and0 < j < N, + 1 withi and j
integers. Note that the cells Iy ;, Iy, +1,;, 1i,0, and I;, N,+1 are actually outside the compu-
tational domain (Xmin, Xmax) X (Vmin> Ymax)- Lhese are called ghost cells and are necessary
for implementing the boundary conditions. The model variables (¢,(x;, y;), cq(xi, ¥;))
are discretized as (¢}, ; ;). ¢y (. )» Where the subscripts (7, j) indicate that the values
are defined at the center of the grid cell /; ; and the superscript n denotes the nth time
step. Using s as the time-step size, Egs. (8.1)—(8.3) and (8.5) are discretized using the
following central difference form [697, 696]:

-1
_ Pl + Pl ~172
@1y~ Py = sVa- [M ( - 2 ) Vang

—1
+ ( T.(0)) +S¥,(i,j))

{Vd' [(“g,w)%(u)) + (“glil,n‘/’ﬁil,_n)”’ 3.9)

D' N
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Cq.0.) ~ o) = SV {2%( g6 T . (u))}

s n n—1 12
+3 (Fq,o;.f) +lh 1)> ®8.12)

For the steady-state or fast-time-scale version of Eq. (8.12) we adopt a fully implicit
method, thus enhancing the numerical stability of the solver:

0="Va- (DyVac) ) + Ty (8.13)

Note that instead of directly substituting u into Egs. (8.9) and (8.10), we discretize
Eq. (8.3) separately as in Eq. (8.11) to simplify the mathematical expression and that f;
and f. are convex functions exemplified in Eq. (5.25) and (5.26); the two components of
f are treated differently for numerical stability. Furthermore, the discretization of the f;
term in Eq. (8.11) is first-order accurate in time; to make it second-order, we may use an
Adams-Bashforth discretization, replacing f{(¢7 ;. ])) with f/(3¢7T ;. H2= o1 (l 2.
Finally, the discrete gradient operator V4 will be defined explicitly in Section 8.2.1. Note
that in both Eqgs. (8.12) and (8.13) the diffusion coefficient D, is assumed constant; a
functional D, can be discretized following the derivation in Section 8.2.1.

The discrete gradient operator V4

In the discretized equations (8.10)—(8.13) the gradients and the divergences are expressed
interms of a discrete operator, V4. Here, we explicitly define this operator. Let us consider
its appearance first in a gradient and then in a divergence. The advection terms need
special treatment to avoid oscillatory numerical errors at the tumor—host interface. We
will discuss advection in Section 8.2.2.

Assuming that ¢ = c¢(x, y) is a scalar function, its discretized gradient, the vector
Vdc(x,y), is defined as follows:

C(i+1/2.j) — Ci-1/2.))  CG.j+1/2) — CG.j—1/2
vdc(i,j)z((l //)h (=1/2.0) G /)h i) /)). (8.14)
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The subscript (7, j) indicates that the gradient is defined at the cell center of /; ;, while
G+1/2,/),G—1/2,)),,j+ 1/2),and (i, j — 1/2) are the values at the right, left,
top, and bottom cell-edge centers. Since we are using a central difference scheme, the
values are only explicitly defined at the cell centers. To obtain the value at a cell-edge cen-
ter, we may use linear interpolation; for example, we set ¢ 1,2, j) = (¢i+1,)) + i, j))/2.
Conversely, if the values are instead defined on the cell edges, we may also obtain the
cell-center values by interpolating the cell-edge center values.

The definition of V4 in a divergence is similar. Given a two-dimensional vector
u(x, y) = (u(x, ), v(x, )), its discrete divergence is expressed as:

" N M1 o D — w
Vo ug) = (+1/2.)) = Ha=1/2.p) 4 Va2 = Vej-1/2) (8.15)

h h
where the subscripts have the same meaning as in Eq. (8.14). With both the discrete
gradient and the discrete divergence defined, we may define and derive the discrete

Laplacian Ag:

C+1,) t Ca-1,) + Ca 41 + Caj-n — 4G

h? ’
which is useful for expressing the diffusion terms if the diffusion coefficient is a
constant.

Aqgcq,jy = Va - Vaca,j) = (8.16)

Treatment of the advection terms

Various numerical schemes have been proposed to discretize the advective flux, which
plays an essential role in many PDE systems and especially in the development of dis-
continuities or shock waves. Classical discretization methods, such as central difference
approximations, have the disadvantage of causing unphysical oscillations across dis-
continuities (or near discontinuities) known as the Gibbs phenomenon [277]. Upwind
schemes discretize the advective flux by capturing the upwind direction, to which the flux
is heading, to integrate the PDE numerically. To suppress the Gibbs phenomenon, Harten
et al. proposed an essentially nonoscillatory (ENO) scheme based on the Godunov
upwind scheme, which achieves an accuracy of arbitrarily high order [304, 611, 612].
Efforts to improve the accuracy and efficiency of the ENO scheme have led to the
derivation of the weighted essentially nonoscillatory (WENO) scheme [349, 420]. Since
solutions to the multiphase mixture model (Egs. (8.1)—(8.5)) may have sharp gradients
at the interfaces of the tumor-cell species, we shall adopt an accurate shock-capturing
scheme, such as the ENO or the WENO scheme, to discretize the convective flux. In
this section, we first use a second-order-accurate upwinding ENO scheme to express the
advection terms in Eq. (8.10), from which a third-order-accurate WENO scheme can be
derived to replace the ENO scheme.

Let us start by writing down the discretized advection term explicitly using the
definition of the discrete divergence in Eq. (8.15):

Va - (w6, y¢i.j)) = Va- (g);

. (H¢)(i+1/2,j) - (”¢)(i71/2,j) n (U<P)(i,j+1/2) - (U<P)(i,j71/2)
B h h '

(8.17)
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where u = (u, v). The key idea of ENO schemes is to use the stencil that provides
the smoothest approximation of the numerical fluxes. This involves several logical
statements. Here, we use the evaluation of (u¢); ., ; in Eq. (8.17) to exemplify the
procedure of the second-order ENO scheme:

. if >0,
i i 1 U(+l./2,1) = (8.18)
i+1 otherwise,
(1)
Ji+1/2.5) = Uk )H P> (8.19)
C, = Uk, H)Plk.j) — Z(k—l.j)(p(k—hj), (8.20)
C, = u(k+l._/)(/7(k+1,_i}: - ”(k,./)‘ﬂ(k,j)’ (8.21)
C, if |C,| < |Cyl,
C. = if | | |Gyl (8.22)
Cy otherwise,
2 1
©@)it12.) = f}(iﬁl/z,p = féll/z,j) + %th [1=2(—D]. (8.23)

The first logical statement (Eq. (8.18)) selects the upwinding direction while the second
(Eq. (8.22)) is used to find the smoothest approximation.

Further, to derive the WENO formula let us assume that £ =i is the upwinding
direction in the ENO scheme. For the case k = i + 1, the procedure is similar. For k =i,
we may rewrite Egs. (8.19)—(8.23) as

o —2(u9)ir )y +3W0)iy i Ca< G,
WP iv1/2.5) = Jit12.))

%(WD)([,]) + %(”@)([H,J‘) otherwise,
=4z ((”90)(1'4-2—1,,') ) (“¢)(i+t,_;‘)) ) (8.24)
where
1
qe (go, gl) = Z ag.m8m (825)
m=0
with a9 = —%, ap,1 = %, ajo=ay = %, and £ =0 or 1. The ENO scheme

(Egs. (8.19)—(8.23)) selects the smoothest g, from the candidates (go and ¢, in our
case), and this is the key idea in circumventing discontinuities and suppressing the
Gibbs phenomenon. However, in a smooth region, we can use all the candidates to
obtain a linear combination of (u@);—1, ), (U@)q, j), and (ue) i1, ;). With an appropriate
weight on each stencil we may approximate (u¢) ;.1 ,, ; to third-order accuracy, in con-
trast with the second-order accuracy of the ENO scheme above. Weighted essentially
nonoscillatory schemes provide algorithms to weight the stencils in order (i) to achieve a
higher-order accuracy using lower-order ENO stencils and (ii) to exclude discontinuous
stencils by giving them essentially zero weight.
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Following the derivation in [349, 420], we may give a third-order-accurate WENO
formula for the flux (@) 41/ ;)

1
A3
(Ufﬂ)(i+1/2.j) = f((i-:l/Z,j) = E weqe, (8.26)
=0

where ¢ is defined in Eq. (8.25). The weight coefficient wy is as follows:

o
= , 8.27
= (8.27)
where
Ve
L A — 8.28
O P AT (8:28)

for £ =0, 1. The values of y, are respectively yy = % and y; = %, which constitute
the optimal weighting; ¢ = 107° is a small number that prevents the denominator from
becoming zero; the empirical power value p = 2 is sufficiently high to distinguish con-
tinuous stencils from discontinuous stencils for the flux approximation. The smoothness
of the flux function on the stencils are measured by 7.S,:

2
1Se = (u@)ire ) — WP ire-1. ) » (8.29)

the 2-norm of the first undivided difference. A discontinuity results in a larger /.S,
measurement and, hence, a lower-weight w;, which essentially excludes discontinuous
stencils and suppresses Gibbs phenomena.

Recall that Egs. (8.24)—(8.29) were derived by assuming that k£ = i is the upwinding
direction. For the case where k = i + 1 is the upwinding direction, the WENO formula
can be obtained similarly, by replacing (u¢)i—1, ) by (u@)i+2, /), (U@)d, j) by (U@)it1, /)
and (u@)i+1, ) by (@), j). To simplify the mathematical notation, from now on we write
for, the flux (u¢),,, ;) along the x-direction

WP)is112,jy = W12 () (8.30)

and, similarly, for the flux (vp); ;. 1, along the y-direction

(U(P)(i.j+1/2) = Wi j+172) (@), (8.31)

where W (.) represents the upwind WENO flux reconstruction given above.

Readers may notice that, for the cell next to the boundaries of the computational
domain, the evaluation of the WENO fluxes involves the cells immediately outside the
domain, the ghost cells. The values in the ghost cells are not updated by the model
equations; rather, they are defined by the boundary conditions. In Section 8.2.3 we
discuss the discretization of the boundary conditions, which determines the values in
the ghost cells.
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Discretization of the boundary conditions

The formulation of boundary conditions depends on the problem; different variables
and different physical circumstances may give rise to different boundary conditions.
As mentioned earlier, the multigrid method can readily be used with various types of
boundary condition. In this sub section, we describe the discretization of two common
types of boundary condition, Dirichlet and Neumann. A third type, Robin boundary
conditions, is a linear combination of the other two.

Dirichlet boundary conditions explicitly specify the values of the variables on the
boundaries of the computational domain:

c=mn on 02, (8.32)

where c is the model variable, 1 is the boundary value, and <2 denotes the boundaries
of the computational domain. Such boundary conditions may be used for the nutrient
concentration, which can diffuse into the system from afar; thus, we may assume that the
nutrient concentration on the boundaries equals a far-field nutrient level provided that
the tumor, as a nutrient sink, remains reasonably far away from the boundaries. Another
example is the pressure, which requires the definition of a reference point; hence, a
convenient reference point for computation is setting the pressure level to be zero on the
boundaries. For cell-centered variables ¢} ;, the discrete form of the Dirichlet boundary
conditions can be expressed as

Hep;+cr;) =l (8.33)
3 (e +hrny) = ks (8.34)
s(cfo+ ) =i, (8.35)
(e, + ey ) =0t (8.36)

where 1y, ng, g, and 7 respectively represent the left, right, bottom, and top boundary
conditions at the nth time step. We interpolate the cell-center values to cell edges, where
the results are matched according to the boundary conditions; from this the values of the
ghost points i, j = 0,7 = Ny + 1, j = N, + 1 are determined.

Neumann boundary conditions define the first-order derivatives of the variables across
the boundaries:

%:Vc-nzn on 0%, (8.37)

on
where n is a normal vector pointing outward on the boundary 0€2, and here n represents
the boundary value of the normal derivative. In many cases the normal derivative of a
variable is equivalent to its flux; hence, homogeneous Neumann boundary conditions,
for which n = 0 in Eq. (8.37), are also known as no-flux boundary conditions. In our
tumor-growth model, if the computational domain boundaries are reasonably far from
the growing tumor then we may assume that there is no flux of tumor-cell volume
fractions across the computational boundaries and adopt no-flux boundary conditions
for the tumor-cell volume fractions. Assuming a rectangular domain with cell-center
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variables ¢/

+ ;» Neumann boundary conditions can typically be discretized as

1 n n n

2 =) =i, (8.38)
1, ) )
Z(CNJF],j - CN,j) = 1R, (8.39)

I

& (i = clo) = ma, (8.40)
1
& (v = chw) =i, (8.41)

which determines the ghost points.
Robin boundary conditions are typically defined as follows:

9
Ac+Ba—c:n on 0%, (8.42)
n

which is a linear combination of Egs. (8.32) and (8.37). Hence, it is straightforward to
formulate the corresponding discrete Robin boundary conditions using linear combina-
tions of Egs. (8.33)—(8.36) and Eqs. (8.38)—(8.41).

Atevery time step cf ;, ¢y, ;, ¢}, and ¢fy , located inside the computational domain,
are updated by solving the model equations for the ghost points given above.

Mesh discretization across interfaces

For a numerical method accurately to capture the evolution of a moving boundary in
a phase-field model, a large enough number (five to six) of grid cells must span the
interfacial region, where the thickness is controlled by the interfacial thickness param-
eter € and the double-well potential f in Eq. (8.3). As illustrated in the upper panel of
Figure 8.1, an interface sharper than the mesh resolution becomes “invisible” when it is
traveling between two grid points, in which region no grid points can describe its move-
ment. However, an interface that diffuses across more grid cells can be described more
accurately, as shown in the lower panel of Figure 8.1. Physically, the interfacial thickness
of the phase-field model can be interpreted as the region of mixed tumor and host cells.
However, this physical mixing region may sometimes be negligible on the spatial scale
of bulk tumor growth and thus too small for reasonable mesh discretization [482].

Treatment of the source terms

The specific formulations of the source terms St, S,, and I'; in Egs. (8.1)—(8.5) may
vary for different model constitutions. In this subsection, we use the source terms of
the single-viable-species model in Egs. (5.31), (5.32) to illustrate the treatment of some
common difficulties regarding the source terms of multiphase mixture models.

Owing to the diffuse nature of multiphase mixture models, a common phenomenon is
that some tumor cells may leak from the bulk tumor. These may then start to grow and
form satellite tumors proximal to the primary tumor. While this phenomenon may be
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Figure 8.1 Evolution of (top) a sharp interface and (bottom) a diffuse interface with respect to
mesh discretization in one dimension. The solid lines represent the solution for the phase variable
Y at time fo; the solid squares denote the values at the grid points. The broken lines represent the
solution for i at #;, where #; > #y; the open circles denote the values on the grid points. The
upper panel shows that between ¢, and ¢, the sharp interface has “disappeared” between two mesh
grid points, and it is unclear when the value at the grid point x; should make the jump from 0 to
1. In contrast, the lower panel shows that the mesh grid points are able to capture the evolution of
the moving diffuse interface, provided that there are enough grid cells across the interfacial area.

physical under some circumstances, in fact it is more appropriate to describe the leaked
cells using a discrete model, thus forming a hybrid continuum—discrete model as already
discussed in Chapter 7. Here, for a pure continuum model we suppress such cell growth
by introducing a cutoff function in the source terms describing cell proliferation. We
rewrite Egs. (5.31), (5.32) for the numerical solver as

_ n _ _ _
Sp = AM,pF@pG (§0T) - )\A,p(pp - )\N,pH(nN,i - n)@pa
00

Nr>p>0 and p#D (8.43)
Nt

So =Y (Rap + Ay Hiin, =) ¢p — Agp, (8.44)
=
117)#]3

where n is the nutrient concentration, solved as one of the ¢, from Eq. (8.5), and, for the
total tumor volume fraction,

= n —
Sr= Z Sp+Sp = Z AM, p ﬁ*%G (¢1) — AL9D, (8.45)
o0
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where we multiply the cutoff function G(¢) by the proliferation terms, and H(gp) is the
Heaviside step function. Note that ¢, here does not include the volume fraction of the
host cells; hence, Nt is equivalent to N — 1 in Chapter 5. We define G¢ as follows:

3

1 Ty

1 2 3
€ €
Gy =3 - if Ly, (8.46)
) 27 2
0 if <2
if o >

where €, is a small number setting a minimum volume fraction above which tumor
cells may proliferate. This cutoff function prevents the growth of a small perturbation
¢ < €,/2, avoiding the accumulation of mass after a long simulation. The Heaviside
function is commonly used in source terms, since some phenomena, such as necrosis in
Egs. (8.43), (8.44), occur with respect to a certain threshold. The exact Heaviside function
satisfies H(x) = 1 when x > 0 and H(x) = 0 when x < 0. However, the discontinuity
at x = 0 may cause problems for a numerical solver. Therefore, we approximate it by
the smooth function,

1 1 X
H(x) = 7 + Etanh <\/§e> . (8.47)

Thus far we have discretized the tumor growth model equations (8.9)~8.12) on a
uniform mesh with grid size 4. To solve the model using a multigrid method, a multilevel
mesh hierarchy needs to be constructed. This is presented in the next section.

Multigrid mesh hierarchy and block-structured adaptive mesh

In Section 8.2 we discretized the model equations using a cell-center finite difference
scheme on a single uniform Cartesian mesh. To implement a multigrid method, multiple
levels of coarse-to-fine meshes are constructed, on which we formulate the discretized
equations (8.10)—(8.13) accordingly. As mentioned earlier, the advantage of adopting
a finite difference discretization for a multigrid method is that the stencil does not
change with the mesh size. Using this advantage the multilevel mesh structure can
easily be made adaptive, and a block-structured adaptive mesh can be constructed.
Block-structured adaptive-mesh discretization dynamically generates local refined-mesh
patches to address localized small-scale phenomena, which characterize many multiscale
problems.

Figure 8.2 shows the multilevel mesh structure, as well as the construction, of
the two-dimensional block-structured adaptive mesh which will be described in
more detail in Section 8.3.1. The values on the dynamically generated refined-mesh
grids need to be initialized by transferring information from other existing mesh
grids; we discuss this in Section 8.3.2. Thus in this section we are setting up the
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1,2 G1,‘I G() G_1 G_z

2,2

Figure 8.2 A block-structured locally refined adaptive multigrid mesh. The various meshes are
denoted by €2,, where L is the mesh level. We call 2 the root level, above which (i.e., for

L > 0) the meshes do not cover the entire computational domain and only some local block
regions are refined. The levels L > 0 are called refinement levels. Each refinement-level mesh
may consist of multiple block-refinement regions, called patches and denoted by Ry ;. Reprinted
from J. Comput. Phys., 226, Wise et al. [695], p. 424, (©) 2007, with permission from Elsevier.

adaptive multigrid mesh structure for the MLAT-FAS multigrid method presented in
Section 8.4.

Block-structured adaptive-mesh refinement

As in Section 8.2, we consider a rectangular computational domain

Q2 = (Xmin> ¥max) X (Pmin» Ymax)-

Figure 8.2 illustrates the multigrid discretization of the computational domain €2; mul-
tiple levels of meshes are constructed, with the coarsest level on the right and the finest
on the left. We denote the domain of mesh level L by Q2;, where Ly < L < Lpay; for
the example in Figure 8.2, Ly, = —2 and Ly, = 2. The L = 0 mesh level is called
the root mesh and is the finest uniform mesh covering the whole domain. Furthermore,
patches of block-structured mesh grids can be constructed on 2. Each patch occupies a
rectangular subdomain of 2, denoted by Ry ;, indicating that it is the kth patch on 2, , as
shown in the top row of Figure 8.2. The patch Ry ; is discretized into an N**) » N2
grid Gy, with grid spacing %, as depicted in the middle row of Figure 8.2. Patches
at the same mesh level do not overlap, i.e., Ry, . N Ry, =@ for ki # kp. Later we
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will introduce ghost cells for each patch in order to set the boundary conditions across
patches; note that ghost cells are not in the interior of a patch and hence are allowed to
overlap. Furthermore, let us explicitly define €2, :

kL.max
Q=) RocQ. (8.48)
k=1

For L < 0 the grid mesh structure is essentially rectangular and uniform and consists
of only one patch, which covers the entire computational domain: R; ; = Q; = Q. To
simplify the notation we will write the patches R ; as R; for L < 0 and similarly the
grids Gy as G. For L > 0, the patches R, ; represent localized mesh refinement, and
there can be multiple patches at one mesh level. For example, in Figure 8.2 we have
Ry, and R, on €2;. Consequently, we call €2 the root level, on which mesh-refined
patches are constructed; the corresponding grid Gy is called the root grid. The bottom
row of Figure 8.2 shows the composite mesh for this block-structured adaptive-mesh
discretization.

The advantage of block-structured adaptive mesh is that each grid Gy ;, corresponding
to the patch Ry ; is a rectangular uniform mesh grid. The FAS method, originally
derived for a uniform-mesh discretization, can be applied directly to patch grids without
reformulation of the approximating stencils. Hence, we may easily make the FAS method
adaptive within the block-structured MLAT framework (Section 8.4). Note that by using
the root level as the finest mesh level, i.e., Ly, = 0, we obtain a uniform multigrid
mesh structure. Hence the uniform-mesh FAS multigrid method can simply be deduced
from the MLAT-FAS multigrid scheme. Also note that Figure 8.2 implies that the mesh
grid sizes of mesh L — 1 and mesh L are related by

hi_1 = h—L (8.49)
2

which is called the standard coarsening [662]. A general multigrid method is not

restricted to this choice of mesh coarsening or refinement. Readers may refer to Sections

2.3.1 and A.7.1 of [662] for alternative options for coarsening rules.

To maintain systematically the hierarchy of the meshes during refinement, the meshes
must be nested. Each level-L grid Gy, ; with grid spacing /;, completely covers a subgrid
le, 1 C Gg, r—1 with grid spacing 4, _; atlevel L — 1. In the hierarchy structure, Gy, 1.
is a “child” of Gy, —1 while the latter is the “parent” of the former. This hierarchy

structure also implies that the level-L domains satisfy
QL - QL—] for Lmin +1 = L = Lmax- (850)

Note that this is more general and less restrictive than the “definitive” nesting requirement
for a mesh generated in CHOMBO [140]. Using the standard coarsening rule (8.49) the
size of the subgrid Gy, ; is (N®1)/2) x (N$#+1)/2), where NivE (d = x, y) are the
dimensions of Gy, 1.
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Figure 8.3 A snapshot of the ¢t = 0.5 isosurface, together with the bounding boxes of a
three-dimensional block-structured adaptive mesh. The variable ¢ represents the volume
fraction of the total tumor cells. The root level (L = 0) of the adaptive mesh is a 32° mesh. There
are three refinement levels above it; each level of refinement has half the grid spacing of the one
on the level below. Therefore, the finest level (L = 3) has the equivalent resolution of a 2563
mesh. Reprinted from Wise et al. [696].

The construction of a multilevel refined mesh begins at the root-level grid, Gy. The
following pseudocode outlines the process.

BLOCK-STRUCTURED MESH-REFINING ALGORITHM
Loop: for L = 0 until L, — 1

* tag grids to be refined on 2/,

* cover the tagged grids using multiple nonoverlapping rectangular patches
R0 41 C 2y,

* construct the refined-mesh grids Gy, ,, z+1 on Ry, 141,

| (Rrt1max
* Q1 =Uy 0 Rit
end for Loop

There exist various a priori and a posteriori criteria to tag grids for mesh refinement,
which we will discuss later in Section 8.4.5 in the context of the MLAT-FAS method.
Figure 8.3 shows an example of the block-structured adaptive Cartesian mesh in three
dimensions; the rectangular boxes represent refined-mesh patches at various levels. We
next discuss the initialization of the values on the dynamically generated refined-mesh
patches.
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Figure 8.4 Example of dynamic mesh refinement: transferring data from an old level-1 grid and
the root-level grid to a newly constructed level-1 grid. In the region where the new and old
level-1 meshes overlap, the values of the discretized variables are directly copied from the old
mesh to the new one. In the region where the new mesh finds no corresponding old mesh grid,
the values on the new mesh grid are obtained by interpolating the values on the coarser root-level
mesh. In the region where the old level-1 mesh finds no corresponding new mesh grid, the values
on the old mesh are used to correct the values on the coarser root-level mesh. Reprinted from

J. Comput. Phys., vol. 226, Wise et al. [695], p. 426, (©) 2007, with permission from Elsevier.

Initialization of the refined meshes

During the course of simulation, meshes finer than the root level are dynamically con-
structed and destroyed. The values on an existing mesh need to be transferred to newly
generated meshes, thus initializing the new meshes. Moreover, the smoothing procedure
of the FAS scheme requires the construction of ghost cells for each patch. While the
ghost cells of the meshes covering the entire computational domain €2 are set up by the
physical boundary conditions (Section 8.2.3), the refined patches in the interior of Q2
need to obtain information from existing mesh grids.

First, we discuss the details of how to transfer the data to initiate the values on a newly
created patch for the dynamical mesh refinement scheme. Figure 8.4 shows an example
of dynamic mesh refinement; in this example, the coarser mesh is the root-level mesh,
and the two finer meshes are at level-1. The finer mesh enclosed by the broken line
is newly constructed while the finer mesh enclosed by the dotted line is an old mesh,
which was constructed at the previous time step and will be destroyed after the data have
been transferred to the new mesh. Note that the overlaps comprise “fine-to-fine copy”
regions, “coarse-to-fine interpolation” regions, and “fine-to-coarse average” regions.
The “fine-to-fine copy” region indicates where the new level-1 patch overlaps the old
level-1 patch. The algorithm is straightforward: copy the data from the old grid cells to
the corresponding grid cells on the new mesh. “Coarse-to-fine interpolation” is applied
to regions on the new mesh that do not overlap the same-level old mesh. For such regions
in Figure 8.4, the values on the new level-1 mesh grid are obtained by interpolating the
values on the coarser-mesh grid. The “fine-to-coarse average” is used for regions on
the old level-1 mesh that do not overlap the new level-1 mesh. For such regions, the
values on the old level-1 mesh are averaged to correct the values on the corresponding
level-0 grid, given that the values on the finer-level grids are more accurate than those on
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Figure 8.5 Schematic of two interpolation methods for setting up the ghost cells. The A-method
(top) interpolates the values on the ghost cells of the finer mesh using two finer grid values and
one coarser grid value. However, there are eight rule-exception ghost cells on a rectangular mesh
for this method, owing to the lack of information. The IT-method (bottom) first calculates
intermediate values using the values on the coarser grid; then the ghost-cell values are
interpolated from these intermediate values and the finer-grid values. For this method, there
exists four rule-exception ghost cells on each rectangular mesh. Reprinted from J. Comput.
Phys., vol. 226, Wise et al. [695], p. 427, (©) 2007, with permission from Elsevier.
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the coarser-level grid. The coarse-to-fine interpolation operators and the fine-to-coarse
average operators are respectively the same as the interpolation and restriction operators
of the FAS multigrid method and will be introduced in Section 8.4.4.

After the values on all patches of a refinement mesh level are initialized, we set up
the values at the corresponding ghost cells by transferring the data from the existing
meshes. Since a coarser-level mesh completely covers a finer one, we may set the ghost
cell values of the patches on a finer mesh by interpolating the values on the coarser-
level mesh as well as on the patch itself. Illustrated in Figure 8.5 are two quadratic
interpolation rules, A- and [T-methods. The A-method, which uses two points on the
patch and one point from the coarser mesh, is efficient to compute and generally more
accurate; however, there exist eight rule-exception ghost cells for each rectangular patch
owing to the lack of data points. The [T-method has only four rule-exception ghost cells.
It first uses three points on the coarser mesh to compute an intermediate value; then
the intermediate value is used with another two points within the patch to interpolate
the value at a ghost cell. Thus, the TT-method requires twice as much computation
as the A-method. Although neither the A-method nor the IT-method is conservative, we
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Figure 8.6 Transferring data between adjacent patches to set up the ghost cells of each patch. The
ghost cells of one refined patch may overlap the interior cells of adjacent patches. Data on the
overlapped interior cells are directly copied to the corresponding ghost cells. Reprinted from J.
Comput. Phys., vol. 226, Wise et al. [695], p. 427, (© 2007, with permission from Elsevier.

found that the mass is maintained to a high degree of accuracy [695]. Other ghost-cell
interpolation methods can be found in [84].

Frequently a refined patch is located adjacent to another patch of the same level, and
so its ghost cells overlap the grid cells of the adjacent patch, as shown in Figure 8.6.
Given that finer grids have higher accuracy in a multigrid scheme, in such a case we
copy the data directly from the grid cells of the adjacent patch to the corresponding
ghost cells.

The following pseudocode summarizes the process of constructing and initializing
the adaptive meshes for the adaptive-mesh refinement (AMR) framework.

AMR PROCESS
Set the mesh grids from the previous time step to G
tag the mesh grid cells on 2 for mesh refinement,
Loop: for L = 1 until L

old
k. L>

* construct Gy, 1 to cover all the tagged grid cells on Q;_,
* initialize all Gy, ; by interpolating the data on Q;_j,

* copy data from Gz}ﬁ , to the overlapping grid cells on Gy, 1,

* restrict the nonoverlapping Gzid, ;. grid cells to the grid cells on €2, _1,
* set the ghost cells for all Gy, ; by interpolation,

* copy the data if the ghost cells overlap adjacent Gy, ; grid cells,

¢ tag the mesh grid cells on 2; for mesh refinement.

end for Loop

destroy G9!, .
.

In Section 8.4 we present the MLAT-FAS scheme, which fits the AMR structure
described above.
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Multigrid method on adaptive meshes: the MLAT-FAS scheme

The modified Crank—Nicholson method used for time discretization yields the nonlin-
ear implicit equations (8.9)—(8.12) for the discrete form of the model. There are two
approaches to solving such a nonlinear implicit system using multigrid methods. The first
uses a global linearization algorithm on the nonlinear system, and so a linear multigrid
method can be applied; however, the disadvantage of this technique is that the globally
evaluated Jacobian matrix has to be stored in the memory when the numerical solver
sweeps through the mesh grids, resulting in a high computational demand. The second
approach, which we follow here, uses local linearization within the multigrid method
to solve the nonlinear system. We will present a nonlinear full approximation storage
(FAS) multigrid method within the multilevel adaptive technique (MLAT) framework
using the block-structured adaptive multilevel multigrid mesh previously constructed in
Section 8.3 [75, 379, 380, 662, 695, 696]. The FAS method was first applied to Cahn—
Hilliard-type equations by Kim, Kang, and Lowengrub [379, 380]. It was then modified
within the MLAT framework to solve strongly anisotropic Cahn—Hilliard equations by
Wise et al. [695]; the MLAT-FAS scheme was later applied to a CH-type tumor growth
model by Wise ef al. [696, 697].

To introduce the nonlinear MLAT-FAS method for solving the tumor growth model
on a block-structured adaptive mesh, in Section 8.4.1 we rewrite the discrete non-
linear implicit equations (8.9)—(8.12), separating the operator terms and the source
terms. The operator terms are subject to local linearization in the smoothing step of
the nonlinear FAS method. In Section 8.4.2 the overall procedure of the MLAT-FAS
multigrid method, known as V-cycles, will be presented, and this is followed in Sec-
tions 8.4.3 and 8.4.4 by a detailed description of each V-cycle component. With the
MLAT-FAS components defined, we will discuss the criteria for mesh refinement in
Section 8.4.5.

Operators and sources

Before introducing the FAS method, let us simplify the mathematical notation and
define

* _ * * **1/2 *
Vi = (ﬂ"T,(i._/)v Pty M) iy ) , (8.5

where the superscript star is a place-holder for any index. Setting ¥* = {y/§ ,|Vi, j},
we can write Egs. (8.9)—(8.12) in the generalized form

NG () =FG (v ), (8.52)

where we have split the equations into source terms, represented by F, and operator
terms, represented by N. The components of F(; ;, and N{ ;) are explicitly defined
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as follows:
M.n (yn n—1\ _  n—1l sM n—1 n—1/2
Fop (09" ") =i + - Va- (‘pT,(i,j)vd/‘L(i,j) )
s n n—
T3 (ST,(i,j) + ST,(i{j)) (8.53)

s 1 ael
) {Vd' (ug,(i,j)go"?,(i,j)) + Va- (“g,(i,j)‘p%(i,j))} ’

wn + (pn—l
() Sy e i) T i) n—172
Fy (™) = @iy +5Va- M<2 )Vd“a,j) ]

§ n n—1
+3 (Snn+Shits) (8.54)
_i v, - n n S v n—1 n—1
5> Ve \Us.an®p.n d \Us )P )| >
(1),n n n—1 1 / n—1 / n—1 e’ 2 n—1
Fap (0" 9") = 51 (‘PT,@',_/)> — Je (‘/’T,(i,_n) — 5 Vaoray (8.55)
(9).n -1\ _ s n—1 S n—1
R W vtt) =+ 5V (DaVacidy) + 55y (8.56)
and
M (n =1y _ n sM " n—172
N(i,j) (W Y ) =P1.a4,)) — TVd' (Q"T,(i,;)VdM(,-,j) ) , (8.57)
(p)in n n—1 n
N (W) = b iy (8.58)
N (g ety el L,/ 62Vz n 2,59
W) = ) = 5L (eran) + 5 Vst (8.59)
(g):n n n—1\ _ n S n s n
Ny (0" ") = cgap = 5 Va- CAZATE 2la6  (8.60)

where F = (F(T), F® F®, F(q)) and N = (N(T), N® Nw, N(‘”). Equation (8.52)
is an algebraic equation in which ¥" is the unknown variable to be solved while the
previous-time-step solution ¥"~! is known. In principle, N contains the unknown vari-
ables while all terms in F are known. Hence, terms containing only "~ should go
to F, while those containing only " are placed in N; the assignment of cross terms
(containing both ¥" and /"), however, is rather arbitrary. The /" terms assigned to F
are actually lagged in the multigrid V-cycle, which will be detailed in Section 8.4.2. In
other words, there is no unique way to set up the components in Eq. (8.52). Solvability,
stability, accuracy, convergence, and efficiency may all affect the decision about how
the assignment is made. For example, including more cross terms in the operator may
improve the accuracy but make the solution difficult to converge; conversely, assigning
more cross terms to the source decouples the equations, making them easier to solve,
but it may reduce the stability and the efficiency of the solver.

For simplicity of presentation, from now on we will use the abstract Eq. (8.52) to
represent the discretized tumor growth model (8.9)—(8.12). Next we introduce a nonlinear
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MLAT-FAS multigrid method to solve Eq.(8.52) on a block-structured adaptive mesh
[75, 379,380, 662, 695, 696]. A multigrid method is based on the idea that a smoothing
procedure quickly damps high-frequency noise and coarse-grid corrections accurately
correct low-frequency errors [662]. For a nonlinear problem such as our tumor growth
model, a local linearization algorithm is used to evaluate locally the Jacobian matrix
of the system and to construct the smoothing operator. Then the smoothing step and
the coarse-grid correction of a multigrid method can be directly applied to a nonlinear
system.

Thus a multigrid method consists of smoothing procedures, fine-to-coarse grid restric-
tions, and coarse-to-fine grid interpolations, all of which are combined in an iterative
cycle, termed the V-cycle because its operations move down and up the multilevel mesh
structure. In Section 8.4.2 we present an overview of FAS V-cycles, followed by more
detailed descriptions of each component.

The MLAT-FAS V-cycle method

The MLAT-FAS multigrid method is carried out on multiple levels of uniform mesh
patches, as shown in Figure 8.2. Let us denote the coarsest, 2° x 2°, mesh level by
L = L, and the finest, 2L « ZZ, mesh level by L = L, where L = Limax — Lnin.
As in Figure 8.2 the domain of the Lth-level mesh is €2, and we will use the notation
Y7 to represent the discretized variable ¢" on €21, where n represents the nth time step.
During FAS V-cycle iterations, an additional superscript m is added to indicate the mth
cycle in the process, and ¥" is written as ¥; ™. In the process of solving Eq. (8.52) let
us express the result of one FAS V-cycle iteration as follows [380]:

7" — MLATFAScyele (L, v ~!, y7" N, Fp,v), (8.61)

where v specifies the number of relaxation sweeps of the pre- and post-smoothing
procedure, which will be introduced in Section 8.4.3; N, and F; are the operator and
source functions of Eq. (8.52), the subscript L indicating that these functions depend
on iy, the grid spacing of €2;. Because in Eq. (8.61) and the following equations the
FAS iteration index m is only associated with the current time step 7, not the previous
time step n — 1, it is convenient to drop the time index for such cases; thus, from now
on, p” = ¢"™™ unless specified otherwise. Next, let us define an MLAT-FAS V-cycle
[380, 695, 696]. The V-cycle starts with the finest mesh level L = Ly, using the
following steps to update w’Z’mH for each mesh level Lyax > L > Lpin.

1. Pre-smoothing
Compute the smoothed variable /7" by applying v smoothing steps to "

Y = SMOOTH" (v}~ ', ¥, N.,F.). (8.62)

We defer the description of the SMOOTH relaxation operator to Section 8.4.3.
2. Defect
Compute the residual of the equations on €2; after the smoothing step:

dy =F (¥ ;) =N (97 v ") (8.63)
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3. Restriction

Project (5?2” 1,52”) from 2, to the coarser mesh Q; _1:

ar , =1-tar onQ; | Ny, (8.64)
- 1L lym onQ;_ Ny,

’Ln—l — Lm I//L L—1 L (865)
wL—l on QL_] \QL

For d” , on Q; 1\ Q, we apply Eq. (8.63) of step 2 to the (L — 1)th level. The
restriction operator I7 ! will be discussed in Section 8.4.4.

. Computing the source term

Compute the source term on the coarser mesh 2 _;:

ar 4+ Np (0, v on Q1 NQy,
F£n_1 _ L—1+ L l(szl_l wL_1> L—-1 L (8.66)
FL—I(I//Z’—D L—l) on €21\ €2z.
. Coarse-grid solution
Solve
N (B vit) = Fr (8:67)
for IM”_]:

{If L > Ly, + 1, proceed to the next level by solving
Y| = MLATFAScycle (L — 1, =1, ¥, Nooi, Ffy,v) . (8.68)

{ If L = Lpin + 1, the mesh ©;_; reduces to the coarsest mesh ;. ; thus, we
can explicitly invert the matrix to obtain the solution ¥}’ . It will become clear
in Section 8.4.3 that solving for " is essentially the same as the smoothing

procedure:
V1, = SMOOTH" (v, ]’ . Nu,,, FJ,, ) (8.69)

Note that in contrast with a linear multigrid method, which solves for the approximated
defects at this step, the FAS method solves directly for the full approximated solution
of 1/32”71 for nonlinear problems, which is the origin of the name “full approximation
storage.”

. Coarse-grid correction (CGC)

On ;| Ny, compute the corrections of the variables:
0 =97 =¥y (8.70)
On Q;_; \ 2, set the solution:

=9 (8.71)

. Interpolation

Project the coarse-grid correction onto the finer grid 2 :
or =1t _,0r . (8.72)

The interpolation operator I%_, is also discussed in Section 8.4.4.
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8. Correction
Use the interpolated coarse-grid corrections to approximate the solutions on €2 :

Ipzn,after CcGC _ &IrJn + ézﬂ (8.73)

9. Post-smoothing
Apply v steps of the smoothing procedure to 1" “5€ to obtain the solution of one
MLAT-FAS cycle:

I+ = SMOOTHY ()™, 4" % N, Fy ). (8.74)

The above steps complete one MLAT-FAS V-cycle.

To advance the solution 1"~ at the (n — 1)th time step to ¥ at the nth time step, we
iterate through multiple MLAT-FAS V-cycles until at the finest level a small-residual-
defect criterion is satisfied. The following pseudocode illustrates the essence of the
algorithm.

MLAT-FAS V-CYCLE ALGORITHM
set Y "= =y VL
Vcycle loop: for m = 0 until m,x — 1
7" = MLATFASecyele (L, ;=" ¢, Ny, Fp, v)
L L (A i I PO (A T
end for Vcycle loop
set i =yt VL

< tol exit loop

Recall that L, is the finest mesh and that we check whether the residual |[N — F|| is
below a tolerance level fol. Next, in Section 8.4.3 we discuss smoothing procedures
further and in Section 8.4.4 the restriction and interpolation operators.

Smoothing procedures

The smoothing procedures are essentially iterative methods toward solving an implicit
problem such as Eq. (8.52). Typically, iterative methods rapidly damp high-frequency
errors within just a few iterations, but they do not converge to the solution fast enough to
be efficient solvers by themselves owing to the slow rate at which low-frequency errors
are decreased. Hence, the reason for using an iterative method here is not to solve the
model equations directly but to quickly kill the high-frequency errors; the low-frequency
errors are more efficiently dealt with using the coarse-grid correction (CGC) step of the
MLAT-FAS V-cycle described in Section 8.4.2.

Within the MLAT-FAS V-cycle, we attempt to solve the nonlinear equation (8.52) in
the following form:

NZ,(i,j)(wn’mv 1lhnfl) — FZ,([,j) (,(//n,mfl7 1//nfl) ; (875)
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recalling that """ denotes the solution at the nth time step and the mth V-cycle. The
conventional Jacobi relaxation method solves Eq. (8.75) by iteration:

lpn,m,e — 1/fl1,rm€—l +C()J]\;zl<l//n’m’€_l, lﬁn_l) (876)
% [FZ (wn,mfl’ 1pnfl) _ NZ (wn,m,éfl’ 1’[/nfl)] ,

where ¢ denotes the fth iterative step and w is a relaxation parameter. If the Jaco-
bian Jyx: (¥, ") of Ny (y"™, "~ 1) is globally calculated with respect to y""
on the entire computational domain, Eq. (8.76) is a global linearization of the non-
linear equation (8.75), for which linear multigrid methods may be applied. The FAS
nonlinear multigrid solver approximates the full solution of a nonlinear problem by
employing only local linearization, for which the Jacobian Jn: ("™, ¥~ 1) of the non-
linear operator N ("™, 4"~1) is evaluated locally for each grid point. Assuming that
we are working in two dimensions, let us rewrite the dependence of N ("™, y"~1)
as N’Z,(iqj)(w(';;f'}’f)fl, w[;;f’}’f), Y"1 for each grid point (i, j), where (i1, j;) denotes the
grid points to be evaluated using the values of y"¢~! from the previous iterative step
and (i», j») denotes the grid points to be evaluated by the values of "¢ in the current
iterative step. For local linearization, the Jacobian is calculated with respect to lp(';;f’}’ze) and
rewritten as Jnr _(i'j)(w(’;;f'}'ll;fl, l/f(';z";f), ¥"~1) for a grid point (i, j). Then the relaxation
method uses the following iterative steps to relax Eq. (8.75) for the solution 1//6"]") on
each local grid point (i, j):

,m,0 m—1
v =i (77
loop:  for £ =1 until v

nml __ 4 nml—1 -1 n,m,l—1 n,m,t n—1
iy = Y +wJNz,(,_,)(W(il,jl) Wi ¥ )

n n,m—1 n—1 n n,m,l—1 n,m,l n—1
x [FL,(LJ)(W ¥ )_Nuz‘,j)(‘”(il,jl) R OWATRY )}

end for loop (8.78)
Vi =V (8.79)

where v is the number of total iterative steps. The conventional Jacobi method for local
linearization at a grid point (7, j) is straightforward, with (i, j,) = (7, j) and the other
grid points assigned to (i1, j;) using the lagged values from the previous iterative step.
However, the conventional method provides a relatively slow smoothing effect and can
be improved by adopting an alternative relaxation scheme. Here, we adopt Gauss—Seidel
(GS) relaxation as the smoothing operator of the multigrid solver. Note that to solve
Eq. (8.75) numerically on a spatial grid, we evaluate Eq. (8.78) by sweeping through the
discretized grid points one after another at each iterative step. The GS relaxation method
utilizes the values of the already updated grid points, i.e., ¥""™¢, at the current iterative
step. Therefore, while the conventional Jacobi method is independent of the grid point
ordering, it would appear that the GS method depends on which grid points are swept
first. The most straightforward ordering is the lexicographic ordering, where we sweep
the grid points /; ; fromi = 0toi = N, and from j = 0to j = N,, increasing i and j
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® ®
o o Red (Even)
o @ | @ Biack(0dd)
® ®

Figure 8.7 The illustration of red—black ordering. The gray and the black dots represent the
cell-center values of the red and the black cells respectively. Using the red—black ordering in a
mesh-grid relaxation method, we sweep all the red cells first and then the black cells. The red cells
are also called even cells because the cell index add up to even numbers; likewise, the black cells
are also called odd cells. Hence, red—black ordering is also known as the odd—even ordering.

by 1 each time. Thus, the rule to implement the GS relaxation method with lexicographic
ordering (GS—-LEX) can be concisely written as

{i1 > i {iz <i,
) ) and ] ) (8.80)
J1>] 2=

However, analysis shows that the smoothing factor of GS relaxation can be improved
further by adopting red-black ordering (GS—RB) [662]. Red-black ordering is also
known as odd—even ordering, which is self-explanatory, and is shown in Figure 8.7; all
the red (odd) grids are swept first and then all the black (even) grids; or vice versa. A
potential disadvantage of the Gauss—Seidel method is that the results may be biased due
to the dependence on grid ordering. A strategy to reduce this shortcoming is to rotate the
sweep direction; for red—black ordering we may even alternate the order in which the red
and black grid groups are swept, further reducing bias due to the grid ordering. In this
respect, red—black ordering is more favorable than lexicographic ordering; an analysis
shows that red—black smoothing has a higher degree of independence [662].

The choice of the relaxation parameter @ that enhances the rate of high-frequency
error smoothing depends on the relaxation method as well as on the grid ordering. For the
GS-RB method w = 1 gives a satisfactory smoothing factor, but the smoothing effect
can generally be improved by using w > 1 [662]; in practice, we use the empirical value
o = 1.2 for the tumor growth model. Readers may refer to Sections 2.1 and 4.3—4.5 in
[662] for more in-depth discussions of these relaxation schemes.

The rule for GS—-RB implementation cannot be expressed concisely like Eq. (8.80)
of the GS-LEX scheme; thus, from now on, we will write the equations in the
GS-LEX form whenever explicit expressions are necessary. In a programming code,
the GS—-LEX implementation can easily be modified to obtain the GS-RB algorithm
by changing the order of mesh grid sweeping loops. Next, we formulate explicitly the
GS-LEX smoothing algorithm for the tumor growth model by applying the source equa-
tions (8.53)—(8.56) and the operator equations (8.57)—(8.60) to the relaxation method in
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Eqs. (8.77)—(8.79). The operator terms Ny ; ;) involve the discrete gradient operator V4
introduced in Section 8.2.1, which utilizes values at the cell-edge centers. Hence, for the
nth time step, mth V-cycle step, and £th relaxation step, let us define the cell-edge-center
variables using the discretized values at the cell centers:

n,m,t n,m,0—1 n,md—1 n,m,{ 1 n,m,—1 n,m,t
Pitifg) = (‘/’ml »n T ) o Qi) =2 (‘Po n o T 11))

n,m,{ n,m,l—1 n,m,l _ 1 n,m—1 n,m,l
i =1 (i e ) e =1 (W el
where ¢ can be either ¢r, ¢,,, or ¢,. Note that, in GS-LEX relaxation, ¢ +1, ;) and ¢, j+1)
are from the previous iterative step and ¢ _; ;) and ¢ ;_1) are at the current iterative
step. Similarly, we define the cell-edge-center diffusion coefficient D, by

nml

n,m-— n,
D Wi, € q(,+1,>) + Dy (‘PT/p(z 77 €qlti.g)

1
pinn =3 [D ( )}
n,m—1 _1 n,m—1 nml n,m—1 nml
Dylic12.) = 3 [Dq (¢T/p .0y g /)) + Dy (‘PT/p (i—1.7)" Ca.li- m)}’

n,m—1 _ 1 n,m—1 n,m—1 n
Dyl 12 = 2 [Dq </)T/,,,(,-,,»+1)»Cq,<,»,,~+1)) + Dy (¢T/p Gy ol

n,m—1 1 1 o e 1
Dylij-1/2 = 2 [D (¢T/p (0.7 Ca.G. n) +D (‘PT/p (i.j~1)" Ca.(i.j- 1>)}
The diffusion coefficient D, for substrate species ¢ may also depend on the variables
@1, ¢p, and ¢, ; to simplify the numerical calculations, we use the results obtained from

the previous V-cycle step m — 1 to evaluate D,. The operator equations (8.57)—(8.60)
can be rewritten for the GS—-LEX method as:

Mnmt _  nml zSM nm. L n—1/2,m,e—1
Nijy  =rep 2 [(% (+1/2. )M +1.5)
n—1/2,m,¢ ¢ n—1/2,m0—1
PTG i T PTG
n,m,t n—1/2,m¢ n,m,l
T T j-12) MG, ) <¢T (+1/2./)
N4 n—1/2,m,t
+ QTG0 T TG ]+1/2) + o - 1/2)) K. j) ] ) (8.81)
n,m, b NIN4
NG = e (8.82)
(w),n,m,L n—1/2,m,t 1 NN4
NiGp  =wey 512/(?"4.5,;))
1 2

—1 -1 ,m, L
hz (¢¥Z+l T eres 11)+¢¥le+1)+<ﬂu,j 1 4§0¥,Z‘l,j))v (8.83)

1
(@)nml __ nmt n,m, L 2 n,m—1 nmEl
Niigy =€ ~ Fq G.j) hz {(Dq (i+1/2./)6q.(+1.))

n,m—1 n,m,l n,m—1 nm(l

+ Dy - 1/21>Cq i1, T Dyl j+1/2C4,j+1)
,m— n,m—1
+ Dy ey 1)) + (Dq (o1 + Dyicieg

n,m—1 n,m—1 n,m,l
+ Dyt Dq,a,_/—l/z)) Cq,(i,.f)} ’ (8.84)
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in which %; denotes the grid spacing at mesh level L. Here we assume that
hpx = hp = hy to avoid further complicated mathematical expressions; it is not dif-
ficult to derive the appropriate formula for %, , # hy ,. The unknowns to be solved
in Egs. (8.81)—(8.84) are (p?j{'}"f), <p;:’(’},'f), u("l_jl)/ 2t and cZ:I’Z"f). Hence we can see that
only Egs. (8.81) and (8.83) need to be solved together, while the equation for the tumor
subspecies (8.82) and the equation for the microenvironmental variables (8.84) are
decoupled. This allows us to solve separately Egs. (8.81) and (8.83) as 2 x 2 systems for
ot and p; then the decoupled “slave” equations (8.82) and (8.84), driven by the solutions
of o1 and u, can be solved independently. This simplification results from the assumption
that the adhesion potential u depends only on ¢t. The Jacobians of Egs. (8.81)—(8.84)
are derived as follows, forx = T, u:

,m, L m L
| PTii w12, T TG 2.0
n,m, L ,m L m, L
Ty = +0r6 412 T G-
m,l—1 2
| () + 5] !
(8.85)
For p, g we have
gt =1, (8.86)
al—xn,n?.gfl 1
(q).nm.l __ s q,(.j) n,m—1 nm—1
Jray =1-3 l . T (Dq,<z‘+1/2$j> +Dyli-172.))
q L

n,m—1 n,m—1
+ Dyl j+1/ T Dq,(i,j71/2)> 1 . (8.87)

Here Eq. (8.85) is the Jacobian of the coupled equations (8.81) and (8.83). For a more
general adhesion potential u, which depends also on the tumor subspecies ¢,,, we need
to solve a fully coupled system. Alternatively, we may try lagging the ¢, variables for
the evaluation of x and obtain a decoupled system similar to Egs. (8.81) and (8.84).

The smoother is primarily responsible for damping the high-frequency noise. Because
of'its good smoothing properties, the GS—RB method does not need very many iterations
to be effective in the multigrid numerical solver. In practice, we have found that two
iterative steps (i.e., v = 2 in Eq.(8.61)) is sufficient for our tumor growth model. As
mentioned earlier, the low-frequency noise is more efficiently dealt with by the coarse
grid correction (CGC) process, which essentially corrects the defects in the coarse grids
and interpolates the results back to the fine grids. In the next subsection we discuss two
key operators of the CGC process, the restriction operator and the interpolation operator;
the former operator projects discretized quantities from a finer mesh grid to a coarser
one, while the latter does the opposite.

Restriction and interpolation

The construction of the restriction and the interpolation operators depends on the grid
coarsening rules. For standard coarsening we may simply use bilinear interpolation
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Figure 8.8 Bilinear interpolation between a coarser and a finer mesh grid. The values are defined
at the cell centers on each mesh. The displacements from a to-be-interpolated coarser-grid point
to the neighboring finer-grid points are (/4 /2, +4/2), where 4 is the mesh grid size of the finer
mesh. Conversely, the displacements from a to-be-interpolated finer grid point to its neighboring
coarser grid points depend on where the finer-grid point is with respect to the coarser-mesh
grids. Using the point indicated in the figure as an example, the displacement vectors to the four
neighboring coarser grid points are respectively (—#/2,3h/2), (—h/2, —h/2), (3h/2,3h/2), and
(Bh/2, —h/2).

as our coarse-to-fine interpolation operator, also known as the prolongation operator
(trilinear interpolation in the case of three dimensions). Recall that the values of the
model variables i are defined at the cell centers, as shown in Figure 8.8; hence, the
bilinear interpolation is performed as follows:

Y =1y, (8.88)
where
VL+1,(i2)2)
11? (9¢L.(i1,jl) + 3V 4150
+ 3V 1) + VL)) fori, = 2iy, jo =2/,

16 (3% + VL Git1.)
+ 1pL,(il,lerl) + 3WL,(,‘1+1J1+1)) fori, =2i; + 1, Jo = 2]-1’

16 BVL gy + Vi
+ 9L F3VL ) forip =2iy, p=2j1+1,

% (va(ilqjl) + 31/’L,(i1+1,j1)
+3‘/’L,(i1ni1+l) + 9wL,(i1+l»j1+])) fori, =2i1+1, j, =25+ 1.
(8.89)

Here 0 < iy, j; < Ny + 1 are the grid indices on mesh L and 0 < i,, j» < 2Ny + | are
the grid indices on mesh L + 1. (See Section 2.8.4 of [662] for further discussion.)
Similarly, the restriction operator is constructed as follows:

Yo =17y, (8.90)
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where

Vi1 = 3 (Vr.i-12/-1) + Viei-2) + YLy + Vieizy) . (8.91)

and1 <i,j < %N 1. Note that information on the finer-level mesh is not fully preserved
when it is restricted to a coarser-level mesh and, hence, cannot be recovered by interpo-
lation. In other words, the restriction operator is not invertible, i.e., Iffl N A

Recall that in Section 8.3.2 we referred to the present section for “coarse-to-fine
interpolation” and the “fine-to-coarse average;” we use the interpolation operator If_,
for the former and the restriction operator I ™" for the latter. However, I} |, and I: ! do
not update the values in the ghost cells. After the interior grid cells have been updated
by I¢ | and I/™', we recalculate the values in the ghost cells using the algorithm in
Section 8.2.3 for ghost cells outside the computational domain €2; for the ghost cells of
an interior patch located inside €2 we use the algorithm in Section 8.3.2.

In the next subsection we discuss the mesh refinement criteria of the block-structured
adaptive mesh. The discussion was postponed from Section 8.3 because some elements
introduced in the present section for the MLAT-FAS multigrid method are utilized to
determine where the locally refined patches should be constructed.

Criteria for mesh refinement

As mentioned in Section 8.3.1, there are several a priori and a posteriori criteria for
tagging adaptive mesh grids for mesh refinement. We will adopt and mix two such tests,
the undivided-gradient test and the relative-truncation-error test, which will be described
in this subsection.

Typically, interfacial regions characterized by large gradients G have a significant
impact on the overall dynamics owing to these sharp and rapid changes in physical
properties. Hence, it is desirable to have a fine mesh resolution around the large-gradient
regions. The undivided-gradient test is a convenient criterion for tagging such regions:

tag, 1
G7 = {f(i.j) € G

\/(‘P<i+1,j) - So(i—l.j))z + (@61 — 90(::;—1))2 > 4L } :
(8.92)

Here, I; ;) denotes the grid cells and ¢ is the model variable whose gradient needs to be
calculated precisely. The testing criterion is defined by a critical value §; which depends
on the level-specific grid spacing 4 .

Furthermore, accurately discretizing the equations may also require enhanced local
spatial accuracy. The operators may oscillate, introducing large truncation errors. Such
regions can be tagged by the relative-truncation-error test, which compares the restricted
finer-level operators and the coarser-level operators for truncation errors and tags the
fine-level mesh grids where the truncation error is large. We use Ny, ;)1 to represent
the values of the operator N on the Lth-level mesh grids and Ny, ;,) 11 for the operator
values on the (L — 1)th-level mesh grids. The subscripts (i1, j;) and (i, j,) respectively
indicate the grid cells /;, ;). on 27 and I, ;,) —1 on £ _;. For the standard coarsening
hL—l = 2hL , We may set the grld indexing in such a way that ](2i2—1,2jz—1),L , [(2i2—1.2j2),L ,
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10y, 2j,—1),L> L2iy,2j,), on 2 are the four grid points adjacent to /(;,, j,).—1 on Q7_1.
The restriction operator Ié_l in Eq. (8.90) projects the values of these four grid points
on 2y to the grid point /, ;,) 11 on ;_1. Then the relative-truncation-error test tags
the mesh grids for refinement as follows:

tag,2
G7" = {Hoi-12-01- Toi-120).0+ Lo 2j0-1).0+ T2in2jo) 1

—Napi-t|| > 82} (8.93)

The critical value §;, in this test also, depends on the level-specific grid spacing /% .
Readers may refer to Sections 5.3.7 and 9.4.1 in [662] for further discussion about the
relative-truncation-error test.

After the sets G;:gL’l and G;:gL’Z have been constructed, conventionally we expand the
tagged region by a process called buffering [140]. The buffering process defines, for
each level L, a buffered set B; which includes the tagged sets G;f_gL’l and G}igL’z as well as
np € {0, 1, 2, ...} layers of grid cells around them. The grid cells in B;, are then selected
for mesh refinement. To do this the grid cells are grouped into rectangular patches, using
the clustering algorithm given in Berger and Rigoutsos [65], and the refined grids G .+
are constructed on these patches.

€ Gr.|| (IE_INL)(iz,jz)
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9.1.1

Continuum tumor modeling:
a multidisciplinary approach’

With H. B. Frieboes

Introduction

In this chapter we describe recent multidisciplinary efforts that combine the models of
cancer described in this book with laboratory experiments to model tumor growth and
invasion. We focus on morphology, invasion, and anti-angiogenic therapy. The work has
been accomplished in stages that progressively incorporate the complexity of the tumor
environment: (i) the modeling of avascular tumors in vitro and in silico to assess the
stages of tumor growth; (ii) the modeling of vascularized tumors in silico to assess the
angiogenic switch and vascular growth; (iii) the modeling of vascularized tumors in vivo
and in silico to assess tumor progression in the body.

Avascular growth

Even though in vitro conditions offer tumor cells unlimited space for expansion and
no interaction with the host environment [299, 588, 647], the study of tumor growth
and invasion using a three-dimensional multicellular tumor spheroid in vitro model has
provided novel insights. A spheroid can be viewed as a network of individual cells, each
with its own proliferation potential. Growth of the spheroid is the outcome of the balance
between individual cell proliferation and internal cohesive forces. Variations in spheroid
growth rates and in the extent of central necrosis have been attributed to fluctuations in
the oxygen and nutrient concentrations [224, 226], and tumor growth characteristics in
vitro and in vivo have been extensively modeled [5, 172, 210, 456, 577]. Spheroids may
have the complexity of self-organized dynamical systems, which are regulated by both
environmental and internal noise [139, 693].

Although it is usually vascular tumors that exhibit irregular shapes and complex
morphology, there have been reports of irregular avascular tumors exhibiting complex
growth characteristics [77, 104, 356, 480]. This may carry important implications for
vascularized tumors in vivo. In vitro tamors that deviate from the spheroidal shape
by expressing branched or chained structures have been observed (e.g., [356]). An

! This chapter is based partly on the following articles: Clin. Cancer Res., Cristini et al., vol. 11, pp. 6772—
6779 (© 2005 American Association for Cancer Research); Cancer Res., Frieboes et al., vol. 66,
pp. 1597-1604 (© 2006 American Association for Cancer Research); and Cancer Res., Bearer
et al., vol. 69, pp. 4493-4501 (© 2009 American Association for Cancer Research).
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expanding tumor may exert both mechanical pressure and traction on its microenviron-
ment [288]. The tumor mass may compress the bulk matrix radially outward, but the tips
of invasive cells pull the surrounding matrix inward. A feedback mechanism may link
volumetric growth and invasive expansion [168]. Mechanical forces influence tumor
shape and may be related to tumor proliferation and invasive growth. Cellular traction
may cause extracellular matrix alignment, in which matrix filaments form tracks that
promote cellular elongation and directed migration, leading in some cases to the forma-
tion of multicellular tubular structures [671] and intratumor cellular swirls. To explain
the occurrence of invasive branches in brain tumors, a scenario has been proposed [168]
in which cells follow each other because of reduced mechanical resistance, enhanced
haptotactic gradient, and increased chemical attraction, all as part of a self-organizing
adaptive biosystem. The emergence of multicellular clusters in networks formed by
migrating cells may occur as well, and this may represent a guiding influence on the
invasion dynamics [168].

In Section 9.2.1 we study in detail tumor invasion in an avascular environment. The
main hypothesis [145] is that the tumor shape, while being affected by random cellular
proliferation and adhesion and by complex mechanical interactions at the tumor viable
rim, may result deterministically from the competition between individual cell prolif-
eration and internal cohesive forces in the presence of microenvironmental substrate
gradients [145]. It is well known that spatial gradients of nutrient, oxygen, and growth
factors are formed in tumors and are affected by the three-dimensional heterogeneous
arrangement of the cells and the extracellular matrix [3, 111, 114, 212] as well as by
the vasculature in vivo [339, 340]. In turn, intratumoral regions of hypoxia and acidosis
may generate spatially heterogeneous tumor-cell proliferation and migration [145]. In
an avascular environment, the need of cells to maximize their exposure to the culture
medium to allow for optimal substrate uptake may lead to shape instability and invasive
tumor morphology. When the substrate is abundant, cell survival may be better served
by increased cell—cell contact, which generates compact morphologies; in contrast, in a
low-substrate medium, cells strive to minimize cell contact while maximizing exposure
to the medium. Under these conditions, invasive morphologies manifest themselves with
the development of low-wavenumber deterministic fluctuations in cell positions at the
tumor viable rim as cells proliferate and regulate adhesion on the basis of the local
diffusion gradients; this leads to the recursive formation and growth of a finite number
of sub-tumors, which eventually may break off from the parent tumor (Figure 9.2). The
growth of low-wavenumber modes is characteristic of diffusion-driven instabilities in
materials and biomaterials (see [148] and references therein).

Frieboes et al. [230] applied a version of the single-phase model presented below
in Section 9.2.1 to quantify this instability. They showed that the model can be fit-
ted accurately to in vitro experimental data to determine the model parameters (see
Figure 4.11) and that multidimensional computer simulations based on these input
parameters predict tumor cell spatial arrangement and tumor morphologies that closely
resemble those observed in vitro (Figure 9.1). Tumor morphologies may thus be quanti-
fied, with the long-term goal of optimizing parameters for therapy application to mini-
mize growth and invasion. The implication is that in an in vivo environment, diffusion-
driven tumor-shape instability could perhaps be suppressed by enforcing a more spatially
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homogeneous nutrient and oxygen supply (see Section 9.2.2 below), because normoxic
conditions act both by decreasing gradients and by increasing cell adhesion, consequently
supporting the mechanical forces that maintain a well-defined tumor morphology [145].

Vascularized tumors

The tumor microvasculature is typically highly disorganized [305, 341], resulting in
considerable spatial and temporal heterogeneity in the delivery of oxygen and nutrients
and the removal of metabolites [339, 340]. This results in variable regions of acute
and chronic hypoxia and of acidosis in most tumors in vivo [303, 317, 670]. Clinical
studies have demonstrated that hypoxia correlates with a poor clinical outcome and
increased risk of metastasis, independently of the therapeutic treatment [82, 83, 315,
316, 645]. Hypoxia may select for cells that are more resistant to apoptosis [289, 712];
it can induce angiogenic regulators [218, 303, 613] and directly increase tumor-cell
invasiveness by causing increased production of autocrine motility factor, increased
expression of tumor urokinase plasminogen activator receptor and a protease receptor,
increased production of Cathepsin B [572] and upregulation of hepatocyte growth factor
(HGF) [108, 539, 571, 710, 711]. Pleiotropic effects include cell proliferation, motility,
differentiation, and survival, as shown in the collagen invasion assay [474], in which cells
were observed to form branched structures and invade a three-dimensional collagen gel.
Strong cell—cell and cell-matrix adhesion forces generated by cell-adhesion molecules
such as E-cadherins and integrins can attenuate such potentially invasive morphologies
[569].

The critical role of angiogenesis in promoting tumor growth and invasion has been
well demonstrated. However, the results of clinical trials using various drugs to sup-
press angiogenesis have been mixed. Although some tumor regression can be observed
following therapy, the length of survival remains unchanged [66, 72, 391]. Further-
more, it has been observed experimentally that antiangiogenic treatment can exacerbate
hypoxic effects [631] and cause tumor-mass fragmentation, cancer-cell migration, and
tissue invasion [514, 596]. Systemic treatment with vascular endothelial growth factor
receptor-2 (VEGFR-2) antibody was shown to inhibit glioblastoma angiogenesis in mice
and to lead to decreased tumor volume but increased tumor invasiveness along the host
microvasculature [392]. It was demonstrated [528] that hypoxia, instead of inhibiting
tumor growth, induced Met tyrosine kinase, which increased sensitivity to HGF. In [398]
it was noticed that there was a remarkable increase in the number and total area of small
satellite tumors clustered around the primary mass in mice treated with VEGFR-2 anti-
body. These satellites usually contained central vessel cores, and often tumor cells had
migrated along pre-existent blood vessels over long distances to reach the surface and
spread in the subarachnoid space. A modification in the tumor-cell invasion pattern at
the tumor—normal-brain-parenchyma interface was reported [58]. Tumors from animals
belonging to the control group and those under antiangiogenic treatment showed similar
invasion patterns, consisting of an undefined interface with trails of invading tumor
cells and distant tumor satellites. However, tumors treated against both angiogenesis and
invasion showed a well-defined tumor—parenchyma interface, without trails of invading
cells or tumor satellites, and a clear decrease in peripheral-vessel recruitment. A similar
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formation of satellite glioblastoma tumors in rats after anti-VEGF antibody treatment
was observed [576]. A correlation of hypoxic status in vivo with increased metastatic
spread has also been observed in D-12 melanoma cells and KHT-C fibrosarcoma cells
[170, 571].

In Section 9.2.2 we review in detail the computational and experimental work of
Cristini et al. [145], who proposed the hypothesis that the morphological stability of
tumor tissue in vivo may require a reliable, constant, level of cell-substrate concen-
trations through a robust vascular network. Morphologic instability may occur, during
solid-tumor growth and during response to treatment, as a result of oxygen, glucose, acid
and drug concentration gradients which drive spatially heterogeneous cell proliferation,
migration, and death and which reduce cell adhesion and other mechanical forces in
hypoxic and acidotic regions owing to the disruption of cell-cell and cell-matrix inter-
actions (see Figures 9.3-9.5). These conditions result in invasive fingering and branching
and even the fragmentation and migration of cell clusters into the surrounding tissue
because of differential proliferation along the gradients (the reader may refer to recent
mathematical and computational analyses [147, 149, 416, 437, 620, 697, 722]).

Clinical observations

In a clinical setting, the variables currently used for prognosis include epidemiological
information, tumor type, and molecular characterization, as well as clinical parameters
such as tumor size and the presence of nodal and extranodal metastasis (tumor, node,
metastasis (TNM) staging) [57]. The clinical predictive value from histological epi-
demiology remains limited because it is cumbersome and time consuming. However, a
quantitative histopathologic analysis is often subjective to the pathologist. Even when
different histopathologic features in a tumor can be adequately described, the relative
impact of each feature on patient outcome and tumor progression remains uncertain.

Bearer et al. [57] used a version of the multiphase mixture model presented in Chapter
5 to demonstrate that molecular phenomena regulating cell proliferation, migration,
and adhesion forces (including those associated with genetic evolution from lower- to
higher-grade tumors) generate, in a predictable and quantifiable way, heterogeneous
proliferation and oxygen and nutrient demand (and the suppression of apoptosis) across
the three-dimensional tumor mass, determining its morphology. The model is thus used to
hypothesize phenomenological functional relationships linking genetic and phenotypic
effects, the microenvironment, and tissue-scale growth and morphology. We will describe
these results in Section 9.2.3.

Application to brain cancer

Avascular growth

Tissue architecture and cellular environment are believed to be dominant determinants of
tumor shape [201, 587, 594], yet the intracellular and extracellular factors that promote
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a particular tumor to adopt a specific morphology are not well understood. Frieboes
et al. [230] varied the glucose and serum concentrations in in vifro experiments to
vary the cell adhesion and rate of cell proliferation (corresponding to model parameters
G and A4 in the model, as described in Section 4.4). According to the theory of the
model, the heterogeneous access to oxygen, nutrients, and growth factors at the cellular
scale owing to spatial gradients of these substances established by diffusion leads to
differential proliferation within the viable rim of in vitro tumor spheroids: groups of cells
proliferate faster in regions of higher substance concentrations. Under these conditions
fluctuations in shape are predicted, as cells proliferate heterogeneously at the viable
rim and lead, for relatively weak cell adhesion (high values of G), to morphological
instability manifesting itself in the development and growth of sub-spheroidal structures.
These sub-spheroids, consisting of groups of predominantly viable cells, may even
break off from the “mother” spheroid and grow into separate tumor spheroids. This
process repeats itself on the sub-tumors, leading to recursive sub-spheroid growth as
the main mechanism of tumor spheroid morphogenesis. In contrast, for low values of
the parameter G, surface perturbations do not grow and the overall spheroidal tumor
shape remains stable. In the experiments, unstable morphologies in vitro seemed to
exhibit mostly tumor-surface perturbations characterized by low wavenumbers (e.g., 3
or 4) at the onset of instability, which is consistent with the diffusional instability theory
[149]. Frieboes et al. [230] were able to observe in the experiments both stable and
unstable spheroids (Chapter 4), according to the theory, when the parameter G was
varied.

Further, Frieboes ef al. [230] performed computer simulations of glioblastoma
spheroid growth in two spatial dimensions, in order to solve in the nonlinear regime
(where there are large shape deformations) a version of the single-phase model described
in Chapter 3. A compact spheroid morphology was achieved for values of G within the
stable region (as defined in Figure 4.11).

For an unstable case, with large G (G > 0.9), snapshots of the evolution of a tumor
spheroid predicted from a computer simulation are shown in the upper part of Figure 9.1.
The outer boundary tracks the surface of the spheroid; the inner boundary encloses
regions of hypoxia, where necrotic cells are also present. A thin rim (with thickness
about equal to the oxygen diffusion length, 100 um) of viable and actively proliferating
cells is predicted, surrounding a large hypoxic core. Irregularities arising on the spheroid
surface introduce low-wavenumber perturbations, as seen in the snapshots A, B from the
simulation and in the photographs C from the in vitro experiments. The perturbations
grow (owing to the large G value), leading to formation of sub-spheroidal structures
that eventually separate from the mother spheroid (see for comparison the photographs
C). Clusters of spheroids are thus formed and this allows the tumor mass to grow to
a larger size and over a much larger region than would have been possible had the
spheroid maintained a compact shape and had instability not occurred, as predicted in
[145]. If the spheroid remains compact, nutrient- and oxygen-diffusion limitations to
mass growth cause the spheroid to reach a final stable size. The bottom right snapshot
from the simulation shows that the instability repeats itself on the sub-spheroids, as was
observed in the in vitro experiments.
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Figure 9.1 Spheroid morphologies from computer simulations and experiments. Low-wavenumber
instabilities arise on the spheroid surfaces, eventually leading to the development and separation
of sub-spheroids (lower center and left snapshots). The simulation snapshots (with length
rescaled by the diffusion length of oxygen, time rescaled by the mitosis time of 1 day) show the
outer boundary and inner perinecrotic rims (A) and the local levels of diffusing substances

(B) such as oxygen or glucose. The photographs C show glioblastoma spheroids growing in
culture; the sub-spheroids are highlighted in the middle and bottom photographs. Bar, 130 um.
Reprinted from Frieboes et al. [230], with permission from the American Association for Cancer
Research.

Thus the computational results and experimental in vitro observations of morphology
are in agreement, supporting the hypothesis that invasive tumor morphologies observed
in vitro are the result of a shape instability driven by diffusion gradients in the tumor
microenvironment. This morphological instability develops as a result of differential
cell proliferation induced by underlying diffusion gradients across the tumor mass,
where cells that are exposed to higher levels of nutrients and oxygen are favored for
proliferation. Perturbations of cell positions on the surface of a tumor or of the spatial
distribution of these nutrients and oxygen trigger the instability. This differential growth
becomes more pronounced as time proceeds, since cells at the leading edge of a shape
perturbation (the “bulb” of a cell, e.g., as in Figure 9.1) have a higher exposure to
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Figure 9.2 Left, cell displacement velocities (arrows) during sub-spheroid formation (zoom from
simulation of Figure 9.1 at # = 30). Right (top and bottom), histologic cross sections showing
cell arrangements in sub-spheroids grown in vitro. In the photographs, sub-spheroids can be seen
forming from parent spheroids. As a result of a shape instability on the parent spheroid, swirling
patterns of cell arrangements can be identified surrounding the necrotic cells in the
sub-spheroids both in the simulations and in the experiments. Bar, 130 um. Reprinted from
Frieboes et al. [230], with permission from the American Association for Cancer Research.

nutrient, thereby gaining a proliferative advantage, while cells at the receding edge
become increasingly disadvantaged. In this figure, the concentration gradients of the
substrate that is most important to proliferation (oxygen) are shown as predicted from the
simulation. These gradients drive the instability, and proliferation of the sub-spheroids
follows the gradients. Morphological instability thus provides an effective means to
invasion because it allows tumor cells better access to oxygen and nutrients in the
surrounding environment.

In Figure 9.2, a detail of sub-spheroid formation is shown from the simulation and
experiment of Figure 9.1. In the simulation snapshot, mass fluxes (associated with the
tumor growth velocity) are depicted by arrows. Outside the tumor these are associated
with the flow of fluid in the culture dish driven by proliferation and motion of cells. In
the tumor, the arrows represent cell mass fluxes. As cells proliferate, they are advected
(pushed) by the rising pressure. The cell mass in the unstable regions (i.e., the prolif-
erating rim, acting as a source of cell mass) protrudes owing to the outward movement
of cells at the leading edge and undergoes involution in the area of “pinching” that is
distal from this growth (the hypoxic and necrotic regions, acting as a sink of cell mass);
this leads to eventual tumor breakup and the separation of sub-spheroids from the par-
ent spheroid. The resulting swirling patterns are typical of motion in the presence of a
source and a sink in fluids and materials. Swirling arrangements of viable cells are also
roughly identifiable in the photographs and are commonly observed experimentally with
fibroblast-like cells (e.g., glial cells). Note that the flux of cells into the hypoxic regions
predicted by the simulation is exaggerated in magnitude as an artifact of the model
used, which considers a uniform cell-mass density. In reality, the cell-mass density in
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Figure 9.3 Effects of treatment on tumor morphological stability. Solid lines, the calculated tumor
boundary; black areas necrosis. The neovasculature forms from “free” endothelial cells (light
gray) that chemotax after sprouting from pre-existing vessels (not shown) in the outer tissue
toward the angiogenic regulators in the perinecrotic regions. Reprinted from Cristini et al. [145],
with permission from the American Association for Cancer Research.

the hypoxic regions is much lower than in the viable rim because of necrosis; hence, the
real flux of cells is also lower.

Vascularized tumors

The single-phase tumor model from Chapter 3 was used to create two-dimensional
computer simulations of vascularized tumors under varying conditions [ 145]. The results
shown in Figure 9.3 can be interpreted as a “phase diagram” for cancer that illustrates the
possible morphology states obtained by varying two model parameters, one associated
with the cell adhesion forces (the parameter G; see Section 3.2) and the other with the
microvascular density (see Section 3.3).

Cell survival and proliferation are dependent on substrate availability and, thus, vas-
cular density. Cellular adhesion is dependent on a variety of membrane proteins such
as E-cadherins and integrins that maintain the cell position through contact with other
cells, the basement membrane, and the extracellular matrix. However, there is also an
interrelationship of vascular density with cell adhesion, since the hypoxia and extra-
cellular acidosis associated with a reduction in vascular density diminish cell adhesion
through acid-induced ECM degradation and loss of gap junctions and through the other
mechanisms reviewed in Section 9.1. In other words, a reduced vascular density will
favor diminished cell adhesion although mutations in intracellular pathways may result
in reduced adhesion even in the presence of normal extracellular concentrations of oxy-
gen and acid. The solid contours in Figure 9.3 show the calculated interface between



9.2 Application to brain cancer 193

Tumor mass
= NN
g o a
o O o
%

'l
. W_H A
800 1000 1200 1400 1600

Figure 9.4 The progress of the two-dimensional tumor mass for the simulations shown in

Figure 9.3: A, high cell adhesion; B, low cell adhesion and antiangiogenic therapy starting at

t = 1000; C, low cell adhesion and vasculature normalization starting at t = 1000; D, the same
as B but without therapy. The tissue density is assumed to be constant and equal to 1 [722], and
thus the mass is nondimensionalized by the square of the diffusion length. Reprinted from
Cristini et al. [145], with permission from the American Association for Cancer Research.

tumoral and nontumoral tissues, and black regions denote necrotic areas. Immature cap-
illaries newly formed during angiogenesis are also shown. Some capillaries have formed
loops through anastomosis and conduct blood, whereas others have not. The faint con-
tours show the density of the “free” endothelial cells migrating chemotactically after
sprouting from pre-existing vessels (not shown) in the outer tissue towards the source of
angiogenic regulators in the tumor.

In all cases gradients of the oxygen level and cell nutrient level are established, the
levels being higher in the outer tissue away from the tumor and lower at the lesion
location owing to the higher cellularity and uptake therein. Frame (a) in Figure 9.3
corresponds to a sufficiently high value of the cell adhesion parameter that the simulated
tumor growth is morphologically stable. Owing to the heterogeneity of the nutrient and
oxygen distribution following diffusion from pre-existing vessels in the outer tissue
and uptake by tumor cells, the simulated tumor has formed necrotic regions where
the nutrient concentration is very low. At this point the tumor has reached a diffusion-
limited equilibrium, in which the rate of proliferation in the viable outer layers of the cells
balances the rate of cell mass destruction in the necrotic regions. Angiogenic regulators
(not shown) emanate from the penumbral region of hypoxic but viable cells adjacent
to the necrotic region and diffuse radially outward, reaching pre-existing vessels and
triggering angiogenesis. Note that penetration of the tumor by new capillary sprouts has
occurred. Even after angiogenesis, the tumor maintains a compact morphology because
ofhigh cell adhesion. This result is quantified by the curves labeled “A” in Figures 9.4 and
9.5. Tumor mass growth is very slow and the shape factor is at a minimum, corresponding
to a nearly spherical tumor. Herein the shape factor is defined as the perimeter-to-area
ratio for the simulated two-dimensional tumors, in order to quantify its fragmentation
and invasiveness.
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Figure 9.5 The progress of the simulated two-dimensional tumor shape factor for the simulations
shown in Figure 9.3. A, high cell adhesion; B, low cell adhesion and antiangiogenic therapy
starting at t = 1000; C, low cell adhesion and vasculature normalization starting at # = 1000;
D, the same as B but without therapy. The perimeter is the total length of the tumor—tissue
interfaces for each frame in Figure 9.3, and the area is the total mass of each lesion. Reprinted
from Cristini ef al. [ 145], with permission from the American Association for Cancer Research.

Frame (b) in Figure 9.3 depicts a simulated lesion corresponding to a smaller value
of the cell-adhesion parameter. In this case, as the tumor progresses it experiences a
diffusional instability [101, 149, 722] that leads to a morphology very different from that
in the previous simulation at the same simulation time. The heterogeneous nutrient and
oxygen distribution that leads to nonuniform cell proliferation and migration (chemotaxis
would enhance this behavior) is responsible for the diffusional instability leading to the
proliferation and spread of tumor-cell clusters. In other words, the tumor morphology
is shaped by nutrient and oxygen levels that dictate where proliferation and spread will
preferentially occur. For the parameters used here, cell adhesion is reduced owing to the
presence of hypoxia and acidosis and, as a result, it is insufficient to keep proliferating
cells together. The tumor lesion breaks up into fragments that move away from the
original location, following the nutrient and oxygen concentration gradients. This motion
has been analyzed using computer simulations [722] and involves the accumulation of
cell mass in a fragment’s leading edge due to the higher oxygen and nutrient concentration
therein and to cell death or lesser proliferation in the fragment’s trailing edge. Regions
where the instability first develops continue to grow at a higher rate than the rest
of the tumor mass, leading to bulbed shapes and to the separation of fragments or
clusters of cells that grow into regions of higher nutrient and oxygen concentration.
Fingering invasive structures predicted by these simulations are consistent with those
from the in vitro experiments reported in [230, 528]. Note that there is evidence that
actual cancer-cell migration is different from that for model cells such as fibroblasts,
in that tumor cells develop migrating cell clusters [232, 235] rather than migrating
alone. The morphological instability described through these simulations may provide
the underlying mechanism to explain this difference.

In vitro experiments (Figure 9.6) on a human glioblastoma multiforme cell line
[230], showed that spheroids first grow to a diffusion-limited millimeter size. When
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(a)

Figure 9.6 Morphology instabilities observed in vitro in human glioblastoma spheroids. The
individual spheroid subcomponents are highlighted in (c). The spheroid cross section in

(d) shows that at the time of separation subcomponents are mainly composed of viable cells. Bar,
130 um. Reprinted from [145], Cristini et al. (2005), with permission from the American
Association for Cancer Research.

proliferation rates are low, cell adhesion and possibly other mechanical forces exerted
through the extracellular matrix are sufficient to maintain compact spheroid shapes.
When proliferation rates are high (at high serum or glucose concentrations), the spheroids
are observed to become unstable, assuming dimpled shapes as predicted by the sim-
ulations. The photographs in Figure 9.6(a), (b) reveal that sub-spheroids sometimes
emanated from the main tumor, separating as a “bubble” of cells or as spheroid fragments.
This process could repeat itself on sub-spheroids, leading to recursive sub-spheroidal
growth and separation as the main mechanism of spheroid morphogenesis and invasion
of the surrounding environment. Figure 9.6(c) shows a colony of successive generations
of spheroids from one original “mother” spheroid (the white lines are guides to the
eye to identify individual sub-spheroids). Figure 9.6(d) is a histological cross section
of a spheroid in the process of splitting from a sub-spheroid. The main spheroid has a
viable rim of cells and a central necrotic area. The sub-spheroid has only proliferating
cells (no necrosis) and may further grow, after separating, to develop its own necrotic
core. The morphological instability observed in these simulations and experiments is
characterized by growing low-wavenumber modes, that is, a few “bumps” (typically
three or four) develop on the original spherical tumor surface and evolve into separate
spheroids. Low-wavenumber unstable modes are typical of diffusion-driven morpho-
logical instabilities [149]. These instabilities are regulated by a model parameter [149]
that is proportional to the ratio describing the relative strengths of the cell proliferation
driving instability and the cell adhesion resisting it. Thus increasing proliferation or
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decreasing cell adhesion has the equivalent effect of favoring instability. Note that for
high values of this parameter (e.g., very low local-cell adhesion) even high wavenumber
modes become unstable [149]. This implies that if a single cell mutates and becomes
highly aggressive it can leave the tissue mass, migrating and proliferating radially away
from the main tumor.

Anti-angiogenic therapy has been initiated on the tumor in frame (c) of Figure 9.3
(at dimensionless time # = 1000) and is simulated by decreasing the rate of transfer
of nutrients and oxygen from the neovasculature. The curve labeled B in Figure 9.4
reveals that, at the onset of antiangiogenic therapy, the tumor mass initially shrinks by
about one-half, and then later recovers through renewed proliferation. Hypoxia caused
by therapy leads to enhanced tumor fragmentation, as documented in vivo in [58] and
elsewhere. Interestingly, frame (b) of Figure 9.3 also shows that some tumor-cell clusters
tend to co-opt the vasculature in order to maximize nutrient uptake, as documented
previously [392, 398, 576]. Tumor fragmentation is quantified in this simulation by the
large shape-factor increase for B illustrated in Figure 9.5. In contrast, the curves labeled
D in Figures 9.4 and 9.5 correspond to evolution of this same lesion without therapy.
When comparing D (no therapy) with B (therapy), it is important to note that without
therapy the tumor mass, shown in Figure 9.4 is higher than after therapy, which is the
expected result. However, after therapy the shape factor is about 50% higher than before
therapy, reflecting increased scattering and invasiveness in response to hypoxia. Frame
(c) in Figure 9.3 corresponds to low cell adhesion, as in (b) but with a more uniform
and efficient distribution of newly formed vessels. The simulation predicts that this
“vascular normalization” leads to reduced oxygen and cell nutrient gradients and hence
to the re-clustering of cells into bigger fragments with a more compact morphology.
This result could be achieved by pruning immature and inefficient blood vessels, leading
to a more normal vasculature of vessels reduced in diameter, density, and permeability
[342, 344].

This effect is quantified in curve C of Figure 9.5, from a simulation. The shape
factor and thus the lesion’s invasiveness are minimized. Note that the more rapid tumor
growth predicted after vascular normalization (see curve C of Figure 9.4) is an artifact
of the oversimplified implementation of vascular normalization therapy in the model;
this implementation involved increasing the rate of transfer from the vasculature and
also increasing the local vessel density. The vasculature responds by not only producing
a more homogeneous nutrient profile but also a higher level of nutrient. In addition
to this, in reality tumor mass growth with compact, nearly spherical, shapes would be
mechanically constrained by the surrounding tissue.

Clinical observations

The work presented so far predicts that the morphologic instability of a tumor mass,
i.e., a morphology resulting in “roughness” or harmonic content [ 149, 416] of the tumor
margin, may provide a powerful tissue-invasion mechanism since it allows tumor cells
to escape the growth limitations imposed by diffusion (even in vitro, [230, 528]) and
invade the host independently of the extent of angiogenesis [ 145, 230]. Experiments with
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various glioma models in vivo [58, 392, 398, 576] have supported these findings. For
example, recently published images of rat glioblastoma in vivo [441] show that, while
the bulk tumor is perfused by blood, infiltrative cell clusters are much less perfused or
not at all. These may be universal considerations that apply to tumor invasion across
different tissue types [166, 235].

Changes in tumor cells at the biochemical and genetic levels are also implicated in
tumor progression. Mutations in genes that regulate cell cycle and adhesion result in
the unrestrained proliferation, invasion, and accumulation of further genetic damage
characteristic of high-grade disease [63, 443, 466]. In particular, in glioblastoma the
receptor for the epidermal growth factor oncogene (EGFR) is frequently overexpressed,
amplified, or mutated [395] and promotes mitosis [63] and tumor progression in vivo
[498] and inhibits apoptosis [488]. See for example [43, 632, 718] for recent mathemati-
cal models on the effect of EGFR gene expression on tumor growth patterns and [31] for
the phenomenological modeling of multiple mutations. However, the tumor suppressor
genes TP53 and retinoblastoma (Rb) downregulate cell division [63] and, secondarily,
affect oxygen and/or nutrient consumption, while the phosphatase and tensin homolog
gene (PTEN) controls angiogenesis, migration, and invasiveness [665]. These genes are
inactivated in most malignant brain tumors [332].

In this section we describe an application of the mixture model of Chapter 5 to
study glioblastoma growth. Figure 9.7 shows the onset of diffusion-driven morphologic
instability [145, 149, 230, 416] from simulations of an avascular condition that are
similar to the work presented in Section 9.2.1 for a single-phase model. As with the
latter model, perturbations that arise in the spatial arrangement of cells at the periphery
of the spheroids in culture (Figure 9.7(a)) are consistently replicated (Figure 9.7(b)).
Once this shape asymmetry is created, local-cell substrate gradients (Figure 9.7(d))
cause spatially heterogeneous cell proliferation and migration (Figure 9.7(c)), as cells
that are exposed to more substrates proliferate more. Mechanical forces, e.g., cell—cell
and cell-matrix adhesion, which are in general stabilizing [149, 230, 235], are in this
case not strong enough to prevent morphologic instability.

When the instability persists, it can lead to the proliferative growth of bud-like clus-
ters or “bumps” of cells (Figures 9.7 and 9.8), as described in the preceding sections.
In vitro, these may eventually detach as sub-spheroids from the parent spheroid [230],
analogously to microsatellites in vivo, and also may represent the initial stage of the
growth of cell chains, strands, or detached clusters [235, 584] observed in vitro and
in vivo (Figures 9.7(b), (d)). Simulations reveal that when chemotaxis or haptotaxis is
dominant, e.g., if mitosis is downregulated, protrusions begin as high-frequency per-
turbations (linear stability predicts the growth of short wavelengths [147, 149]) on the
tumor surface and then develop into cell chains and strands [235], Figure 9.7(a). When
proliferation is the prevailing pro-invasion mechanism, the buds grow into round fingers,
Figure 9.7(b), which may detach as clusters [230] (linear stability predicts the growth
of long-wavelength perturbations [ 145, 149, 416]). This is clearly seen in Figure 9.8(c),
where cells acquire a hypoxia-induced migratory phenotype. These simulations are
supported by experimental observations under hypoxic conditions (Figure 9.8(b), (d))
[528, 576].
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Figure 9.7 The onset of morphologic instability in glioblastoma is replicated by the multiphase
model. The collective motion of cells shown is due to heterogeneous proliferation (and possibly
chemotaxis) up concentration gradients and under weak cell adhesion. (a) /n vitro glioblastoma
spheroid (bar, 130 um) and (b)—(d) computer simulations. Adapted from Frieboes et al. [230];
reprinted with permission from the American Association for Cancer Research.

(b) Representation of observed tumor shape; (c) Local mass fraction C2 of viable tumor cells.
(d) Oxygen concentration n (n =1 in the medium). Note the hypoxic core in (d) and the
correspondingly low cell viability levels (c) within, and the high viability at the outer rim.
(b)—(d) Reprinted from Bearer et al. [57], with permission from the American Association for
Cancer Research.

As necrosis and substrate gradients develop within the tumor, proliferation may be
downregulated and motility upregulated. While various substrate components (e.g.,
oxygen, glucose, growth factors, metabolites) may be determinants of these phenotypic
changes, the present work focuses on oxygen because of its well-established role in
regulating cell proliferation and motility (e.g., [528]). Figure 9.9 shows a migratory or
hypoxic growth stage, where palisading cells are seen from simulations (a), (b) and from
histology (c), (d).

In the simulations, which used the hybrid continuum—discrete approach described
in Chapter 7, individual cells originate in the peri—necrotic region (the center) and
undergo the phenotypic changes described above. In particular, the cells downregulate
proliferation and migrate via chemotaxis up oxygen gradients and via haptotaxis up
bound chemokines in the extracellular matrix, which the cells also degrade and remodel.
The resulting morphology (Figure 9.9(a), (b)) compares well with the pathology data
(Figure 9.9(c), (d)) (see also [229]). As strands of cells move away from the perinecrotic
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Figure 9.8 Variability and persistence of morphologic patterns predicted by mathematical
modeling simulating heterogeneity in vitro ((a); refs. [230, 437]) and in vivo ((c); refs.

[229, 697]). In both cases, only the higher-grade clone 2 is simulated (with no mutations),
although the clone is allowed to acquire a hypoxia-induced migratory phenotype [57].

(a) Proliferation is downregulated and the clone migrates up the oxygen gradients towards the
far-field boundary (the computational box is not shown; the arrow indicates the time direction).
(c) Migratory phenotype of tumor clone 2 (C2M, light gray) and the less motile clone 2 (C2,
dark gray). The proliferation of both clones is regulated by the oxygen levels. The darkest
interior regions of the three-dimensional graph denote necrosis. The two-dimensional horizontal
slice in the right shows the distribution of C2M; the small circles indicate the cross sections of
mature, blood-conducting, vessels. Morphologic instability occurs in both simulations because
this clone’s cell adhesion is low, resulting in cell strands in (a), and fingers and detached clusters
in (c). The results of the simulations are supported by experimental observations revealing
morphologic instability after hypoxia has been induced in spheroids in vitro ((b): reprinted from
Cancer Cell, vol. 3, Pennacchietti et al. [528], p. 354, (© 2003 with permission from Elsevier)
and in xenografts in vivo ((d): bar, 80 pum; reprinted from Neoplasia, vol. 2, Rubenstein et al.
[576], p. 311, (© 2000, with permission from Neoplasia). (a), (c): reprinted from Bearer ef al.
[57], with permission from the American Association for Cancer Research.

regions and into the brain stroma, they may trigger angiogenesis, which as a wound-
healing process increases the nutrient availability in the microenvironment. Increased
oxygen and nutrients would result in the upregulation of proliferation and the downregu-
lation of motility, creating the microsatellite cell clusters in Figure 9.8(d) (mouse brain)
and Figure 9.11(b) (human specimen, below).
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Figure 9.9 Palisading glial cells invade vascularized tissue, as predicted by the model ((a) and (b))
and as observed in histology specimens ((c) and (d)). Computer simulation showing palisading
cells escaping from the perinecrotic region (dark gray) by undergoing a hypoxia-induced
phenotypic change to upregulate motility and downregulate adhesion and proliferation. Cell
migration occurs via chemotaxis and haptotaxis, in response to gradients in the oxygen and ECM
concentration, respectively [57]. Dark dots, conducting vessels; light dots, nonconducting
vessels. (b) The background shows the distribution of oxygen concentration; n =1 in
vascularized tissue and is lower in the tumor (the light-colored perinecrotic region). C,

4 x magnification of a high-grade glioblastoma interior. (d) Corresponding fluorescent image
showing the vessels. As predicted by the simulations ((a) and (b)), palisading malignant glial
cells (c) invade the vascularized tissue (d), amidst a tangle of thick-walled and thin-walled large
vessels and a few smaller vessels from two areas of necrosis. Also, note the distances between
the necrosis and the vessels (c), corroborating the choice for the diffusion penetration length
[57]. Further phenotypic changes (e.g., the downregulation of motility and the upregulation of
proliferation) may occur when migrating cells reach tissue regions richer in substrates, leading to
the morphologies described in Figures 9.10(d) and 9.11(a)—(d). Reprinted from Bearer et al.
[57], with permission from the American Association for Cancer Research.

‘We now turn our attention to the effects of the genotype. Although there is abundant
information about the biological and clinical behavior of these tumors and the genetic
pathways involved [443], a quantitative link between genotype and disease progression
remains elusive. Glioma progression is characterized by unscheduled glial-cell prolifer-
ation and the infiltration of normal brain tissue [466] and exhibits a complex interaction
of multiple nonrandom genetic events that include the activation of proto-oncogenes and
the inactivation of tumor suppressor genes [63].
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For simplicity, for the simulations in [57] it was assumed that the tumor-cell population
contains two transformed species, each characterized by a genotype consisting of a set
of oncogenes and a set of tumor-suppressor genes. It was also assumed that a set of
oncogenes can increase the uptake of nutrient to twice the normal rate and that a set of
mutated tumor-suppressor genes downregulates the apoptosis rate by about 10%. These
rates affect the simulated tumor-species evolution, as described in Section 5.10. Species
2 denotes the more aggressive species. In the study [57], it was assumed further that
nutrient levels remain sufficiently high that the rate of cell apoptosis dominates the rate
of cell necrosis. Computer simulation of a human glioma over time in the proliferative
growth stage produces finger-like extensions (Figure 9.10).

The expression of oncogenes and the absence of tumor-suppressor pathways initially
results in the net growth of a relatively low-grade type of morphology. After two months,
the tumor has expanded to approximately 3 mm by co-opting the vasculature (not shown)
while retaining a compact shape with negligible necrosis (Figure 9.10(a)). However,
increased nutrient demand generates hypoxic and other substrate gradients pointing
radially outwards from the tumor (not shown). A second, more proliferative, clone is
generated by ongoing hypoxia-driven [347] mutations and is starting to grow (lower left
corner, shaded area). Its higher cellular uptake introduces perturbations in the spatial
gradients of oxygen, further enhancing local hypoxia. These gradients generate spatially
heterogeneous cell proliferation and migration. After four months, this perturbation
triggers a morphologic instability, which noticeably deforms the tumor mass (lower
left). Hypoxia and necrosis are present within the regions where the more malignant
clone grows. Shape instability causes clusters of clone 2 to protrude “finger-like” (the
darker regions) into the mass of clone 1 first and into the host brain later, growing at the
expense of the less proliferative clone and the host tissue. This detachment of clusters
has also been observed to occur in the model (cf. Figure 9.8(c), [230]). These fingers
grow away from the bulk tumor and tend to follow the substrate gradients.

In about six months’ time, the aggressive, invasive, proliferation of clone 2 (the
darker regions) enables it to infiltrate almost all regions of the tumor, in particular
around the boundary, and leads to a higher-grade tumor. A bud-like protrusion emerges
on the tumor at lower left. Hypoxic, necrotic, areas continue to expand (Figure 9.10(b)).
In eight months, the glioma has aggressively infiltrated the surrounding brain tissue.
Clone 1 is being confined by competition with clone 2. Extensive necrosis is present.
Additional buds have appeared, and the initial (middle) bud has grown into an invasive
finger. Strands and clusters of clone 2 drive the growth of the finger and buds (note
the extent of the darker area). Clone 1 has been mostly eliminated from this region of
the tumor, and remains stagnant. In 12 months the surrounding brain has been severely
compromised. The expansion of clone 2, accompanied by continued necrosis, is now the
main determinant of the tumor morphology. The tumor reaches a size of approximately
4 cm in a little over one year of simulated time, which is consistent with human glioma
progression (Figure 9.10(c) shows only a portion of the tumor at one year).

Different tumors are likely to have different genomic instability factors, i.e., different
types and mutation rates. The idealized tumor in Figure 9.10(a)—(c) was programmed
to exhibit the progressive appearance of one highly malignant clone (clone 2). In reality
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Figure 9.10 Infiltration due to a high-grade glioma. (a) Computer simulation in proliferative
growth stage (the field of view is 6-10 mm). For each time snapshot, two-dimensional slices
depict the spatial distribution of two different clones: lower-grade clone 1, C1, evolving to
higher-grade clone 2; C2 =1-C1. Gray scale: the local mass fraction of C1. The arrows pointing
to darker areas in the tumor indicate C2. (b) Simulated oxygen concentration # at 6 months,
indicating hypoxic gradients (n =1 in normal brain and is lower in a tumor). The larger oxygen
uptake of C2 enhances local hypoxia (see, e.g., the bottom left tumor corner) and leads to shape
instability in which clusters of C2 cells protrude finger-like into the tumor mass of C1 first, and
into the host brain later. The model predicts that C2 expansion is the main determinant of tumor
morphology. (¢) Tumor detail at 12 months, showing invading fingers. (d) Histology section of a
tumor front (left) showing a finger invading the normal brain (bar, 200 pm). Note the clearly
demarcated margin (left of the broken line) between the tumor and the more normal brain.
Neovascularization at the tumor—brain interface is visible as darker spots (on the right) in the
brain parenchyma, implying that substrate gradients drive collective tumor-cell infiltration into
the brain. The morphology and size of the invading finger are consistent with simulation
predictions ((a) and (b)), suggesting the proliferative growth stage. Reprinted from Bearer ef al.
[57], with permission from the American Association for Cancer Research.

multiple clones may arise with varying degrees of malignancy. A histology section of
glioblastoma from one patient revealed the tip of a round invading finger (Figure 9.10(d)),
which is consistent with the morphology and size of these infiltrative cell clusters
predicted by simulations during the proliferative growth stage (cf. Figure 9.10(c) at 12
months, where the tip of one protruding cell front is about 2 mm in size). The fact that
tumor cells rely on vessels beyond the protrusions — and may grow towards the blood
vessels that they stimulate [50, 229, 542] — also suggests a proliferative growth stage
since these vessels increase substrate availability in the microenvironment. Older tumor
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Figure 9.11 Histologic sections reveal infiltrative patterns predicted by the simulations in the
proliferative growth stage. (a) Higher magnification of the invading finger shown in

Figure 9.10(d) (adapted from Frieboes et al. [229], with permission from Elsevier). (b) Two
invasive protrusions are seen emanating from the tumor mass. (¢) The boundary of another
protrusion from a different specimen is indicated (arrow); there also seems to be ECM
degradation. (d) Morphology details of one large bulb-shaped tumor protrusion from (b)
(reprinted from Frieboes et al. [229], with permission from Elsevier). The interior reveals
clusters of viable cells surrounding blood vessels and, further away, areas depleted of cells
indicating increased substrate availability in the microenvironment. Altogether these data
suggest the proliferative growth stage predicted by the model for this invading morphology. Parts
(b) and (d) are reprinted from Bearer et al. [57], with permission from the American Association
for Cancer Research.

vessels may have thicker walls, which are not as permeable for nutrient and/or oxygen
exchange, and they may become occluded owing to increased pressure from the tumor
mass, further promoting substrate gradients.

Additional histology sections from four glioblastomas (Figure 9.11) reveal protrud-
ing fronts of cells pointing away from a necrotic area into an area of the host brain
where neovascularization is evident. These invading fronts are also consistent with the
tumor boundary morphology predicted by simulation in the proliferative growth regime
(Figure 9.10(a)—(c)).

While infiltrative shapes were consistently observed in histological sections [57],
the model predicts that their size may vary depending on the stage of growth.
For example, these shapes can vary from extremely slender fingers in the hypoxic-
growth regime to single rows of palisading cells migrating up substrate concentration
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gradients (Figure 9.9(a), (b)) and thus away from hypoxic regions, as seen in the histology
(Figure 9.9(c), (d)).

Modeling outlook

The multidisciplinary tumor modeling reviewed in this chapter aims to establish a
framework for the prediction and interpretation of experimental results, quantitatively
linking invasive tumor morphologies to events at the microscale such as spatial variations
in cell substrates, heterogeneous vascularization, and mutations in the genotype. The
consequences of this variability can be highly multiscalar since morphology and oxygen
and nutrient gradients at the tumoral scale and molecular interactions at the cell scale
are strongly linked. We have shown applications of both single-phase and multiphase
tumor models, as well as a hybrid approach that can contribute to the understanding of
these multiscale phenomena by providing a means to incorporate cell-level processes in
tissue-scale simulations. The results support the hypothesis, first proposed in 2003 by
Cristini et al. [149] and developed in subsequent work [57, 145, 228-230, 437, 584, 585,
697, 722], that a heterogeneous oxygen and nutrient supply may provide a diffusional
instability mechanism that drives tumor growth and invasiveness. These considerations
may be relevant during chemotherapy, radiotherapy, and anti-angiogenic therapy, all of
which could introduce spatial and temporal variations in critical cell substrates [227,
620, 621]. In contrast, tumors may approach a compact noninvasive morphology when
cell adhesion or other stabilizing mechanical forces (e.g., tumor encapsulation) are
maximized. Compact tumor morphologies may be achievable by maintaining uniform
nutrient levels at the cellular scale and homogeneous microenvironmental conditions,
thus suppressing instability [ 145].

The multidisciplinary modeling of cancer enables the prediction of cellular and molec-
ular perturbations that may alter invasiveness and that can be measured through changes
in tumor morphology. Therefore, morphologies obtained from the model could be used
both to understand the underlying cellular physiology and to predict subsequent invasive
behavior. For example, novel individualized therapeutic strategies could be designed
in which microenvironment and cellular factors are manipulated to decrease invasive-
ness and promote well-defined tumor margins — an outcome that would also benefit
treatment by improving local tumor control through surgery or radiation. In addition to
existing strategies that act on relevant cellular behaviors (e.g., the promotion of tumor-
cell adhesiveness [145, 230, 235, 528]) or that target oncogenes such as EGFR, tumor
morphological stability could be enhanced by improving nutrient supply [145, 437],
thus enforcing a more homogeneous microenvironment and normoxic conditions. This
could be achieved through “vascular normalization” [145, 342] or uniform nanopar-
ticle delivery [211], e.g., releasing oxygen and anti-angiogenic drugs. By providing
adequate and uniform nutrient and oxygen, there would be the additional benefit that
more benign clones would be maintained, helping to keep malignant clones under
control by competition for oxygen and cell nutrients. Further, by maintaining microen-
vironmental homogeneity the effects of genetic mutations that lead to morphological
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instability may be minimized (e.g., [366]) without direct intervention at the genotype
level.

The work presented in this chapter shows that applying biologically founded math-
ematical modeling to quantify the connections between the microenvironment, tumor
morphology, genotype, and phenotype may direct prognosis beyond the limitations of
current methodologies and may suggest new directions in the way that cancer growth
and invasion are regarded. This type of modeling may be used to study system perturba-
tions by therapeutic intervention and may aid in the design of novel clinical endpoints in
therapeutic trials. By integrating the model with patient data for key tumor phenotypic
and microenvironmental parameters [584], model results could be used to enhance clin-
ical outcome prognostication. Initial conditions regarding a tumor’s physical location,
structure, and vasculature, e.g., as obtained from dynamic-contrast-enhanced magnetic
resonance imaging (DCE-MRI), and possibly coupled with computed tomography (CT)
would be translated using a computer program to the model’s coordinate system [584],
e.g., a finite-element computational mesh discretizing the space occupied by the tumor
and host tissues [697]. Viable-region spatial information and microvasculature structure
would be obtained from histopathology [229]. Vasculature-specific information could
be defined from DCE-CT, yielding blood volume, flow, and microvascular permeabil-
ity parameters [584]. Other input data include cell-scale parameters (e.g., proliferation
rates). The model then calculates local tumor growth, angiogenesis, and the response to
treatment under various conditions by solving in time and space the conservation and
other equations at the tissue scale.

Invasive characteristics may strongly influence whether a tumor can be effectively
treated by local resection, and may suggest specific treatment options [31,227, 585, 621].
Observations of tumor morphology, for example, could indicate the presence of hypoxia
and, therefore, the potential to respond to oxygen-dependent treatments such as radia-
tion therapy or certain chemotherapy treatments. By quantifying the close connection
between the observable morphology of the tumor boundary and cellular and molecular
dynamics, the modeling of cancer using a multidisciplinary approach provides a quanti-
tative tool for the study of tumor progression and diagnostic and prognostic applications.
This connection is important because the dynamics that give rise to various tumor mor-
phologies also control invasiveness. In particular, by describing the morphology as a
function of parameters dependent on cellular and environmental phenomena [614, 667],
multidisciplinary modeling quantifies, under the unifying umbrella of morphological
stability analyses, the often seemingly diverse and unrelated morphologies and invasive
phenotypes observed clinically and experimentally.
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Agent-based cell modeling:
application to breast cancer

With P. Macklin and M. E. Edgerton

In Chapter 6 we discussed an agent-based cell model that can be applied to a variety of
biological systems, with a particular emphasis on epithelial cancers. We now illustrate the
model by applying it to breast cancer and demonstrating its use in obtaining theoretical
biologic and clinical insights, including quantitative predictions that can be assessed
using patient immunohistochemistry and histopathology data. The theoretical biologic
and clinical significance is discussed.

Introduction

Ductal carcinoma in situ (DCIS) is the most prevalent precursor to invasive breast
cancer (IC), the second-leading cause of death in women in the United States. The
American Cancer Society predicted that 50 000 new cases of DCIS alone (excluding
lobular carcinoma in situ) and 180 000 new cases of IC would be diagnosed in 2007
[24, 346]. Co-existing DCIS is expected in 80% of IC, or 144 000 cases [397]. Because
DCIS is a known precursor to IC, this leads us to hypothesize that up to 75% of DCIS
cases progress to invasion prior to detection by screening mammography. While DCIS
itself is not life-threatening, it is a very important precursor to IC because (i) it can be
treated and (ii) if left untreated it is likely to progress to IC, which is a deadly disease
[368, 515, 582].

Women tend to prefer breast-conserving surgery (BCS), also known as lumpectomy,
to complete mastectomy for the treatment of DCIS [617]: in the United States today,
approximately two-thirds of women diagnosed with DCIS will opt for BCS over mas-
tectomy. Women who undergo BCS face two problems. First, an estimated 38%—72%
of women seeking BCS will not have their entire tumor removed in one surgery and
may require up to three surgeries (called re-excisions) for complete removal of the DCIS
[106, 134, 179]. Second, DCIS recurs at the same location greater than 20% of the
time in patients who undergo BCS alone [525]. To combat this recurrence, women are
advised to undergo radiation therapy to the breast, which induces the residual cells of
DCIS to apoptose. Even in women who have been treated with surgery and radiation,
DCIS recurs approximately 10% of the time [525]. Half these recurrences already show

! This chapter is an extension Macklin ef al. (2009) [433], and includes work in preparation by Macklin
et al. [434] and Edgerton ef al. [195].
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Figure 10.1 Breast duct tree architecture.

progression to invasive cancer (IC). The single most important underlying problem that
contributes to both re-excisions and to recurrences is DCIS that is left inside the breast
[616].

Hence, predicting the size and shape of DCIS is critical to successfully eradicating
the disease in patients and preventing recurrences, which often progress to deadlier
invasive carcinoma. In addition, understanding the progression from DCIS to IC is key
to developing future treatments to improve patient survival. Mathematical modeling
can play a role in both these tasks. In this chapter, we apply the agent-based model
from Chapter 6 to DCIS. Such a model is well suited to patient-specific calibration,
can be modularly extended to focus attention on specific aspects of biological interest,
and can be used for generating testable scientific hypotheses. The model presented here
can be incorporated into a broader, multiscale framework (such as that discussed in
Chapter 7) from which patient-specific clinical predictions of DCIS outcome can be
made [136, 193, 194, 434].

Biology of breast-duct epithelium

As an organ, the breast is organized as a system of 12—15 independent, largely parallel,
duct systems: clusters of milk-producing lobules that feed into a branched duct system
that terminates at the nipple [286, 472, 503, 687]. See Figure 10.1. The duct systems are
separated by supporting ligaments and fatty tissue and drained by the lymphatic system
(not shown) [651]. The ducts have a well-characterized microarchitecture: each duct is
a tubular arrangement of epithelial cells, surrounded by myoepithelial cells (epithelial
cells with muscle-like properties, such as the ability to contract the duct to transport milk)
and a basement membrane (BM). The center of the duct, known as the lumen, is filled
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Figure 10.2 Top left: typical breast duct micro-anatomy. Top right: Breast duct epithelial cell
polarization. Bottom: major DCIS types and IDC. Reprinted with permission from [434].

with either milk (during lactation) or fluid. See Figure 10.2, top left. Surrounding and
supporting the duct is the stroma, a scaffolding of collagen and other fibers (collectively
called the extracellular matrix, or ECM) that is secreted and maintained by fibroblasts.
The stroma also contains blood vessels that supply oxygen, glucose, and growth factors
to the tissue. A key aspect of this architecture is that the epithelial cells in the breast duct
have no direct access to oxygen and nutrients; instead, these must diffuse into the duct
through the BM.

The arrangement of the epithelial cells in the duct depends upon the polarization of the
cells and the anisotropic distribution of the various surface adhesion molecules. Integrins
line the cell base and adhere to several ligands (generally laminin and fibronectin)
on the BM; E-cadherin molecules cover the cell surface between the base and apex
and adhere to E-cadherin molecules on neighboring cells [90]. See Figure 10.2, top
right. The careful orchestration of integrin-mediated cell-BM adhesion and E-cadherin-
mediated cell—cell adhesion helps to determine the tissue geometry [301, 685]. While
the epithelial-cell population oscillates with the menstrual cycle (e.g., [374, 375]), on
average it is maintained in homeostasis by a careful balance of cell proliferation and
apoptosis. Microenvironmental changes can trigger internal signaling responses in the
epithelial cells that lead to either proliferation or apoptosis, as warranted by required for
satisfactory maintenance of the tissue architecture. After apoptotic cells disintegrate into
apoptotic bodies, they are either absorbed by surrounding epithelial cells or digested by
macrophages that travel through and along the BM [369, 389].

The integrin signaling pathway allows cells to detect detachment from the BM: when
integrins become adhered to their ligands on the BM, they send signals within the cell
that trigger the production of survival proteins (e.g., FAK) that inhibit p53-mediated
apoptosis [330, 677]. Loss of attachment to the BM therefore allows apoptosis to occur,
thus preventing the overgrowth of cells into the lumen [162]. E-cadherin signaling helps
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the cells to detect the presence or absence of neighbors: when E-cadherin on a cell is
bound to E-cadherin on neighboring cells, its intracellular domain binds to and sequesters
B-catenin near the cell membrane. This prevents B-catenin from transcribing the Cyclin
D1, c-myc, and Axin2 proteins associated with cell-cycle progression. (See Section
2.1.5.) As aresult, cell cycling is inhibited [69, 313, 428, 597]. When a neighboring cell
dies, E-cadherin signaling is reduced thereby allowing the cell cycle to progress. This
results in the production of a new daughter cell to fill in the gap in the duct epithelium.
The epithelial cells also respond to hormones (intercellular signaling molecules) that
bind to surface receptors. Estrogen, progesterone, androgen, prolactin, and epidermal
growth factor all affect epithelial-cell proliferation and apoptosis decisions, such as the
decision to increase proliferation prior to lacation (in order to enlarge the breast-duct
system and prepare the lobules [32]) and or the decision to increase apoptosis during
breast involution (the “shutdown” process after lactation [54]).

Biology of DCIS

Overexpressed oncogenes and underexpressed tumor suppressor genes can disrupt the
balance of epithelial cell proliferation and apoptosis, leading to cell overproliferation.
This can occur either by the accumulation of DNA mutations (genetic damage) [619]
or epigenetic anomalies (e.g., alterations in heritable CH3 methyl groups that suppress
key oncogenes) [8]. The transformation from regular breast epithelium to carcinoma is
thought to occur in stages. For simplicity, we neglect the benign, precursor, transforma-
tions (e.g., atypical ductal hyperplasia, or ADH [619]) and focus on DCIS.

In the most well-differentiated classes of DCIS, the epithelial cells maintain their
basic polarity and anisotropic surface adhesion receptor distributions, resulting in partial
recapitulation of the nonpathological duct structure within the lumen. These demonstrate
either finger-like growths into the lumen (micropapillary, see Figure 10.2, bottom (a))
or arrangements of duct-like structures (cribriform, see Figure 10.2, bottom (b)) [618].
The cells in solid-type DCIS lack polarity and do not develop these microstructures.
Instead, they proliferate until they fill the entire lumen (Figure 10.2, bottom (c)) [162].
The proliferating cells uptake oxygen and nutrients as they diffuse into the duct through
the basement membrane, leading to oxygen and nutrient gradients (due to decreasing
oxygen and nutrient concentrations with distance from the BM). If the central oxygen
is sufficiently depleted, the interior tumor cells die and form a necrotic core of cellular
debris (comedo-type solid DCIS, see Figure 10.2, bottom (c)) [618]. These cells are
typically not phagocytosed by non-apoptotic epithelial cells (since there are none nearby)
or macrophages (since they are too far from the BM). Instead, they swell and burst
[49] and their solid (i.e., non-water) components are slowly calcified [638]. In fact,
mammograms generally rely upon these calcifications for DCIS detection [137].

While it is tempting to regard DCIS as a progression from regular epithelium to
cribriform or micropapillary (“partially transformed’) and then to the solid type (“fully
transformed”), there is insufficient evidence to support such a linear progression and
indeed the mutation pathway from noncancerous epithelium to DCIS is currently an open
question [205, 565]. The dominant type of DCIS in any particular case may well depend
upon which genes are mutated; for example, the cribriform DCIS microarchitecture could
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be due to hyperproliferation in cells whose genes regulating polarization (particularly
of E-cadherin) are intact. Owing to the current difficulty in fully characterizing DCIS
carcinogenesis, there is an excellent opportunity for mathematical modelers to test
competing theories by generating testable quantitative hypotheses.

Ductal carcinoma in situ is a pre-malignant cancer because the BM confines it to the
duct system, blocking metastasis. However, it is an important precursor stage of invasive
ductal carcinoma (IDC), where further genetic or epigenetic mutations lead to tumor
cell motility along the BM, the secretion of matrix metalloproteinases, which degrade
the BM, and subsequent invasion of the surrounding stroma (Figure 10.2, bottom (d))
[6, 615]. An estimated three-quarters of all DCIS cases are already invasive at the time
of detection [24, 346, 397]. Thus, there is a substantial risk that an undetected DCIS
precursor (e.g., vasopressin (ADH)) can progress to IDC between annual mammograms
[193]. Predicting the behavior of DCIS is important to understanding and, it is hoped, to
preventing progression to IDC.

Adaptation of the agent model

We now adapt the agent model from Chapter 6 to the geometry and biology of solid-type
non-motile DCIS. Tumor cells in the viable rim can be quiescent (Q), apoptotic (.A), or
proliferative (P). For simplicity, we allow cells in hypoxic regions, where the oxygen
level o < oy, to bypass the hypoxic state (i.e., we neglect H and immediately enter the
necrotic state (N), eventually becoming calcified debris (C).”> Thus, By = oco. Because
the cells are assumed non-motile, we neglect the motile state M and set Fy to zero. We
assume that there is no extracellular matrix in the duct lumen, and so F.,, = 0. Cell-
cell adhesion is assumed to be homophilic between E-cadherin molecules, and cell-BM
adhesion is assumed to be heterophilic between integrins and uniformly distributed
ligands on the BM. In the simulations below, we neglect the presence of noncancerous
epithelial cells lining the duct.

Oxygen and metabolism

In the DCIS model we assume that oxygen is uptaken at a rate A, by proliferating cells
and at a rate A, by nonproliferating cells (including quiescent and apoptotic cells) and
that the oxygen level decays at a rate X, in the necrotic core (containing necrotic cells
and calcified debris) and in the duct lumen. In regions containing a mixture of viable
and non-viable tissue and lumen, we assign a volume-averaged uptake rate. We discuss
the orders of magnitude for A,, A,, and Ay, in Section 10.3.1 below.

Duct geometry

We denote the duct lumen by €2 and the duct boundary (the BM) by 9€2. In this chapter,
we will treat the duct as a rectangular region (a longitudinal cross section of a cylinder)

2 In Chapters 6 and 10, o and g denote the oxygen and glucose levels, which are generalized by the substrate
level n in the remainder of the book. In Chapters 6 and 10, » denotes an integer.
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Parameter Physical meaning Data source
oy hypoxic threshold literature data [679]
Ap oxygen uptake rate by proliferating tumor cells  [220, 679] and analysis [434]
An oxygen uptake rate by non-proliferating tumor  [220, 679] and analysis [434]
cells
A oxygen uptake rate by all tumor cells see discussion in the text
Ap background oxygen decay rate analysis [434]
(A) mean oxygen uptake rate in viable rim literature data [220]
L oxygen diffusion length scale literature data [220]
£ duct length of breast duct segment set at | mm
7 duct breast duct radius histopathology measurement
B! hypoxic survival time simplified to 0
B! (= Bc')  time to necrose and calcify parameter study [434]
Br ! mean cell cycle time literature data [512]
B! time to complete apoptosis analysis [434] of lit. data [406]
oy mean time to enter apoptosis cleaved Caspase-3 immunostain
;! mean time to enter proliferative state Ki-67 immunostain
Reca cell—cell adhesion-interaction distance analysis [434] of cell deformation data [296]
Repa cell-BM adhesion-interaction distance analysis [434] of cell deformation data [296]
VsV solid fraction of individual cell analysis [434] of literature data [440]
Necas Heba cell—cell and cell-BM adhesion powers in the set equal to 1
potential function in Section 6.2.2
Neers Hebr cell—cell and cell-BM repulsion powers in the set equal to 1
potential function in Section 6.2.2
Oeca strength of cell—cell adhesion cell density in viable rim
Oleer strength of cell—cell repulsion cell density in viable rim
b strength of cell-BM adhesion set equal to ace,
br strength of cell-BM repulsion set equal to 5o,

of radius 74yt and length £4,¢. We terminate the left-hand side of the rectangular region
with a semicircle, as an initial approximation to a lobule. See Figure 10.3 for a typical
simulation view. We introduce a framework that allows us to simulate DCIS growth in
an arbitrary duct geometry, such as near a branch point in the duct tree. We represent
the duct wall implicitly by introducing an auxiliary signed distance function d (a level

set function) satisfying

d(x) > 0, X € Q,
d(x) =0, X € 012,

_ 10.1
d(x) <0, x¢Q=QUaIQ, (10.1y

IVdx)| = 1.
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Figure 10.3 Verification of the morphological features of the calibrated simulation. Top: the
simulation at time 30 days. The white cells are quiescent, the striped cells are proliferating
(virtual Ki-67), the black cells are apoptotic (virtual cleaved Caspase-3), the light-gray cells are
necrotic, and the central dark gray cells are calcified debris. The small cells along the BM are
noncancerous epithelium. Bottom left: Ki-67 immunohistochemistry of a duct cross section. The
white arrows show Ki-67-positive nuclei. The light-gray arrow shows necrotic debris. Bottom
right: H&E staining showing calcification (black arrow) and the gap between the viable rim and
the necrotic core (white arrow). Reprinted with permission from [434].

The gradient of the distance function gives the normal vector n (oriented into the lumen)
to the interior duct surface. See [229, 435—439] where the method has been used to
describe moving tumor boundaries.

Level set methods were first developed by Osher and Sethian [508] and have been
used to study moving surfaces that experience frequent topology changes (e.g., merg-
ers of regions or fragmentation), especially in the contexts of fluid mechanics and
computer graphics; see the books by Sethian [602] and Osher and Fedkiw [507] and
also [506, 508, 603]. For more information on the level set method and its application
to fluid mechanics, see [4, 447, 448, 506—508, 602, 603, 646].

Intraductal oxygen diffusion

We model the release of oxygen by blood vessels outside the duct, its diffusion through
the duct wall 92 and within the duct lumen €2, and its cellular uptake and decay (e.g.,
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by reaction with molecules in the interstitial fluid), as follows:

99 _ pvie _» ifx € Q

— = o — Ao if x ,

Py (10.2)
0 = 0B ifx € 092,

where o is the nondimensional oxygen level (i.e., the oxygen level scaled by the oxygen
concentration o, in well-oxygenated tissue near the blood vessels in the stroma), D is
the oxygen diffusion coefficient, A is the local oxygen uptake or decay rate (generally A
averages 0.1 min~! [512], for simplicity currently assumed equal for all cell types), and
op is the (nondimensional) oxygen level on the basement membrane.

The oxygen diffusion equation admits an intrinsic length scale L = v/ D/A, which
we use to nondimensionalize space in Eq. (10.2); A is a characteristic value of A. From
the literature, A ~ 0.1 min~! and L ~ 100 pm [512].

Numerical method

We introduce an independent computational mesh for oxygen that discretizes the duct
lumen with spacing Ax = Ay = 0.1 (approximately 10 um spacing in dimensional
space) in order to resolve the oxygen gradients. We use a cell interaction mesh with
1-pum spacing to avoid directly testing each cell for interaction with every other cell,
hence avoiding an O (# cells®) computational cost.

We use an object-oriented C+ + framework, where each cell is an instance of the class
Cell and is endowed with instances of the class Cell_properties (proliferation
and apoptosis parameters, initial radius and volume, etc.) and of the class Ce11l_state
(cell state, position, velocity). We order the cells with a doubly linked list structure which
allows us easily to delete apoptosed cells and insert new daughter cells.

The following procedure updates our agent-based model at time ¢ to the next simula-
tion time ¢ + Af.

1. Update the oxygen solution on the oxygen mesh using standard explicit forward Euler
finite difference methods; see Chapter § and [434].

2. Iterate through all the cells to update the interaction mesh.

3. Iterate through all the cells to update their states according to Section 6.2.3. Update
the necrosing cells’ radii, volumes, and calcification as described above.

4. Iterate through all the cells to update their velocities as described above.

5. Tterate through all the cells to determine max |v;|. Use this to determine the new Az
using the stability criterion A# < 1/max |v;|.

6. Iterate through all the cells to update their positions according to their new velocities.
We use forward Euler stepping (x;(# + At) = x;(¢) + At v;(¢)), although improved
(e.g., Runge—Kutta) methods are straightforward.

These steps require at most cycling through all the cells. If interaction testing can be
made similarly efficient then the overall simulation requires a computational effort that
is linear in the number of cells.



214

10.3

10.3.1

Agent-based modeling of breast cancer

Efficient interaction testing
With the spatial resolution given by the interaction mesh (1-pm spacing), we create an
array of linked lists of interactions as follows.

1. Let R = 2max; {ri,}.
2. Initialize the array such that each pointer is NULL.
3. For each cell i, append its memory address to the list for each mesh point within a

distance R of its center x;.

Once complete, at any mesh point (i, j) we have a linked list of cells which are allowed
to interact with a cell centered at or near (x;, y;).
We use this list whenever we compute a quantity of the form

> f(cell;, cell;) (xi, ye). (10.3)
J

by contracting the sum to the members of the linked list at (x4, y¢). Because the number
of points written to the array is fixed for each cell, this reduces the computational cost
of cell—cell interaction testing to O (# cells), rather than the more typical O (# cellsz).
Furthermore, this interaction data structure still allows arbitrary cell—cell interactions.
Notice that this computational gain relies upon the fact that cells can only interact over
finite distances.

Patient-specific calibration with patient data

To make the model predictive we must constrain the non-patient-specific parameters as
much as possible (e.g., by literature searches and analysis of the mathematical model
behavior across the parameter space) and calibrate the undetermined parameters using
available patient-specific data. We now summarize key parameter estimates made in
[434] and follow with a calibration protocol. In this discussion, we neglect hypoxia and
motility and take fn = BnL = Bns = Be-

Estimating “universal” parameters

We first estimate parameters that are common to all patients, using literature searches of
theoretical and experimental biology results and prior modeling efforts.

Cell cycle, apoptosis, and necrosis and calcification times

We estimated that the cell cycle time 8, !'is 18 hours from the modeling literature (e.g.,
see [512]). We obtain the estimate S5’ & 8.6 hours and the estimate BN '~ 30 days in
Section 10.4.1.

Oxygen parameters
From the literature, the mean cellular oxygen uptake rate is () = 0.1 min~! (in the
viable rim) and L = 100 um. To estimate the hypoxic threshold oy, we examined the
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mitosis function k(o) used in [679], which is the basis of the breast cancer model in
[220]. Ward and King [679] found that, at the step function limit, k,(0) x H(o — o),
where o is the minimum, “cutoff”, oxygen level for cell proliferation; they determined
that o, & 0.2 experimentally when o is nondimensionalized by o, the far-field nutrient
value in well-vascularized, nonpathologic, tissue. Because the step function limit is
similar to our parameter ap, our parameter oy is analogous to o, in [679] and, as we have
nondimensionalized oxygen by the nutrient value in well-vascularized, nonpathologic,
breast tissue, we set oy = 0.2 as well. We observed in our immunohistochemical and
histological images that the quiescent and proliferating viable tumor cells have the same
general size; this suggests that the quiescent tumor cells are relatively metabolically
active compared with the noncancerous, long-term-quiescent, cells; generally, these
are smaller, with condensed nuclei (which relates to a lack of transcriptional activity),
reduced mitochondrial populations [223], and less cytosol. Hence, we estimate that
Ap and A, are of similar orders of magnitude. In [434] a parameter study found that
Ap > A, was inconsistent with the population dynamic and morphologic characteristics
of DCIS observed in our immunohistochemistry and histologic data. For simplicity,
we set A, = A, = A¢ and A; = Ay; the more general case was investigated in [434]. A
statistical analysis of the viable rim thickness and tumor cell density in multiple breast
ducts also supported our approximation A, & A, [432].

Cell mechanics

We estimated the cells’ solid-volume fraction Vs/V at approximately 10% by com-
bining the published data of [440] with the assumption that the solid component
is 1-10 times denser than water [433, 434]. We estimated the maximum cell—cell
and cell-BM interaction distances R, and R, using published measurements of
breast cancer cell deformations. Byers ef al. [91] found the deformation of MCF-7
(an adhesive, moderately aggressive breast cancer cell line) and MCF-10A (a benign
cell line) breast epithelial cells to be bounded at around 50% to 70% of the cell
radius in shear flow conditions; this is an upper bound on R, and R.,. Guck
et al. [296] measured breast epithelial cell deformability (defined as additional stretched
length over relaxed length) after 60 seconds of stress. Deformability was found to
increase with malignant transformation: MCF10 deformed by 10.5%; MCF7 deformed
by 21.4% but by 30.4% after weakening of the cytoskeleton; and MDA-MB-231 (an
aggressive cancer cell line) deformed by 33.7%. Because DCIS is moderately aggres-
sive, we used the MCF7 estimate and thus set R. , = R, = 1.214r;. It is likely that
the cell-cell and cell-BM adhesive forces decrease rapidly with distance, and so we
used the lowest (simplest) adhesion powers that capture a smooth decrease at the
maximum interaction distances, i.€., #cca = Mcba = 1. For simplicity we also set n¢., =
Heor = 1.

Calibrating patient-specific parameters

We now present the patient-specific portion of the calibration protocol, as detailed in
[434]. The following patient-specific data are available:



216

Agent-based modeling of breast cancer

¢ the average duct radius (R) and the average viable rim thickness (7'), measured directly
on the IHC images;

¢ the average cell density (p) in the viable rim, measured by counting nuclei and
computing the viable rim size;

¢ the cell confluence f in the viable rim, defined to be the area fraction of the viable
region occupied by cell nuclei and cytoplasm;

¢ the proliferating index PI, measured by staining images for Ki-67 (a nuclear protein
marker for cell cycling) and then counting the total number of Ki-67-positive nuclei
versus the total number of nuclei; and

¢ the apoptotic index Al, measured by staining images for cleaved Caspase-3, an “execu-
tioner” caspase involved throughout most of the apoptosis process. Because Caspase-3
is a cytosolic protein, we identified cleaved Caspase-3 positive cells by comparing the
whole-cell staining intensities. The apoptotic index is then computed across the viable
rim, as for the PI.

Geometry

We matched the simulated duct radius to the mean measured duct radius (R). We
obtained the average (equivalent) cell radius from the mean viable rim cell density (p)
and measured the confluence f (0 < f < 1) by the relation

f = (p)mr?. (10.4)

Oxygen level

For the special case we are considering here, A, = A, = (1); we assume that Ay is
stipulated as an additional constraint Ay, = Ap/(A). The more general case is considered
by separating the viable rim into fluid, proliferating cells, and non-proliferating cells
and applying additional constraints to both A,/(1) and Ap/(A) to determine the oxygen
uptake rate uniquely [434].

Next, we used the mean viable rim thickness (7') as an indicator of oxygenation
and thus determined the boundary oxygen value op. In two dimensions (the three-
dimensional results are given in Section 10.4.2), the steady-state oxygen profile away
from the leading edge reduces to the simple one-dimensional equation

0= { gg” _ i\kzam, (()T<) i ; (<T(>}e), (105)

with the boundary and matching conditions
o0 =05,  o((T)=ou, o'((R)=0, (10.6)
DxlTi{% o'(x) = DngITl) o' (x). (10.7)

Here, x is the distance from the duct wall.
After applying all the conditions except o (0) = o, we have, for 0 < x < (T),

7 = {COSh (x _L<T>> — /Ay tanh ((IZ)/;Z(\_?) sinh <x _L(T>)] :
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and, for (T) < x < (R),

o(x) =ou [cosh (x - <T>> — tanh (<R>_<T>> sinh (x _ <T>)} .
L/Ay L/ Ay L/JAy

We evaluate the first expression at x = 0 to determine op:

op = on [cosh+\ft ( /«/(_T)) 'nhm]. (10.8)

Finally, we compute the mean oxygen value across the viable rim:

(o) on [\ﬁ tanh( L//_T)) <cosh(LT> - 1) +sinh<ﬂ . (10.9)

Population dynamics
Using the analysis in Section 6.5, given fp, Ba, and measurements of the PI and Al we
can solve Egs. (6.51), (6.52) in the steady state to determine (op) and oa:

_ Bp(PI+PP’) — BAAI-PI

, 10.10
(o 1 —AI—PI (10.10)
Al — ATI?) + BpAl - PI
aAz’BA( )+ fe . (10.11)
1 —Al—PI

We calibrate the functional form for ap by combining the result (10.10) with the com-
puted mean oxygen value from the previous step and then solving for orp:
(o) —on

(ap) = alp———1. (10.12)
1 - OH

Cell—cell mechanics
For confluent cells in solid-type DCIS (f = 1), we convert the mean density (p) to an
equivalent cell spacing s (measured between cell centers) via

2
V3(p)’

which is based upon matching the mean cell density to a hexagonal cell packing.
We balance the cell-cell adhesive and repulsive forces at this equilibrium spacing. If
Reca = Mneer = 1, Reca = 1.147, (R)eer =7, and € = 1 then

Qoa 9 (32 ne) (1 —s5/Qr)"!
Ceer (,0/ (S; 2Rccav ncca) (1 — S/(2.4287'))nm+1

S =

(10.13)

(10.14)

This leaves a free parameter, since in effect the density determines the equilibrium
spacing but we have not stipulated how strictly the density value is enforced. It may be
possible to constrain the mechanics fully by matching the simulation to the variance in
p; this is the subject of ongoing research. In the meantime, we have found that setting
acr = 8 sufficiently enforces the density value [434].
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Table 10.2. Key data for a de-identified patient

Quantity Measured mean  Units

duct radius 7 gy 170.10 pm

viable rim thickness 7' 76.92 wm

PI 17.43 %

raw Al 0.638 %
corrected Al 0.831 %

cell density p 0.003213 cells um—2

Cell-BM mechanics

Because we have no direct data on the cell-BM mechanical interactions, we choose
the parameters to prevent cells from penetrating the duct wall; a,, = 5 suffices when
Ocba = Qcca- It should be possible to constrain the parameter values further by comparing
patient data with the simulated tumor propagation speed and leading-edge morphology
as acha and o, are varied; such parameter studies are the topic of ongoing research
[434].

Sample patient calibration and verification

We demonstrated the calibration protocol using IHC and histopathology material from a
de-identified mastectomy patient from the M. D. Anderson Cancer Center (de-identified
case number 100019). The measurements for this patient are given in Table 10.2. Because
the cells are nearly confluent in the viable rim, we estimated that f ~ 1. By the cell-
cell mechanics calibration in Eq. (10.4), reen = +/1/(p7) &~ 9.953 um. Using the above
estimates of cell deformability, we set Ry = Repa = 1.217¢en ~ 12.0834.

From the oxygen protocol (with A, = A, = A, = 0.1), we estimated the boundary
value op as 0.3861 (Eq. (10.8)), and (o) as 0.2794 (Eq. (10.9)). For further investigations
of the case A, # Ap and A, # Ay, see [434].

Using the measured Al and PI values, along with 8, "= 18hand B;' = 8.6 h (see
Section 10.4.1), we estimated the population dynamic parameters as

ay' ~47196.349 min  and @' ~ 434.527 min;

see Eqgs. (10.11), (10.12).

For the mechanics, the protocol gives s &~ 18.957 um (Eq. (10.13), e = 8, and
eea ~ 0.3915 (Eq. (10.14)). We set oepa = Qcca and oy = 5, although we are currently
investigating the effect of an imbalance between o, and ap, [434].

Verification of calibration

To verify the calibration, we seeded a small section of a 1 mm virtual duct with tumor
having Al and PI values matching the IHC measurements. We then ran the simulation
to time ¢ = 30 days and checked the model’s predictions of Al, PI, viable rim thickness,
and density in the viable rim. (See Section 6.6.1 for the fully dynamic simulation.)
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Table 10.3. Verification of the patient-specific calibration. All figures are given as mean +
standard deviation. There is no standard deviation for the simulated cell density because it was
calculated over the entire viable rim

Quantity Patient data Simulated
PI (%) 17.43 +£10.48 17.193 £ 7.216
Al (%) 0.831 £ 0.572 1.447 £+ 3.680
Viable rim thickness (pm) 76.92 £ 13.70 80.615 £+ 4.454
Cell density (cells/um=2) 0.003213 + 6.89¢-4 0.003336

We sliced the computational domain at time ¢ = 30 days into slices 6 pum thick and
performed virtual immunohistochemistry on those slices. We calculated the viable rim
thickness in each slice and the average cell density over the entire viable tumor region.
See Table 10.3. The proliferative index values match extremely well, and the apoptotic
index values are within error tolerances. Because apoptosis is a rare stochastic event
(< 1%) in a region with fewer than 500 cells, we expect considerable noise; indeed,
this is observed in the patient’s Al value as well. The viable rim thickness is within the
error bounds, and the cell density is in excellent agreement. Because all the numerical
targets (outlined in Table 10.2) are within the error bounds, the calibration was regarded
as a success.

We also compared the general tumor morphology with hematoxylin and eosin (H&E)
stains from the patient (Figure 10.3, bottom right) and the spatial distribution of prolif-
erating cells with Ki-67 immunostains from the patient (Figure 10.3, bottom left). The
virtual DCIS reproduced the expected tumor microarchitecture: a viable rim closest to
the duct wall, an interior necrotic core, and sporadic interior microcalcification. The
simulation also recapitulated the general distribution of proliferating cells across the
viable rim: in both the simulation and the Ki-67 imaging, cycling tumor cells were
observed most frequently along the duct wall where oxygen is most plentiful and almost
never at the perinecrotic boundary, where substrate levels are lowest. This evidence
supports the dependence of ap upon o in our model. This theme is discussed in greater
detail in Section 10.4.2.

Case studies

We now consider three case studies in which the agent model was used to facilitate pre-
dictive breast cancer research. First, we illustrate the utility of the model in estimating
biological parameters that are difficult or impossible to measure experimentally. Sec-
ond, we use the analytical volume-averaged behavior of the model to generate testable
biological hypotheses of DCIS behavior, test those hypotheses using actual DCIS data,
and use the results to refine and extend our model. Third, we demonstrate the use of
the agent model in calibrating multiscale cancer simulation frameworks and compare a
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framework’s predictions of tumor size with actual clinical data, discussing the clinical
significance of the latter application and also future applications.

Estimating difficult physical parameters

Apoptosis time 85!

The time course from the initial signal to commence apoptosis to final cell lysis is
difficult to quantify [327]. Early reviews by key apoptosis researchers estimated that
the early cellular events in apoptosis comprise a fast process on the order of minutes,
with the digestion of apoptotic bodies occurring within hours of phagocytosis [369]. Hu
et al. [327] conducted a detailed in vivo observation of the apoptosis of epithelial cells
in the rat hippocampus, observing cells breaking up in 12-24 hours and the complete
elimination of apoptotic bodies within 72 hours. Experimental work in [592] similarly
observed most apoptotic processes to take place over a time on the order of hours.
This provides the bound 5! < 24 h. It also suggests that apoptotic bodies are absorbed
by the surrounding cells in under 48 hours after cell lysis. In total, the experimental
observations in the literature lead us to the estimate 85! ~ O(10 h).

To estimate B4 for breast epithelial cells, we built on our working hypothesis that can-
cer cells use the same basic mechanisms of proliferation and apoptotis as noncancerous
cells, only with altered frequency [300]. Hence, we postulated that 85 and Sp are the
same for DCIS cell lines and noncancerous breast epithelial cells. Equation (6.50) gives
us a means to estimate B4: assuming that on average noncancerous breast epithelial
tissue is in homeostasis (when averaged through the duration of the menstrual cycle),
then N = 0, where N is the number of cells, and we find

= P = PI 10.1
Ba —,BPZ —ﬁpﬁ~ (10.15)

In [406] the average proliferative and apoptotic indices of noncancerous breast epithe-
lial cells in several hundred pre-menopausal (aged under 50 years old) women were
reported from measurements to be 0.0252 £ 0.0067 and 0.0080 £ 0.0006, respectively.
While AI and PI can vary considerably in time owing to hormone cycling in the men-
strual cycle [492], when averaged over many women (who fall at different points in this
cycle), the effects of the monthly variation should be cancelled out. On the basis of a
cell cycle time ﬂ;l = 18 h, we estimate that 8, = 0.175 h™!, giving an estimated time
for apoptotis 85! of approximately 5.7 h. This is consistent with our estimated order of
magnitude, 10 h.

In the same study, PI and Al were measured for several hundred post-menopausal
women aged over 50 years old at 0.0138 + 0.0069 and 0.0043 4 0.0007, respectively.
Using these figures gives a similar estimate to that above, So ~ 0.178 h™!. The similar-
ity of the figures in pre-menopausal and post-menopausal women supports our working
hypothesis that S5 and Sp are relatively fixed for the cell type even when apoptosis
and proliferation occur with differing frequencies and in different hormonal environ-
ments. We also note that conducting the same calculation with the data from
[492] gives Ba ~ 0.26 h~! and an estimated apoptosis time of 3.9 h. This work
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used a much smaller sample size, but nonetheless is generally consistent with our
estimate.

We now attempt to improve our estimate to account for detection shortcomings in
the immunostaining. (See the introduction in [189] for a good overview of the current
methods of detecting apoptotic cells in histologic tissue cultures.) The Al measurements
in [406] were obtained by TUNEL assay, which relies upon detecting DNA fragmen-
tation. According to the detailed work on Jurkat cell apoptosis in [592], there is an
approximately three-hour lag between the inducement of apoptosis (observable by rapid
changes in the mitochondrial membrane potential voltage and the ratio of ATP and ADP)
and the detection of DNA laddering and chromatin condensation. Cleaved Caspase-3
activity was neglibible for the first 60 minutes and steadily climbed thereafter, peaking
after 180 minutes and reaching approximtely 10% of that peak in 50—-60 minutes. On this
basis, we would expect that TUNEL-assay-based Al figures fail to detect approximately
the first three hours of apoptosis and that cleaved Caspase-3-based Al staining fail to
detect the first one-to-two hours. Thus, we increase our estimate for 85! to 8.6 hours.
This gives correction factors to account for undetected apoptotic cells by TUNEL assay
and cleaved-Caspase-3 immunostaining, as follows:

8.6
Alyerual & —— AITUNEL, (10.16)
5.6
and
8.6 8.6
ﬁAICaSpaseﬁ < Alyeral < RAICaspase% . (10 1 7)

Calcification time S

There are very few literature data available on the time taken for the completion of
necrosis and calcification of breast tumor cells. The best available experimental data are
generally animal time-course studies of arterial calcification; we use these to estimate
the order of magnitude of 8- ! Time-course studies on post mortem cardiac valves in
[348] reported significant tissue calcification between seven days (when there was a 10%
increase in Ca incorporation) and 14 days (by which time there was a 40% increase) after
injection by TGF-81. Lee et al. [405] examined a related process (elastin calcification)
using a rat subdermal model, demonstrating that calcification occurs gradually over the
course of two to three weeks. Gadeau et al. [250] measured calcium accumulation in
rabbit aortas following oversized balloon angioplasty injury. Calcified deposits appeared
as soon as two to four days after the injury, increased over the course of eight days, and
approached a steady state at between eight and 30 days. Hence, we estimate S Uis on
the order of days to weeks.

To sharpen our estimate of the calcification time parameter S-' we conducted a
parameter study using the fully dynamic model (see Section 6.6.1) that we calibrated in
Section 10.3.3. We varied Bz' from 12 hours to 30 days and simulated our calibrated
DCIS model to 30 days; the results are given in Table 10.4. We found that calcification
times under 15 days lead to necrotic cores that are nearly entirely calcified; this is not
observed in H&E image data. See Figure 10.3, bottom right, black arrow. However, a
30-day calcification time leads (as expected) to a complete absence of microcalcifications
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Table 10.4. Parameter study on the calcification time

B! 12hours 1day 5days 15days 30 days
% of core calcified 94.0% 83.7% 51.1% 6.9% 0%

Figure 10.4 Ki-67 immunohistochemistry for ducts F3 (left) and F19 (right) for de-identified
patient case 100019. Ki-67-positive nuclei stain darkly in the images. Reprinted with permission
from [434].

in the core at time 30 days. Because DCIS tumors are hypothesized to grow to steady
state in as little as two to three months [136, 193, 194], we expect microcalcification
by this time. Hence our sharpened estimate of 8. U'is 15 days, which is consistent with
the literature. Parameter studies such as these are significant because they allow us to
estimate physical quantities that are difficult or impossible to determine experimentally.

Generating and testing hypotheses

Recall that, when the agent-model behavior is averaged across the entire viable rim, we
obtain a nonlinear system of two ODEs in PI and Al:

PI = (ap)(1 — Al — PI) — Bp(PI 4 PI?) 4 BoAI x PI

As detailed earlier for fixed Al, PI, 8a, and Bp, this can be used to determine (ap),
ap, and ultimately ap. If, instead, we regard os and op as fixed and replace (op) with
ap (S, 0, ), we obtain a nonlinear system for Al and PI that varies with o. If we
solve this system to steady state for oy < o < 1, we can use the model to predict the
relationship between proliferation and oxygen availability. In [433] this analysis led us
to hypothesize Michaelis—Menten population kinetics: for sufficient nutrient availability
the proliferation saturates, indicating that oxygenation is no longer the primary growth-
limiting factor.

We now test this hypothesis on the basis of a careful analysis of Ki-67 immunohis-
tochemistry in two ducts (F3 and F19) for a DCIS patient (de-identified case 100019)
[136, 193, 194]. See Figure 10.4. For each duct, we calculate the distances of all nuclei
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Figure 10.5 Histograms of Ki-67-positive nuclei vs. distance from the duct wall (top row) and all
nuclei vs. distance from the duct wall (middle row), and plots of proliferative index vs. distance
from the duct wall (bottom row). These measurements are for ducts F3 (left-hand column) and
F19 (right-hand column). Reprinted with permission from [434].

and of Ki-67-positive nuclei to the duct wall, the mean distance from the duct cen-
troid to the duct wall (i.e., the radius R), and the mean duct viable rim thickness 7.
Next, we create a histogram of Ki-67-positive nucleus distances to the duct wall (Figure
10.5, top row) and a histogram of the distances of all the nuclei from the duct wall
using the same “bins” (Figure 10.5, second row), and then we divide these to obtain
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a graph of proliferative index PI versus distance from the duct wall (Figure 10.5, third
row).

Next, we estimate the three-dimensional steady-state oxygen profile through the cylin-
drical ducts (assumed radially symmetric with no variation in the longitudinal direction)
from the ODE

. ) " 1 ’
0=L"(0o"+ -0") —o0, 0<r <R, (10.19)

r

with boundary conditions
o(R—T)=oy, o'(0) =0. (10.20)

The solution is

OH

= L (®=D)D)

Iy(r/L), (10.21)
where L is the diffusion length scale (assumed to be 100 um in [220, 679]), I, is
the nth-order modifed Bessel function of the first kind, o is nondimensionalized by
the normoxic oxygen level in nonpathological tissue, and oy is the hypoxic threshold
oxygen value (assumed to be 0.2 in [220, 679]). The mean value of the oxygen solution
in the viable rim (R — 7 < r < R) is given explicitly by

OH 2L

@)= 1 (R = T)/L) 2RT — 17

[RI(R/L) = (R—=T)1 (R—T)/L)]. (10.22)

For the duct in F3,
R ~ 188.4634 um, T =~ 119.0256 pum, and (o) =~ 0.282 145,
and for the duct in F19,
R ~ 217.5548 pum, T ~ 97.9602 um, and (o) =~ 0.280459.

By correlating the oxygen solutions (not shown) with the PI profiles, we estimate
the relationship between the measured PI and the value of o in the ducts. In Figure
10.6 we plot PI values for F3 (broken curve) and for F19 (dotted curve) as well as the
predicted values (solid curve) from [434]. As can be seen, the theoretical prediction and
measurements agree qualitatively but not quantitatively. We conclude that, while prolif-
eration (given by PI) correlates with oxygen levels throughout the tumor, oxygenation
alone cannot fully determine PI. Hence, we hypothesize that there must be additional
heterogeneities in other microenvironmental factors (e.g., EGF), in gene expression, or
in protein signaling across the tumor.

The next natural question is whether we can account for these heterogeneities with
our current functional form by calibrating the agent model to individual ducts. If we
can then this is further evidence that (i) we have chosen a suitable theoretical stochastic
framework for the agent model and (ii) future work must incorporate more sophisticated
gene and protein signaling models. To address this question, we next calibrate the agent
model for each duct to determine ap and ap. We use AI =0.008 838 for each duct, as in
[434], and the measured values of PI, R, and T given above for each duct. For the duct
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Figure 10.6 The predicted PI (solid curve) and data from duct F3 (broken curve) and from duct
F19 (dotted curve), for case 100019. Reprinted with permission from [434].
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Figure 10.7 Comparison of the hypothesized (solid curve) and measured PI vs. o curves for duct
F3 (broken curve) duct F19 (dotted curve). Reprinted with permission from [434].

in F3,
PI = 0.281030,  as ~ 0.00162405h7",
(ap) ~ 0.0277579h7 !, and  @p(S,e)~ 0.270331 h7!;
and for the duct in F19,

PI = 0.148045,  aa ~0.00129067h~",
(ap) ~ 0.0110190h71, and  @p(S, )~ 0.109562h7 "

These values we generated PI versus o curves for the individual ducts using Eq.
(10.18) and compared them with the measured data; see Figure 10.7. There is generally
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much improved quantitative agreement between the predicted (solid) and measured
(broken and dotted) curves. The difference in the predicted curves for the two ducts is
due to the substantial difference in their op values: orp is much greater for F3, which has
the overall higher PI curve.

We next examine the data for the ducts in Figure 10.4, within the context of our
modeling framework and the predicted PI versus o curves, in order to generate additional
biological hypotheses. Notice that the cell density is lower in F3 (Figure 10.4, left shows
larger nuclei and cells, with greater spacing between cells) than in F19 (Figure 10.4,
right shows smaller nuclei and cells, with less spacing between cells). These facts
lead us to hypothesize that ap decreases with increasing cell density. E-cadherin/g-
catenin signaling may be the physiological explanation of the phenomenon: when E-
cadherin on one cell is bound to E-cadherin on a neighboring cell, B-catenin binds
to the phosphorylated receptors, blocking the downstream pro-proliferative activity of
the E-cadherin. (See Section 2.1.5.) For higher cell densities, more cell surfaces are
in contact with one another, providing greater opportunities for E-cadherin binding;
we consequently hypothesize that cell density correlates with cell cycle blockade by the
E-cadherin/S-catenin pathway, resulting in the apparent relationship between cell density
and op. Further evidence can be seen in duct F19 (Figure 10.4, right): the majority of
the proliferation activity is in a single layer of cells along the duct wall. Because these
cells adhere to the basement membrane, they present less surface for E-cadherin binding
activity (relative to that of the interior cells), resulting in a reduced E-cadherin blockade
of proliferation.

These hypotheses can be tested by correlating arp with the cell density in a larger
number of ducts, performing an immunohistochemical (IHC) test for S-catenin activity,
and correlating 8-catenin-mediated transcription (indicated by the presence of S-catenin
in the cell nuclei) with cell density and distance from the duct wall. One could use these
data to hypothesize, calibrate, and test new functional forms for ap such as

@p(S, 0, 8, 0) = Tp(e, 0) (1 )L ) (“ _GH>, (10.23)
Pmax 1 —ogn

where p is the local cell density, pmax is the density at which PI & 0, £ is the cell’s (nondi-
mensional) E-cadherin expression, and (£) is the mean E-cadherin expression for the
tumor. In such a formulation, &p(e, o) determines the cell’s @ — P transition rate in nor-
moxic conditions with minimal E-cadherin signaling; it depends upon the cell’s genetic
profile e and potentially upon other signaling and/or microenvironmental factors o.
These ideas are the subject of ongoing research by Macklin, Cristini, Edgerton, and
others.

Calibrating multiscale modeling frameworks: preliminary results

In Chapter 7 we discussed a multiscale modeling framework in which data from various
sources and scales (e.g., molecular data from IHC, cell-scale data from motility assays,
and tissue-scale geometric data from MRI) are propagated throughout the framework
through appropriate dynamic upscaling and downscaling between the scales. The net
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result is a simulator that can simulate whole three-dimensional tumors in large microen-
vironments while efficiently incorporating molecular- and cell-scale dynamics (e.g.,
hypoxic signaling and cell motility) where needed.

Recall that the overall change in the number of cells N is given by

N = [BpPI(0) — BAAI] N, (10.24)

where we write PI(o) to emphasize the dependency of PI on oxygen level, as demon-
strated in Section 10.4.2. For the continuum model, the analogous form (neglecting cell
transport) is given by

o = (AMo — An) p. (10.25)

By averaging across a fixed volume and equating these terms, we estimate that

 BelPD)
M

leading us to a preliminary upscaling between the agent and continuum models:

and A A BaAL (10.26)

A Al
A= gy PaAL (10.27)
Am Pr (PT)
or alternatively (by equating the cell proliferation when o = 1 in both models),
i~ BPI(l) = A~ PAAL (10.28)
ne BePI()’ '

We applied the upscaling in Eq. (10.27) to the Al and PI data for 12 de-identified-
index cases obtained from archived mastectomy-patient material at the M. D. Anderson
Cancer Center. (See [195] for more information on how the cases were selected and how
the patient tissues were prepared and processed to obtain Al, PI, viable rim thickness,
and viable volume fraction.) The data are given in Table 10.5. Applying Eq. (10.27) to
this data we obtained a patient-specific value of 4 (Eq. (10.27)) for each case; see the
fourth column of Table 10.5.

Next, we predicted the nondimensional steady-state tumor size as a function of 4
by solving the model in [149] (see Chapter 3) with spherical symmetry. The resulting
curve is given in Figure 10.8. To compare this predicted relationship between A and
the nondimensional tumor size R for the individual cases, we must determine a patient-
specific length scale L in order to nondimensionalize the patients’ measured tumor sizes
(column 7 in Table 10.5). The diffusional length scale used in [149] (see Section 10.2.3)
was formulated for solid tumors, whereas DCIS grows in ducts that comprise only a
fraction of the measured tumor volume. We modified the length scale by re-examining
the nutrient transport equation. If f is the volume fraction of the breast tissue occupied
by viable tumor then the nutrient equation can be altered to describe the reduced uptake
in the overall tissue:

0= DV?0 — f)o, (10.29)
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Table 10.5. Summary of pathological features with parameter values and predictions for index series?
R (cm) (geometric ~ Model
R (cm) average of prediction
Case ID  Subtype Grade 4 Lo (um)  (predicted)  measured values® accurate
14 Cribriform 2 0.004 171.83 34.63 0.58 -
19 Mixed? 3 0.0247 78.87 1.72 1.14 +
8 Cribriform 2 0.0342  183.22 5.52 0.46 -
28 Solid 3 0.0368 86.58 1.33 1.47 +
13 Solid 3 0.0373 96.43 1.51 1.64 +
22 Cribriform 3 0.0441 97.08 1.30 1.04 +
18(L) Mixed® 3 0.0498  111.71 1.44 1.64 +
21 Cribriform 2 0.0601 113.11 1.17 1.03 +
23 Solid 3 0.120 134.78 0.75 0.58 +
15 Cribriform 1 0.132 147.77 0.75 0.48 +
17 Mixed? 2 0.223 108.92 0.28 0.56 +
18(R) Cribriform 1 0.280 116.35 0.24 0.53 +
¢ A volume density of 24.8% averaged over all cases was used for f.
b Mixed solid and cribriform subtypes.
¢ Geometric mean radius calculated from the measured dimensions.
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which admits the modified length scale

(10.30)
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This scale now accounts for the depletion of oxygen across the entire cancerous region
rather than only within the solid-tumor portion. We used an average value of f = 0.248
across all 12 de-identified index cases [195].

We used the measured viable rim thickness L (Table 10.5, column 5) for each case;
this takes into account the variability from patient to patient in the vascularity of the
tissue between the ducts and in the tumor cell density, as well as any differences in the
cellular oxygen uptake rates. We nondimensionalized the measured tumor sizes using
this length scale (Table 10.5, column 7). These predictions are presented as the labeled
points in Figure 10.8. There was good qualitative and quantitative agreement between
the predictions (dotted curve) and measurements (plotted points) for these de-identified
index cases. To better quantify the predictions, we also estimated the measurement error
(shaded region) using the standard deviations in Al and PI (horizontal breadth of the
shaded region). Ten of the 12 cases (83%: labeled ‘+ in Table 10.5: column 8) of the
cases fell within the error estimate. In the remaining two cases (17%) the tumor sizes
were substantially overestimated.

Biological and modeling significance

The success of the model in predicting tumor sizes serves to validate the biological
modeling hypotheses at all scales, the calibration technique, and the upscaling linking
the scales. Had any of these been invalid then it is likely that the model predictions
would have been much less accurate.

At the cellular scale, the successful predictions validate the fundamental dependency
of proliferation upon oxygen and nutrient availability as well as the relative independence
of apoptosis and nutrient availability; the latter runs counter to the clear link between
hypoxia and necrosis, underscoring the importance of properly modeling the nuances in
cell death at the cellular scale. This theme was explored further in Section 6.6.3.

Given this successful upscaling, the work gives credence to the functional forms for
the cell proliferation and apoptosis parameters Ay and Aa. This provides a concrete
connection between cell-scale quantities (PT and Al) and macroscopic model parameters
(Am and Xp), allowing a better physical interpretation of the macroscopic parameters.
The parameter 1y; measures the rate of cell division in normoxic tissue, and this should
be inversely proportional to the cell cycle time fp ! plus the mean waiting time between
cell cycles, here functionally encapsulated in PI. Similarly, the parameter A5 gives the
mean rate of cell death, which incorporates both the time scale of apoptosis (8x ") and
the mean waiting time to apoptosis (encapsulated in AI). Both parameters implicitly
involve tumor genetics and proteomics through Al and PI.

These results and a similar analytical upscaling suggest a functional form for cal-
ibrating the necrosis volume-loss parameter Ay appearing in the earlier continuum
models reported in [229, 430, 431, 435—439] and in Chapter 3: Ay &~ Bnr(1 — Vs/ V),
where Sy, is the mean time for necrotic cells to lyse and lose their water content
and Vs/V is the non-water fraction of each cell. In Section 6.6.3 we estimated By
is on the order of 1 to 5 days, and in Section 10.3.1, we estimated that Vs/V = 0.1;
hence, we can deduce that Ay is in the range 0.18 — 0.9 day~'. This range is con-
sistent with prior estimates using alternative approaches. In parameter studies on
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An/Am conducted in [437], 0.1 day~! < An < 1.0 day™! gave necrotic core sizes and
morphologies consistent with in vitro tumor spheroids such as those reported in [145].
Furthermore, calibration work on noncalcified glioblastoma multiforme in [227] gave
the estimate Ay ~ 0.7 day .

At the whole-tumor scale the good model predictions validate the nutrient and oxygen
diffusional limit to tumor growth, even in vascularized tissue [145, 149]. In this case
the diffusional-limit theory holds well once it has been appropriately adapted to growth
in a sparse duct microarchitecture interspersed by well-vascularized breast stroma: at
the macroscopic scale this is completely analogous to the growth of a well-vascularized
tumor. The model’s success also validates the modification we made to the oxygen length
scale to account for the breast tissue microarchitecture and points to the likelihood of
success when we integrate this microarchitecture more fully into the cell- and multicell-
scale tumor behavior.

Last, this early success of the model suggests that, for short time scales or near steady-
state conditions (when the parameter values are relatively constant), we can calibrate
and predict tumor growth on the basis of measurable physical quantities (proliferation
and apoptosis rates, etc.) alone, without the need for the precise proteomic and genetic
information that ultimately determine these physical quantitites. In effect, cancer can be
treated as an engineering problem determined by physical processes, without regard for
the genetic and molecular basis for those processes. As was highlighted in our work in
Section 10.4.2, the molecular (and hence phenotypic) characteristics of an actual tumor
can vary considerably across the tumor at any given time. Hence, molecular- and cellular-
scale modeling is required if we are to refine our modeling to predict accurately tumor
morphology, motility, and other fine-scale details in patient-specific simulated tissues,
as well as to understand a tumor’s heterogeneous response to therapy. Indeed, this is
the essence of multiscale modeling: adequately to incorporate an increasing amount of
data from various modeling scales in order to improve the predictivity of the modeling
framework.

Clinical implications
The fact that 10 of the 12 index cases could be accurately predicted using steady-state
theory suggests that DCIS emerges quickly from an undetectable precursor state (e.g.,
ADH) betweeen annual mammograms. Indeed, in an exploration of the time to reach
steady state, we noted that DCIS tumors reach 95% of their maximum size within three
months of initiation for a physiological range of values of A, f, and L (results not
shown). We therefore expect that 85% of DCIS should be at steady state for women
undergoing yearly mammograms. For a sample size of 12, we should therefore expect
one to two (on average, 1.8) cases to be smaller than the steady-state predictions, which is
fully consistent with the two overestimated cases denoted by the minius signs in column
8 of Table 10.5.

This has clear clinical implications. Given the relatively fast time scale of DCIS
progression, at-risk populations (e.g., families with BRCA1 or BRCA2 mutations) may
require more frequent surveillance than annual mammograms to adequately detect and
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treat breast cancer before it progresses to invasion. Indeed, an estimated 75% of all
DCIS cases are already invasive at the time of detection [24, 346, 397]. Alternatively,
low-dose chemotherapeutics could be prescribed for such high-risk groups to slow
down (undetected) DCIS progression, in order to allow for adequate detection by annual
mammograms.

Given the fast progression of DCIS to a steady state and the prevalence of hypoxia and
necrosis when large or densely packed ducts are involved, we see that tumor cells may
be subject to hypoxic stress for substantial periods of time prior to detection by annual
mammogram. This is consistent with the prevalence of co-existent invasive carcinoma in
newly detected DCIS cases [397]. Our simulations show that the extent of necrosis can
be predicted by identifying regions of severe hypoxia. On the basis of our simulations,
necrosis occurs primarily in larger ducts with densely packed DCIS. Thus, a tumor’s
physical location, kinetic rates of proliferation and apoptosis, and local cell density are
determinant predictors of the extent of necrosis. Given that the perinecrotic rim of
a tumor represents the cell population at greatest risk for evolution to invasion, these
measureable quantities could be better predictors of which DCIS cases are more likely
to become invasive than the grade or necrosis is today.

Our results also suggest new possible correlates for compromised margins (a predictor
of tumor recurrence) and DCIS behavior. Several groups have studied the relationship
between the frequency with which residual DCIS is found in a re-excision and the
margin status of the previous excision. For example, in a study of core biopsy predictors
of compromised margins, it was reported in [178] that surface area involvement of cores
by DCIS, solid type, high grade, presence of necrosis, and presence of calcifications all
correlated with compromised margins in univariate analysis; surface area involvement
persisted in multivariate analysis. This is consistent with our model’s primary inputs:
Al and PI correlate with grade, f is determined by the surface area DCIS density (and
increases with solid-type DCIS). Furthermore, in our model necrosis and calcification
increase with hypoxia, which scales roughly with tumor size and likelihood of invasion.
Thus the morphological characteristics that in [178] are correlated with compromised
margins are histological surrogates for parameter inputs in our mechanistic model;
conversely, our model should be able to use these quantifiable physical measurements to
predict compromised margins more specifically and accurately. Thus, the model provides
a mechanistic explanation for many of the morphological correlates that have been used
to predict clinical outcomes in DCIS.

Similarly, high-grade DCIS (especially solid-type) and DCIS with comedo-type necro-
sis are both considered to be correlates of higher risk for subsequent invasion. From the
model we conclude that the involvement of larger ducts, lower values of 4, and more
dense microarchitecture will result in more necrosis and hence should correspond to
a higher risk of hypoxic stress and pro-invasion mutations. The interaction of physical
location, growth and apoptosis rates, and local cell density are more specific predictors
of the extent of hypoxia and necrosis than the gross and morphologic parameters in typ-
ical use (grade, subtype, and comedo-type necrosis). Loss of p53 activity has also been
suggested as a contributor to invasive potential in high-grade DCIS (see e.g. [469]).
Such a loss would decrease native rates of apoptosis and thus decrease 4. For high-grade
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DCIS, with its higher range of PI values in the denominator of 4, the decrease in 4 could
be even more pronounced, leading to rapid tumor growth and the evolution of extensive
hypoxic stress zones. Thus, a decrease in 4 and the generation of more hypoxic stress
could be a mechanism by which the loss of p53 activity contributes to invasive potential
in high-grade DCIS.

Long-term vision: a surgical planning tool

In the longer term, a computational model of DCIS built upon these results could lead to
better predictions of the tumor volume extent prior to treatment, thus providing a clinical
tool to assist in (i) determining when a mastectomy is the preferred treatment over breast-
conserving surgery, (ii) predicting an adequate tumor excision volume and geometry for
breast-conserving surgery, and (iii) defining an optimal zone for radiation therapy. We
have already demonstrated a good predictive capability of the tumor volume; if we can
additionally correlate mammographic or other imaging data to the tumor morphology
(or predict it in near-real time by simulating growth in the duct system), we could overlay
the predicted tumor morphology on real-time imaging during surgery.

In Figure 10.9, we show a mock-up of what such a planning tool might look like.
Using the shape defined by the post-mastectomy pathology specimen as a proof of
concept, along with a current volume prediction from Section 10.4.3, a simulation result
could be overlaid on medical imagery to plan a surgical excision. If the pathology-based
shape estimate could be replaced by either a more detailed simulation geometry or better
pre-surgical shape measurements, the software (the mock-up shown as largest labeled
volume) could predict much more precise surgical margins than current mammographic
measurements (the innermost labeled volume), potentially allowing the patient to avoid
re-excision.

In comparison, the volume predicted from measuring distances between calcifications
in the mammogram is known to be inadequate (see e.g. [294]). While currently the model
alone does not predict the tumor shape, this information could be obtained in near-real
time using an imaging modality such as MRI. Then, using the tumor shape defined by
MRI along with immunohistochemical and histological inputs from the core biopsy, one
could use the model to visualize the volume requiring resection rather than having to
rely on viewing two-dimensional images (see e.g. [397]).

Concluding remarks

In this chapter, we adapted the agent-based model presented in Chapter 6 to ductal
carcinoma in situ of the breast. After developing and testing a patient-specific calibration
protocol, we surveyed several applications to test the model’s predictive power.

We began by using the model to help estimate difficult biophysical parameters per-
taining to cell death. By applying a volume-averaged version of the model to histopatho-
logic data from normal breast epithelium, we were able to estimate the time duration
of apoptosis as about 8.6 hours; this parameter can be difficult to observe experimen-
tally. Furthermore, we arrived at the same estimate when using data from both pre- and
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Figure 10.9 Mammography-based (innermost volume), pathology-measured (intermediate
volume), and model-predicted (largest volume) excision volumes. The model-predicted excision
region uses the pathology-measured shape as a proof of concept. Reprinted from the submission
[195].

post-menopausal women, thereby supporting the biological hypothesis that cancerous
and noncancerous cells use the same physical mechanisms (in this case apoptosis and
proliferation), but with altered frequency. We applied a numerical implementation of the
model to conduct a parameter study on the time duration of cell calcification, arriving
at an estimate of approximately 15 days. Currently, cell calcification is difficult to study
in vitro and only limited, indirectly available, data exist for calcification in vivo.

Next, we examined the ability of the model to make testable predictions on cell
biology. The model predicted a Michaelis—Menten-type response of cell proliferation to
oxygen availability; a subsequent analysis of patient immunohistochemistry verified the
prediction with excellent quantitative agreement. However, this agreement came with an
important caveat: the precise relationship between proliferation and oxygen availability
can vary substantially across a single tumor even for fixed times — pointing to genetic
and proteomic variation across a patient’s tumor, such as in the E-cadherin/B-catenin
signaling pathway.
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Last, we conducted a preliminary study on the ability of the agent model to calibrate
continuum-scale models (by upscaling), in the case of patient-specific predictions of
breast tumor volume. We found that the agent model, as part of a larger multiscale
modeling framework, had success in predicting patient-specific tumor sizes in a small
group of de-identified index cases. This success points to the multiscale model’s potential
as a tool that could be used in conjunction with an imaging modality to construct a
volume around tumor axes and midpoints in MRI and other imagery. This would help
surgeons and pathologists to visualize DCIS tumors during surgery. We see the model as
an important first step in understanding the physical changes that result from molecular
alterations and that contribute to the development of invasive breast cancer.
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Conclusion

Tumors are complex systems dominated by large numbers of processes with highly
nonlinear dynamics spanning a wide range of dimensions. Typically, such complex
systems can be understood only through complementary experimental investigation
and mathematical modeling. New methodologies are needed to integrate and quantify
the myriad variables and enable the prediction of outcomes, the selection of existing
therapies, and the development of new treatments, possibly on a personalized, individual,
basis. Mathematical modeling can provide a rigorous, precise, approach for quantifying
correlations between tumor parameters, prognosis, and treatment outcomes. Integration
of these elements into a multidisciplinary model of tumor progression would be an
important tool to advance clinical decision-making. Thus, there is a critical need for
biologically realistic and predictive multiscale and multivariate models of tumor growth
and invasion and, as we have seen in this book, there has been much recent effort directed
towards this goal.

The tumor models and simulation results that we have reviewed demonstrate that,
while mathematical analyses still lag behind experimentation, significant progress has
been made in providing important insights into the root causes of solid-tumor invasion
and metastasis and in providing and assessing effective treatment strategies. For example,
the results provide a means to associate quantitatively tumor growth and the effects of
a limited supply of cell substrates. Inhomogeneities in the substrate availability and/or
host tissue biomechanical properties can result in tumor morphological instability. These
instabilities may allow a tumor to overcome diffusional limitations on growth and to
grow to sizes larger than would be possible if it had a compact shape. Thus, diffusional
instability could provide an additional pathway for tumor invasion.

This has important implications for therapy. Since decreasing the cell substrate levels
in the microenvironment tends to increase tumor fragmentation and invasion into the
surrounding tissue, this may have to be taken into consideration during anti-angiogenic
therapy. Indeed, experimental studies have shown that anti-angiogenic therapies may
result in the production of multifocal tumors [58, 170, 398,570, 576, 581, 596]. However,
combining anti-angiogenic and anti-invasive drugs such as Met inhibitors [48, 73, 476]
or hepatocyte growth factor (HGF) antagonists [163, 468] may reduce fragmentation
[58]. This is confirmed by increasing the cell-cell adhesion (or decreasing the cell mobil-
ity) in the mathematical models [145]. Conversely, increasing the cell substrate levels
leads to greater morphological stability of tumors, making them more resectable. This
suggests [145] that treatments that seek to normalize tumor vasculature (by selectively
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Figure 11.1 Multiscale cancer modeling incorporating data flow across the physical scales of a
tumor.

“pruning” weak blood vessels with targeted anti-angiogenic therapy) may stabilize tumor
morphology by providing increased access to cell substrates. Since such treatments may
also increase accessibility to chemotherapeutic agents [342, 620], mathematical analyses
provide additional support for the use of targeted anti-angiogenic therapy adjuvant to
chemotherapy and resection.

On a broader level, the mathematical models reviewed in this book are part of an over-
all effort to study cancer as a complex system where there is variability and coupling
among biophysical processes across a wide range of spatial and temporal scales. Taken
together, the results suggest that tumor morphology and dynamics are coupled in com-
plex, nonlinear, ways to cell phenotype and to molecular properties (e.g., genetics) and
phenomena in the cell’s environment such as hypoxia. These properties and phenomena
act both as regulators of morphology and as determinants of invasion potential by con-
trolling cell proliferation and migration mechanisms [235, 614, 667]. The importance of
this close connection between tumor morphology and the underlying cellular and molec-
ular scales is that it could allow observable properties of a tumor (e.g., morphology) to
be used to understand the underlying cellular physiology and predict invasive behavior
and response to treatment by means of mathematical modeling.

Figure 11.1 depicts the information flow between model components of various
scales in a multiscale modeling framework. The tissue-scale model parameters can be
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dynamically obtained the upscaling the cell-scale model. At the cell scale, the pheno-
type is determined by subcellular models that incorporate receptor signaling dynamics.
By mechanistically tying macroscopic behavior to rigorous signaling models, new and
emerging experimental pathway measurements can be incorporated and their impact
can be assessed on the overall tumor behavior. The tissue-scale model is then used to
model efficiently the whole-tumor evolution over longer times, while at the same time
providing better modeling of continuum-scale phenomena such as tissue mechanics.
As a simulation progresses, the tissue scale feeds back to recalibrate the cellular and
subcellular scales, which then continue to inform the macroscopic scale in a dynamic,
cyclic, and bidirectional flow of information across the multiple scales. We envision that
such an approach, with its rigorous multiscale calibration protocols, would be a critical
component in patient-specific tumor simulations and therapy planning.

In summary, the nonlinear multiscale modeling of solid-tumor growth has made great
strides in recent years and the body of research on mathematical models promises to
continue its dramatic growth in the future. Mathematical modeling and numerical sim-
ulation are poised to provide a more comprehensive understanding of cellular diversity
and adaptation by describing the complex interactions among tumor cells and their
microenvironment [614, 667]. This approach is expected to improve current cancer-
modeling efforts, because a multiscale approach links together previous work focused
on specific scales and specific processes (e.g., single-cell motion) to enable large-scale
simulations of in vivo tumors that encompass a wide range of length and time scales;
thus the cancer can be modeled as a complex biological system. Further, this method-
ology allows the possibility of going beyond the current understanding of invasion and
migration [143, 200, 231, 233, 235, 364, 388, 568, 579, 614, 667, 699, 708], with the
eventual goal of predicting disease progression and treatment response on the basis of
on patient-specific tumor characteristics.
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boundary integral method, 5, 50
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229,230, 231, 232

C2D conversion, see continuum-to-discrete
conversion
Cahn-Hilliard equation, 145, 154
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119, 120, 209, 210, 219, 221, 222, 230, 231,
232,233
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234
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carcinogenesis, 13, 17, 88, 90, 210
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caspase, 13,212,216, 221
Caspase-3, see caspase
CDK, see cyclin-dependent kinase
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cellular automata model, 88, 89, 91-93, 95

cellular Potts model, see Graner—Glazier—-Hogeweg
model

CGC, see coarse-grid correction

chemotaxis, 16, 20, 34, 35, 57, 80, 92, 94, 95, 106,
107, 108, 121, 122, 146, 197

coarse-grid correction, 174, 175, 179-181

comedo necrosis, see necrosis

composite model, 88, 89, 91-92, 96, 110-113, 144

computed tomography, 205

conservation of mass and momentum, 89, 127131

continuity equation, 127-128, 216

continuum modeling, 4-5, 24-26, 88, 90, 91, 92, 93,
94,95, 113, 127-128, 129-131, 140-141, 145,
154, 227, 229, 234

continuum—discrete interaction, 123—124, 127,
136-139, 141, 142, 149-150, 151-152

continuum-to-discrete conversion, 124—125, 127,
131-134, 144, 146-148, 152

counting process, 97

CT, see computed tomography

cyclin, 13, 15,209

cyclin-dependent kinase, 13

cytokinesis, 12

cytoskeleton, 11, 13, 15, 16, 93, 95, 106, 215

DCE-CT, see dynamic-contrast-enhanced computed
tomography

DCE-MRI, see dynamic-contrast-enhanced
magnetic resonance imaging

DCIS, see ductal carcinoma in situ

delta function

Dirac delta function, 130, 132, 135, 136
Kronecker delta function, 148

density field, 130

diffuse interface model, 153, 163—164

diffusional instability, 5-6, 49, 66, 186—187,
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discrete gradient operator, 157—158
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134-136, 142—-143, 144, 148-149, 152

drag force, 104, 105, 129, 130-131

D2C conversion, see discrete-to-continuum
conversion

duct, see breast duct

ductal carcinoma in situ, 89, 93, 114-121, 122,
206-234

dynamic-contrast-enhanced computed tomography,
205

dynamic-contrast-enhanced magnetic resonance
imaging, 86, 205

dynamic description, 129, 130

dynamic parameterization, 91

E-cadherin, 11, 15,95, 109, 110, 115, 192, 208, 209,
210, 226, 233

ECM, see extracellular matrix

EGE, see epidermal growth factor

EGFR, see epidermal growth factor receptor

EMT, see epithelial-mesenchymal transition

endothelial cell, 20, 21, 22, 23, 82

endothelial growth factor, 95, 96, 109, 209,
224

ENO scheme, see essentially nonoscillatory scheme

epidermal growth factor, 14, 16

epidermal growth factor receptor, 197

epigenetics, 17, 209, 210

epithelial cell, 8,9, 10, 11, 13, 15, 16, 17, 19, 22, 93,
94,95, 101, 207, 208, 209, 210, 212, 215, 220,
232

epithelial-mesenchymal transition, 22, 95, 144

epithelium, 8, 9, 207-209

equation-free approach (EFA), 125-126

essentially nonoscillatory scheme, 158—159

estrogen, 209

extracellular matrix, 8, 10, 11, 16, 19, 20, 21, 22, 23,
30, 34, 37, 88, 90, 91, 92, 94, 95, 96, 97, 103,
105, 106, 107, 108, 109, 110, 111112, 115,
208, 210

FAS scheme, see full approximated storage scheme

fibroblast, 9, 20, 94, 208

fibronectin, 8, 11, 35, 36, 37, 105, 208

filopodium, 16

finite difference discretization scheme, 156—164,
213

full approximated storage scheme, 153, 171-182

Gauss—Seidel (GS) relaxation, 176—179
gene expression, 14, 20, 22, 23,101, 224
genetics, 13, 14, 17, 20, 21, 23, 100, 101, 109, 118,
226,229, 230, 233
GGH model, see Graner-Glazier-Hogeweg model
ghost cell, 156, 160, 161-162, 168, 169171
Gibbs phenomenon, 158
glioblastoma, 5, 6, 85, 145, 187, 188, 189, 194, 197,
202-204, 230
glioma, 53, 85, 93, 94, 200
glycolysis, 14, 19,22,92, 118, 122
Graner—Glazier—Hogeweg model, 93-94
grid ordering
lexicographic (LEX) ordering, 176-177
red-black (RB) ordering, 177-178

H&E stain, see hematoxylin and eosin stain

haptotaxis, 34, 92, 94, 105, 106, 107, 108, 146,
197

Heaviside function, 164

Helmholtz free energy, 70, 72

hematoxylin and eosin stain, 219, 221

hepatocyte growth factor, 19, 54, 187



HGE, see hepatocyte growth factor, 187

HIF-1e, 14, 20

histopathology, 120, 206, 215, 218, 232

homeostasis, 208, 220

hybrid model, 4, 88, 91, 113, 123152

hypoxia, 8, 14, 17, 18, 20, 21, 54, 55, 66, 92, 99,
101, 102, 115, 118, 121, 122, 147, 210, 214,
224,229,231, 232

hypoxia-inducible factor, 14, 20

hypoxic signaling, see signaling network,
HIF-1a

IHC, see immunohistochemistry

immersed boundary model, 93

immunoglobulin, 11, 13

immunohistochemistry, 90, 96, 114, 206, 215, 216,
218,219,221, 222, 226, 232, 233

individual-based model, see agent-based model

inertialess assumption, 109, 124, 129-130, 133,
138, 139, 146, 149

integrin, 10, 11, 16, 105, 112, 115, 192, 208, 210

interaction potential, 94, 96, 97, 136, 149, 152, 154,
156

interarrival time, 98

interfacial thickness, 162, 163—164

interpolation operator, 168, 169, 174, 179-180

invadopodia, 16

invasion, 16, 19, 21, 23, 88, 92, 93, 94, 95, 118,
150, 151-152, 206, 207, 210, 231, 232,
234

Jacobi relaxation, 176
Jaumann derivative, 32

K-ras, 15

Kelvin—Voigh equation, 141
kinematic description, 129, 130
Ki-67, 216, 219, 222,223

lagged cell conversion, 134, 135-136, 147,
148-149, 152
lamellipodium, 16, 108, 121
lattice-gas cellular automata model, 92-93
level set method, 97, 112, 113,211,212
ligand, 10, 11, 105, 107, 108, 109, 115, 208,
210
linear stability analysis, 43
linearization
global linearization, 171, 176
local linearization, 171, 176
loose connective tissue, 9
lumen, 9, 10, 21, 116, 118, 207, 208, 209, 210, 212,
213
lysis, 19, 95, 101, 102, 118, 119, 120, 220
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